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ABSTRACT

This research work centred on the determination of the dynamic buckling load
of a clamped finite column structure that is lying on a quadratic-cubic
foundation by the analytic and numerical procedures. The formulation of the
governing equation contains two small but mathematically independent
parameters (6 and €) which are used for asymptotic expansion of the variables.
For the solutions, two techniques were applied to investigate namely, two-
timing regular perturbation procedure and Block Unification Method (BUM).
BUM was adopted to solve the governing equation through the method of lines
and finite difference methods. The results obtained indicate that the dynamic
buckling load decreases with increased imperfection, and decreases with
increased in damping. More so, it was shown that the results obtained are
strictly asymptotic and valid in the limit as the small parameters become

increasingly small relative to unity.

Keywords: Dynamic, Buckling, Load, Block unification method, Stability
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CHAPTER ONE

INTRODUCTION
1.1 BACKGROUND INFORMATION

Buckling is associated with failure of column-like structures in buildings, bridges,
shells and plates which are subjected to loading. Buckling of column is a
phenomenon that occurs when a slender structural element such as a column or a
beam, fails under compressive loads. It is characterized by sudden, lateral deflection
or bending of column due to loss of stability. Buckling can also be seen as a sudden
change in shape (deformation) of a structural component under load, such as the

bowing of a column under compressive or the wrinkling of a plate under shear.

Globally, the collapse of buildings, bridges and other material structures are issues
of concern. Structural failures are forms of material failures which are dangerous
and should be prevented by all means. Several researches and studies have been
carried out by Engineers and Applied Mathematicians to determine the maximum
load structures can carry prior to buckling. The dynamic buckling load of a viscously
damped but clamped elastic structure that is trapped by a step load is a typical
engineering real-life problem and the governing equation or equation of displacement
is the mathematical generalization of some of the physical phenomena encountered

in engineering practice.

Structural elastic materials normally display certain tendencies of failure and
instability when loaded either statically or dynamically, and one of the
responsibilities of the Structural Engineer and Applied Mathematician is to help in
the determination of the load which a given elastic material can support prior to
buckling. A vast quantum of insights on dynamic stability of elastic structure has
been achieved by subjecting elastic materials to diverse dynamic loading conditions.
From findings, it has become firmly established that initial imperfections and to some
extent, the loading duration, are some of the main factors that have been seriously

implicated as causative agents of reduction of the elastic strength of materials.

This research work is aimed at determining the dynamic buckling load of an
imperfect elastic structure that is viscously damped but clamped column trapped by
a step load using analytic and numerical procedures. The investigation is anchored
within the framework of the already established research work proposed by Ette &
Osuji (2019).



Most of the studies in the dynamic buckling of structures, the equations of motion
(displacement) which are often nonlinear are usually solved by numerical procedure
or experimental approach. This research work is distinguished from most previous
investigations by the fact that its equations are solved by analytical method by the
use of a two-timing perturbation technique and asymptotic expansions of the
variables, and numerical approach using Block Unification Method (BUM) by
converting the governing equation into system of ordinary ODEs through method of

line.

The characteristic problems to be solved are strictly nonlinear and no simple method
exists. The methods used in this work are made possible by the presence of two small
but mathematically independent parameters upon which the two-timing

perturbation and iteration schemes are formulated.

The available literature has shown that buckling analysis can be investigated
through analytical, numerical and experimental methods. However, many such
investigations are described by equations in which the solutions cannot be obtained
easily, in other words, exact solutions to such problems are impossible because of
the high level of nonlinearity that are inherent in such formulations. Consequently,
there is a great need to seek for analytic methods to address such uncommon

problems.

The dynamic buckling load 4, can be defined as the maximum load parameter for
which the displacement or solution of the governing equation remains bounded for

all time.

According to Ette & Udo-Akpan (2016), the condition of obtaining dynamic buckling

load is the maximization of the equation;

i
=0 (1.1)

where 4 is the load parameter and U, is the maximum value of displacement.



1.2 PROBLEM STATEMENT

Despite significant advancement in dynamic buckling and stability analysis,
structural failure remains a cause for concern. This study addresses the critical issue
of determining the dynamic buckling load of a viscously damped but clamped finite
column lying on a quadratic-cubic nonlinear elastic foundation using analytical
method (asymptotic and perturbation techniques) and numerical method (Block
Unification Method). The effects of light viscous damping as well as imperfection on

the dynamic stability of a finite column structure will be considered.
1.3 OBJECTIVES OF THE STUDY

The main objective is a determination of the dynamic buckling load of a clamped
finite column resting on quadratic-cubic elastic foundation using Perturbation
technique and Block Unification Method (BUM) for analytic and numerical solutions

respectively.
In this work, the specific objectives include to:

a. Adopt the relevant governing equations (displacement equation).

b. Normalize the governing equations and solve the equations wusing
perturbation and asymptotic technique for exact solutions, and Block
Unification Method for numerical solutions.

C. Determine the maximum displacement which the solutions remain
bounded even after dynamic buckling in the case of perturbation method.

d. Develop a mathematical model that will relate the dynamic buckling load to
the imperfection parameter in the case of analytic approach and results

simulated to draw general conclusion.

1.4 JUSTIFICATIONOF THE STUDY

The use of both analytic and numerical methods for the investigation and analysis
of dynamic buckling load of a clamped finite column lying on the quadratic-cubic
elastic foundation offers a balanced approach that combines theoretical insights,
practical applicability and methodological robustness. This comprehensive approach
enhanced the reliability of results, broadens the scope of possible applications and

innovation in structural engineering.

1.5 SCOPE OF THE STUDY

Investigation in this study is limited to a viscously damped imperfect finite column

resting on quadratic-cubic elastic foundation with clamped boundary conditions,
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hence other types of boundary conditions such as the simply supported boundary
condition and mixed boundary condition are not discussed. The study is restricted
to dynamic buckling; hence the equivalent static buckling load is not to be
considered. Also, the analysis assumes only homogeneous boundary conditions as
opposed to the inhomogeneous boundary conditions. In the case of numerical

method, the convergence properties are not discussed.



CHAPTER TWO

LITERATURE REVIEW

2.1 CONCEPTUAL LITERATURE

Eglitis (2011) studied the dynamic response of columns under impulsive axial
compression. The results have shown that initial geometrical imperfections, duration
of impulse and effective slenderness have a major influence on the buckling loads,

whereas the effect of the material is secondary.

Recent investigations on dynamic buckling have been directed principally on
columns, beams, plates, spherical and cylindrical shells, and, extensive literature
(most often numerical approach), have since come to limelight. In this regard,
mention must be made of Kowal-Michalska (2010), studied some important
parameters in dynamic buckling analysis of plated structures subjected to pulse
loading. The author established that the strain-rate is dependence of material
properties buckling loads in dynamic buckling analysis. Ferri, Antinucci, He, Zok &
Evans (2006) equally investigated the buckling of impulsively loaded prismatic cores.
The simulations revealed that the stresses induced differ on the front and back faces,
and duration of stress pulse remains the same. In the same vein, Kubiak (2005)
studied the dynamic buckling of thin-walled composite plates with varying width-
wise material properties, while Kubiak (2007) also investigated interactive dynamic
buckling of thin-walled columns. Mania (2010), studied the dynamic buckling of
thin-walled viscoplastic columns, while Kowal-Michalska & Mania (2008) similarly
investigated some aspects of dynamic buckling of plates under in-plane pulse
compression. Zaczynska & Mania (2021) investigated the dynamic buckling
phenomenon in thin-walled fiber metal laminate short columns subjected to axial
compression loading. The work revealed that the value of the amplitude of initial
geometric imperfection and the loading shape of pulse load influence the value of
critical dynamic load factor strongly. Aghdam & Schroeder (2021), analyzed the
structural behaviour of Crash Box under an impact load, and a new criterion called

sector points criterion was introduced in order to detect the dynamic buckling point.

Vo, Lee & Lee (2010) investigated triply coupled vibrations of axially loaded thin-
walled composite beams. The authors analyzed the effects of axial force, fiber
orientation and modulus ratio on the natural frequencies, load-frequency interaction
curves and corresponding vibration mode shapes. Soltani & Soltani (2022)
investigated the discrepancies between the endurable transverse buckling load of

multi-layer fibrous composite and fiber-metal laminate I-section beams. The results
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show that the transverse buckling load of the selected I-beam is significantly affected
by some parameters. An investigation on computational nonlinear stochastic
dynamics was undertaken by Capiet-Leinout, Soize & Mignolet (2003). Similarly,
Chitra &Priyardarsini (2013) as well as Priyardarsini, Kalyangraman & Srinvasam
(2012), and Mcshane, Pingle, Deshpande & Fleck (2012) made excellent
contributions to the dynamics of dynamic buckling. The dynamic effect of lateral
buckling of high temperature/high-pressure offshore pipeline was carried out by
Reda & Forbes (2012). In the same token, Gladden, Hamdty, Belmonte & Villermaux
(2005) investigated the dynamic buckling and fragmentation in brittle rods, while a
study on the vibration of nonlocal Kelvin-Voight viscoelastic damped Timoshenko
beams was undertaken by Lei et al. (2013). The study by Salehi and Safi-
Djahanshahi (2010) on non-linear analysis of viscoelastic rectangular plates
subjected to in-plane compression was insightful. Capiet-Leinout, Soize and Mignolet
(2013) discussed nonlinear stochastic dynamical post-buckling analysis of uncertain

cylindrical shells.

Batra & Geng (2001), studied numerically the transient three-dimensional elastic
deformations of a plate with piezoceramic elements perfectly bonded to its top and
bottom surfaces and analyzed the effect of the shape and size of the piezoceramic
actuators on the increasing the buckling load of the plate. Kolakowski and Teller
(2016) investigated the static and dynamic coupled buckling and post-buckling
behaviour of thin-walled structures through applications of the Finite Element
Method (FEM) and analytical-numerical method to solve interaction buckling
problems. Bisagni (2004) investigated the elastic dynamic buckling of carbon fiber
reinforced plastic cylindrical shells subjected to pulse axial compression. Wu (2017)
presented basic equation of motion of a beam and plate in an oscillating magnetic
field and touches on the dynamic instability behaviour of beam and plate system
which is the Isotropic material and composites made of piezoelectric materials.
Kuzkin (2015) derived analytic expression for critical buckling force as a function of
compression velocity and established that the time required for buckling is inversely
proportional to the cubic root of the compression velocity and logarithmically
depends on the initial disturbance. Yanze & Jiawei (2023), investigated the dynamic
buckling of thin-walled cylindrical shells under radial impact pressures randomly
distributed in the circumferential direction. The numerical results show that
nonlinear terms from Green’s strain tensors and the change of curvature are
important for shell large deformation. It was observed that the pressure
characteristics, materials and thickness of the cylindrical shell affect its buckling

behaviour remarkably.



Kubiak & Kowal-Michalska (2012) estimated the dynamic buckling load relatively to
static buckling load for imperfect plates and established that dynamic local factor is
a ratio of pulse load amplitude and the static buckling load for imperfect plates. Sinir,
Ozhan and Reddy (2014), presented exact solutions of buckling configurations and
vibration response of post-buckling configurations of beams with non-classical
boundary conditions using the Euler-Bernoulli theory. Soltani & Soltani (2018),
investigated the stability and buckling of a load of columns with variable flexural
rigidity, different boundary conditions and subjected to variable axial loads using the
Finite Difference Method (FDM). The critical buckling loads were finally determined
by solving the eigenvalue problems of the obtained algebraic system resulting from
FDM expansion. Kalathur et al (2013), investigated theoretically and experimentally

the buckling of compressed flat-end columns loaded by unattached flat platens.

Onuoha (2023), worked on analytical analysis of the dynamic buckling load of a
geometrical imperfect column lying on a nonlinear elastic foundation trapped by a
time dependent load. The result of the investigation shows that increase in geometric
imperfection decreases the dynamic buckling load and that damping alters the
vibration amplitude of the dynamic buckling load. The author postulated that
increase in the mode reduces the dynamic buckling load. Jurczynska & Szmidla
(2015), studied the influence of the Winkler elastic foundation of a geometrically
nonlinear column loaded by force directed towards the positive pole on a type of
system. The authors determine the criterion that allows for classification of an
analyzed structure to divergent or divergent pseudo-flustering type of system. On the
basis of obtained formulas, the ranges of parameters describing the Winker elastic

foundation for which the considered system were determined.

Kounadis, Mallis & Sbarounis (2006), employed an approximate analytic technique
on the post buckling columns resting on elastic foundation leading to very reliable
results in the vicinity of the critical state. It was found that the critical state of perfect
columns is a stable symmetric bifurcation point and consequently there is no
sensitivity to initial geometrical imperfections. A simple but readily analyzed
mechanical model is proposed to simulate the salient features of buckling
mechanism of the column on elastic foundation with the obtained models. Zhang &
Ma (2020), worked on chaotic analysis of a buckled curved beam resting on nonlinear
elastic foundations. The authors adopted Melnikov’s method to find the necessary
conditions for chaotic behaviours of the beam, and obtained the maximum Lyapunov
exponent which is greater than zero and notice that the system is sensitive to small
differences in the initial values. The chaotic behaviours can occur and numerical

analysis verifies the theoretical and analytical predictions.



2.2 SPECIFIC LITERATURE

The following investigations are specific related to column-like structures. Kalathur,
Hoang, Lakes & Drugan (2013) studied buckling of compressed flat-end columns
loaded by unattached flat platens. The Authors noted that the theoretical critical load
for secondary or end tilt buckling for a column is slightly higher than the critical load
for primary buckling. Artem & Aydin (2010), investigated on exact solution and
dynamic buckling analysis of beam-column system having the elliptic type loading.
The solution to the governing is obtained in the form of Fourier Sine Series, and the
effects of the static load and the frequency ratio on the critical buckling load were
investigated. Aristitabal-Ochoa (2007), studied static and dynamic stability of
uniform shear beam-columns under generalized boundary conditions; Pavlovic,
Kosic, Rajkovic & Pavlovic (2007), investigated the dynamic stability of a thin-walled
beam subjected to axial loads and moments. The uniform stochastic stability regions
were shown in intensity of stochastic loadings and constant parts of axial loads and

end moments.

Ette, Chukwuchekwa, Osuji, Udo-Akpan & Ozoigbo (2018), investigated static
buckling of infinitely column lying on quadratic-cubic elastic foundations. Static
buckling load of some harmonically imperfect infinitely long columns lying on a
quadratic-cubic nonlinear elastic foundation was determined using two slightly
different perturbation schemes. The static buckling load and displacement are
asymptotically obtained and the mathematical relationship between the static
buckling and imperfection amplitude was deduced. Ette, Chukwuchekwa & Udo-
Akpan (2016), analyzed the dynamic stability of an imperfect viscously damped but
clamped finite column that rest on elastic nonlinear (cubic) foundation subjected to
a step load. Multi-timing perturbation procedure was used to obtain results which
are strictly asymptotic. The result show that the column buckles at higher buckling
loads than if it was subjected to simply-supported end conditions. It was observed
that in general, damping increases the dynamic buckling load, and dynamic load is
higher than the corresponding static buckling load if damping is present, otherwise
without damping, the static buckling load is always higher than the dynamic load
for a step loading consideration. Ette & Osuji (2019), investigated the dynamic
buckling of a viscously damped modified quadratic model elastic structure struck by
an impulse. An asymptotic expansion was applied on the perturbed system of
nonlinear coupled nonhomogeneous ordinary differential equations, and impulse

loading was imposed on the viscously damped system with light damping coefficient.



The result revealed an increasing dynamic buckling load with increase in damping

coefficient.

Ette (2008, investigated the initial post dynamic buckling of a quadratic-cubic
column pressurized by a sinusoidal slowly varying dynamic load. The imperfection
is assumed in the shape of the mth term in the Fourier sine series expansion with
small Fourier coefficients. The results obtained are strictly asymptotic and valid for
small absolute values of the perturbation parameters. Possidente, Freddi & Tondini
(2024), studied the effects of steel structures subjected to progressive collapse when
buckling of column is relevant. A numerical procedure is introduced to evaluate the
dynamic increase factors considering two different Engineering Demand Parameters
(EDPs), suited for describing beam and column type mechanisms. The authors

derived dynamic increase factors and failure mechanisms.



CHAPTER THREE

METHODOLOGY

3.1 BACKGROUND THEOREM

The methods to be adopted in this work are based on a two-timing perturbation and
asymptotic analysis, and Block Unification Method. The nature of the problems to be
solved naturally calls for the adoption of these methods. The problems encountered
in the work are nonlinear and so, their exact analytical solutions cannot be obtained

in a closed-form.

In the case of Perturbation Method, the formulations contain two small but
mathematical independent parameters upon which asymptotic series expansions are
initiated. To obtain a uniformly valid asymptotic solution in each case, we used a
two-timing regular perturbation technique in which, all expansions are asymptotic
and are valid in the limit as the two small parameters become increasingly small

relative to unity.

Here, the aim is to first obtain the displacement and thereafter, obtain the maximum

displacement U, .

Thereafter, the dynamic buckling load can be obtained by using the maximization

ar
au, ~ 0 (3.1.1)

Equation (3.1.1) is lastly evaluated to obtain the dynamic buckling load, ;.

When an elastic structure is suddenly struck by a load that is maintained in a
constant magnitude, it begins a back-and-forth pre-buckling motion (deflection).
Subsequently, the pre-buckling motion may excite a buckling motion. The presence
of imperfections in a structure may further the excitation of the buckling motion.
Enough of the energy in the pre-buckling motion may be transmitted to the buckling

motion to result in the collapse of the structure.

3.2 FORMULATION OF THE PROBLEM

The elastic quadratic-cubic model structure under investigation was recently studied
by Ette & Osuji (2019) and has continued to remain a source of reference because it
is a mathematical generalization of some of the physical structures encountered in

real-life engineering practice.
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The Fig 3.1 below is a two-arm elastic quadratic-cubic model structure, each arm of
length L, and whose meeting point carries a mass M, which is attached to a nonlinear

spring with restoring force per unit length given by:
X X\ X\3
kL (T +a3)? - ) (3.1.2)

Where k, L, « and 8 are positive constants, and p(T) is a longitudinal force while T is
the time and X is the initial imperfection with X as additional displacement from

equilibrium position.

p(T)

Figure 3.1 A simple Quadratic-cubic Elastic Model Structure.

The usual dimensional differential equation satisfied by the deflection W (X, T)of the
column under consideration, as in Amazigo and Frank (1973) and Amazigo and Ette

(1987) is:

moWrr + coWr + EIW xxxx + 2p(T)Wxx + Wky — W2k, — W3k

= -2p(N2Y T > (3.2.1)
0<X<m (3.2.2)

WX, 0)=0=W;(X,0)=0,0<X<m (3.3)

W=Wx=0atX=0,m (3.4)

11



Where m, is the mass per unit length,c, is the damping coefficient, EI is the bending
stiffness, where E and I are the Young’s modulus and the moment of inertia
respectively. Here the nonlinear elastic foundation exerts a force per unit length given
by Wk, — W2k, — W3k, on the column, where k,, k, and k; are constants such that
k1>0,k,>0, k3>0. In this formulation, all nonlinearities higher than cubic are
excluded, while all nonlinear derivatives of W (X, T) are also excluded. Here, W is the
stress-free twice-differentiable imperfection displacement and all aspects of axial

inertia are neglected.

3.3 NON-DIMENSIONALIZATION OF THE PROBLEM

To reduce equation (3.2) -(3.4) to non-dimensional form, we adopt the following

quantities:
ky 2 kot P(T) ky L _ kgl
x = (E)4X7 w = (k_)zw7 )\f(t) = 1> t= (m_)ZT’ Ew _(k_)ZW’
1 2(EIk,)2 0 1
3
2=—20 _ g=—te g (fay; 3.5.1
P s P=G) ( )

Here, we shall assume the following inequalities
0<6<<1,0<e<<1. (3.5.2)

On substituting (3.5a) in (3.2a) and simplifying, the following is obtained:

Wee T 260 ¢ +0 yppx T2A (R W xpt @ —awz—ﬁa)3=—26/1f(t)?:7?, t>0

(3.6)
0<X<m (3.7.1)
d(x,0)=0=wx0)=0,0<x<m (3.7.2)
=0y =0atx=0,m (3.7.3)

Where o is the displacement, t is the time variable, 6 is the damping coefficient, «
and B are the imperfection — sensitivity parameters, € is the amplitude of the
imperfection, @ is a stress-free twice-differentiable imperfection and {(t) is a time
dependent loading function while A is the non-dimensional amplitude (or magnitude)

of the loading.

Here, a subscript following a comma indicates partial differentiation and f(t) is a

step load such that;
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Fo={y 20 38)

It is assumed § and € are two small but mathematically unrelated parameters that
satisfy the inequalities as in (3.5.2). The ultimate aim is to determine the dynamic
buckling load A5, which is obtained by using the maximization (3.1) as in Ette & Osuji

(2019).

3.4 ANALYTIC METHOD BY PERTURBATION PROCEDURE

From equation (3.6), let:

T =6t (3.9.1)

t=t +% [w1(T)e + wy(T)e? + w3 (T)ed + wu(T)e* + - (3.9.2)
Where,

w0 (0) =0, i =123, .| (3.10.1)
Let

o X t)=U({xt,rT,e¢ d) (3.10.2)

From equation (3.10b) we have,

e (53 (H5)+ (2 11

i.e

wy=U; + (wi€e + whe? + wie + ..U+ 86U, (3.12)
The following also follows:

wee = Upp + (0i€ + whe? + wi€3+...)2U i + 82U + 2(w1€ + whe® + wie +
=W+ 2(8U g7 + 28(whe + whe? + whed + .U + 8(wie + whe? + whed + .. )U; (3.13)
Substituting (3.12) and (3.13) into equation (3.6) results to;

U + (wi€ + wre? + wie® + )2 U + 82U 1 + 2(wi€e + whe? + wie + - )U g
+ 26U, + 26(wie + whe® + wie® + . )Ug,
+6(wie + whe? + whed + .. )U;
+ 26[Us + (wie + whe? + whe + .)Uz+ U] + Uy + 24U 5 + U
+ aU? — BU3

13



= 2eL® (3.14)
X

Let
Uk 610 = X2, 520 U (x, t, T)el 67 (3.15)
= (U1 + 500D + 52002 + ... ) + 2(UCD 4+ 5UCD + 520D 4 ...) +
e3(UGD) +sUBY + 206D 4 ... ) + ... (3.16)

Here, the ij in U®)are not powers but superscripts. Therefore, the following orders of

equations are obtained

0(e): USY + UG, + 22050 + 040 = 2/1—, (3.17)
0(e8) : UGV + UG + 22050 +UOD = —208” — 20§ (3.18)
0(e6?): UG? +Ul2, + 2007 + 00D = —208Y — 208 -yl (3.19)
0(e?): ULY + UG + 2203 + UCY = —aU19)? - 20,04 (3.20)

0(625) U(21) _|_Ugclex)x+ ZAU(ZD + Uy = _pquoyan _ 2U’(éo) _ZU’(fzo) _
201U - U8 - 20,05
(3.21)
0(e?82): UG? +UZH + 22037 + 0@ = —u&% —20iU5? — 207 -
204 U8P - 204U - 208Y - ZwiU,(fll)—a{(U(“)) +yaoya} (3.22)
0(e3) : U’%S;O)+U,gc?;c(;c)x+ ZMJ,%O)"‘U(BO) — —(w{)ZUISO)—Z( 1U(20)+ 2U(lo))

20U@OYAD) 4 B(ya0)’ (3.23)

0(e38) + USY +USH, + 2208 + UBY = —(w?U§” - 2 (wiul? +
r (1) (30) 7 77(20) 1 77(10) 1'77(20) 1+ 7,(10) (30)
WU ) = 208 + 2 (wluﬁ + wpUG”) = (0{UF? + wptud?) - 2{uF” +

(0087 + w5t U$ )} = a(UAOUED 4+ YaDYED) 4 3p(U09)* (YD) (3.24)

0(e%6?) + U + UG, + 2087 + U6 = () V5P - U5 —2(0,UF7 +

! 12 1 ! 21 ! 11 nrr(21 "rr(11 31 ' 21
wU5G7) = 2080 = 2 (0,080 + w,080) = (008 + wyu8P) = 2(UPY + 0,08 +
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wéU'(fll)) _ ZU(,iO) _ za(U(10)U(32) + yanyky 4 U(12)U(20)) +B [(U(lo))Zng) +

3U(10)(U(10))2]
The associated initial conditions are as follows:
0(e): U (x,0,0) =0;i =1,2,3....,j = 1,2,3 ...
0(e8): U (x,0,0) + U8 (x,0,0) =0
0(e6): U8 (x,0,0) + UV (x,0,0) =0
0(e?) : UL (x,0,0) + w;(0)U?(x,0,0) = 0
0(e28): UM (x,0,0) + w (U (x,00) + UF”(x,0,0) =0
0(e262): USP (x,0,0) + w,(0US?(x,0,0) + ULV (x,0,0) =0

0(%): UL (x,0,0) + w1 (UF?(x,0,0) + w,(0)UT? (x,0,0) = 0

0(e38): ULV (x,0,0) + (U (x,0,0) + w, (U (x,0,0) + US (x,0,0)

=0

0(e362): USSP (x,0,0) + w,(0)UF? (x,0,0) + w, (U P (x,0,0) + UV (x,0,0)

=0

The associated boundary conditions are:

v = uP =0;x=0,1

3.5 NUMERICAL APPROACH BY BLOCK UNIFICATION METHOD
The equation (3.6) can be resolved by the use of Block Unification Method.

From equation (3.6) —(3.7), we have

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

3.32)

(3.33)

(3.34)

(3.35)

o
Wee T 260 ¢ 0 yyry T2Af ()W xt @ —aa)z—,Bw3=—Zelf(t)ZTC;, t>0,0<x<m

With the initial and boundary conditions,

15



wx0)=0=w,x0=0, 0<x<m
w=w;=0atx=0,7

A Continuous Linear Multistep Method (CLMM) is derived and used to formulate
Block Unification Method, which is applied to solve equation (3.6) with appropriate
initial and boundary conditions by first changing the PDEs into system of forth order
ODEs through the method of lines. The changing is done by replacing one of the

variables with a finite difference method.
Let consider equation (3.6) with associated initials and boundary conditions,
w(x,t) =0(x), w(x,0)=¢p(x)
w(®o, 1) = go(t), w(y,t) = g1(t)
Wxx (10, 1) = Po(t) = Wy (0, 1) = Po(t)
w(x,0) = (), w(x,0) = ¢(x)
w(Mo,t) = go(t), w1, t) = g1(t)
wx (Mo, t) = po(t), wx(10,8) = p1(¢) (3.36)

Where w(x,t) is the dependent variable, x and t are variables such that n, < x <7y,
no and n; are finite real numbers,t > 0, @(x), ¢(x), g;(t), p;(t), i = 0,1 are continuous

functions.

Applying BUM to equation (3.6), the problem is first converted into system of ODEs
through method of lines and Central Difference Methods.

Thus, for real numbers, L,, L,, L3 and L,, and solution w(x, t) of equation (3.6), where
(x,t) is in the rectangle [Ly,L,]x [Ls,L,]. The ¢t variable is discretized with mesh

sparing.

At ==2 t, =Ly +mAt,m =0,1,.. M, (3.37)

And noting that;

Ly—L,
N b

Ax = Xp =Ly +nAx, n=0,1,..N (3.38)

With the vector

T
w = [(1)1’1, (1)1'2, ...(l)n_i,m_l] (3.40)

And

16



T
f= [fl,l'fl,z'---fn—i,m—l] (3.41)
Where w,, = w(x,t,) and f,, = f(x,ty); using the central difference method yields;

W (X,tmi1) =200 tm) +O(X,tm_1)
et (3.42)

w(x, t,) =

In semi-discretized form,

dwk _ [ Ymy1—20mtWm_1
dx4 - ( (At)z ) +fm (3.43)

Which can be written in the form;
0@ =f(x,0,0, 0", 0")=Aw+g (3.44)

Subject to the appropriate initial and boundary conditions,

, . . . . T
Where, o’/ = (a)gl),wgz),wgl), ) ) , j=123, Ais an (M —1)x (M — 1) matrix

n-1im-1

arising from the semi-discretized system (3.43), and solved by the BUM.

A Continuous Linear Multistep Method (CLMM) is derived through a block technique,
which is used to formulate Continuous Block Finite Difference Methods (CBFDMs).

Thus, using multistep interpolation and collocation, a continuous FDM is derived
and additional k — 1methods which are assembled and solved simultaneously to
obtain approximationwy,, forn =1,..N —1, which is applied to solve forth order

PDEs using method of line.

3.6 DERIVATION OF THE BLOCK UNIFICATION METHOD

According to Modebei, Adeniyi & Jator (2020), the exact solution U, ,, of equation

(3.6) can be approximated by seeking the continuous solution of the form:

p(x) = 2507 piSi () = u(x) (3.45)
With the 4th derivative given as

PG = 257 5 () 2 () (3.46)

Where x € [a, b], p;’s are constants to be determined. S/ (x) in the interval [x,, X,y k],
i=0(1)r+s+1, are shifted Chebyshev polynomials in the interval [0,k]. The

parameters r and s are respectively the number of interpolation points that satisfies

17



4 <r < p and the number of collocation points satisfying 0 <s < u+ 1, u is the order

of the differential equation.

Interpolating equation (3.45) at the pointsx,,;; i=0,1,2,..r—1 and collocating

equation (3.46) at the points x,,,5; s =0,1,2,...5s — 1.

The method has the following specifications k =5,7=4,5 =6,5,(xp4;) for x,,; €

[xn, Xn45] yield the system noting that
Un+i,m = U(xn+1'tm)
And,

iG]

n+im = fn+i,m = f(n+irtm Un+i,m y e U;L,-:-i,m)

The interpolation of equation (3.45) at the points x,,; ,j = 0(1)(3) and collocation of
equation (3.46) at the points x,,; ,j = 0(1)(5) yields a system which after solving, the

values of the coefficients p;,i = 0,1, ...9 are obtained.

These values are substituted into equation (3.45) and after some simplification; the

approximate polynomial in equation (3.46) adopts the continuous form:

p(x) = X0 () Unsim + h* Loz Bi(X) frsim (3.47)

Where the @;’s and f;’s are continuous coefficients expressed as functions of ¢ and

given as:
g = - (3 +5¢ — 75§ — 125¢°)
@y == (—1— & +25§2 + 258%)
ay = == (=3 +7¢ + 35¢2 + 25¢%)

a3 = = (3 + 238 + 4582 + 258%)

1

Bo = 185794560 (36729 + 28779¢ — 10497002 — 69550083 + 3543750&*)

1
b = 37158912

5906250¢% + 19687505 + 1023750086 — 73125007 — 21093758 + 1953125¢9)

(—430479 — 676299¢ + 10981980¢2% + 1684030083 —

= 0  (— _ 2 3

B2 = Tge7g75g (~533547 — 1478277¢ +12637020¢? + 37650500¢
+177187508* — 177187508° — 44625008° + 956250067 + 703125¢8
—1953125¢°)

18



o — _ 2 3 4
Bs = tomor== (30933 — 129147¢ — 147498087 + 25351008 + 177187508
+ 1771875085 — 446250086 — 956250087 + 70312588 — 1953125¢9)
—_— _ _ 2 3 4
Bs = Toazec (30933 — 129147¢ — 147498082 + 253510042 + 177187508
+ 1771875085 — 446250086 — 956250087 + 70312588 — 1953125¢9)
B, (—27279 + 15051¢ + 9010802 — 3091003 — 5906250&*

~ 37158912
—1968750&° + 102375008° + 73125007 — 210937588 — 1953125¢9)

1
Ps = 185794560

708750£5 — 65625006 — 2812500¢7 + 351562588 + 1953125¢9) (3.48)

(20601 — 1899¢ — 64650082 + 2350083 + 354375084 +

Where,
§=1(%-1) (3.49)

Evaluating p(x) in equation (3.47) at the points x = X;44m, Xn4+5m, Which implies that

&= 2, 1, the following 5- step discrete LMMs are obtained:

_ 4, -1 31 79
Unram = HUnyzm — OUnpom + AUnpim — Unm TR (720fn,m + 180 fr+im + 120fn+2,m +

2 farsm = 75 Faram) (3.50)
Unsm =~ + 15U m — 20Unggm + 10Unigm + A (S fom + 1¢ frvim +

S frvzm + 2 fuvam + % Favam — 75 fresm) (3.51)

From the transformation x = %-FS) ’é x = hdé, equation (3.49) is differentiated three

nr

times respectively and on each differentiation, p’(x), p”(x) and p"’'(x) in equation

. . Dy . 31
(3.48) are evaluated at the point x = x,4;;,, { = 0(1)5, which implies ¢ = —1, — T
1 3 . . .
> oL the following 5-step discrete LMMs are obtained:
11u 3Untam | Untam 1.4 937 19
huy = ——= + 3u — L2y MR gt (— ——= —
nm + n+ilm 2 + 3 100800 fn,m 105 fn+1,m
599 1 3 1
10080 fn+2,m 720fn+3,m + 2240 fn+4 m 3600 fn+5,m)
, _ 1 1 4 1 2809
hun+1,m = —Upm — Eun+1,m + Un+2m — gun+3,m +h (_ 5400fn,m 60480 fn+1,m +

43 229 1 11
— —— +—= —— )
1008fn+2,m 302400 fn+3,m 432fn+4,m 33600 fn+5,m
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' _ 1 1 1 4 169 311
hun+2,m - gun,m — Un+1,m + Eun+2,m + Eun+3,m +h 302400 fn,m - 10080fn+1,m -

353 1 7 53
6048fn+2,m + 135 fn+3,m 2880fn+4,m + 151200fn+5,m)

hu;1+3,m = - %un,m + %un+1,m - 3un+2,m + %un+3,m + h4 (_ 5:4100fn,m + 2187830 fn+1,m +
%fn+2,m + %fn+3,m + %frﬁ&m - %;wfrws,m)

hu;1+4,m = - %un,m + 7un+1,m - %un+2,m + ?un+3,m + h4 (_ %fmm +
;Tgéfrwl,m %frﬁ&m %frﬁ&m %frﬁ%m - ﬁfrws,m)

hu;l+5,m = - ?un,m + %un+1,m - 19un+2,m + %un+3,m + h* (_%fn,m +
%fn+1,m + %fnn,m %frﬁ&m + %fnﬂ-,m + %fn+5,m) (3.52)

2,11 —
h*u nm — Zun,m - 5un+1,m + 4‘un+2,m - un+3,m

1411 3091 2831 143 1391

2( - " —— oo 4051 145 1391

23

2.1 _ 4 73 1601 1
h*u n+im — un,m - 2un+1,m + un+2,m +h (_ 30240 fn,m - 20160 fn+1,m + 7560 fn+2,m -

11

11 11
aszo nram + Tooge frvam = 60480fn+5'm)

11 773

53
h?u" =u —2u u h* ( - — —
n+2,m n+im n+2,m + n+3m + 60480 fn,m 15120 fn+1,m 10080 fn+2,m

53

11
15120f"+3'm t 504800 f"+4'm)

hzu”n+3,m = _un,m + 4un+1,m - 5un+2,m + 2un+3,m + h4 (_%Ofn,m + %ﬂwl,m +
%frwz,m + %fr&&m - %fnw&,m + %frﬁ&m)

hzu”n+4,m = _Zun,m + 7un+1,m - 8un+2,m + 3un+3,m + h4 (_ %fn,m +
%frﬁlﬂn + %fr&z,m + %frﬁ&m + %fnw&,m - %fr&&m)

hzu”n+5,m = _Sun,m + 10un+1,m - 11un+2,m + 4‘un+3,m + h4 (_ 3012140 fn,m +
%fr&lﬂn + %ngrwz,m %frﬁ&m %fn+4,m %fr&&m) (3-53)

h3umn,m = ~Upm + 3un+1,m - 3un+2,m + Up4+3m — h3 (_%fmm - %fn+1,m +

1261f 7439 £ + 5549f 883 £ )
6048 /MT2M 30240/ M+3Mm T gouge/Nt4Mm — goag /NS M
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3 11 _ 4 799 14033
h u n+im = “Unm + 3un+1,m - 3un+2,m + Un+3m +h (60480fn,m - 60480 fn+1,m -

10453 2683 1717 251
30240 farzm + 30240 fut3m 60480 faram + 60480fn+5'm)

h3umn+2,m = —Unpm + 3un+1,m - 3un+2,m + Un+3,m + h4 (_%fn,m EZTZ;;fn"'Lm +
11009 547 1517 211
mfn+2,m - mfn+3,m + mfn+4,m - mfrws,m)

h3umn+3,m = —Upm + 3un+1,m - 3un+2,m + Un+3,m + h4 (6ti;0fn,m + %fn+l,m +
27851 14107 2389 25

1
30240f"+2'm 30240 fut3m 60480fn+4"m 60480fn+5'm)

67 12049
h3u'"’ =—u 3u —3u u h* (—
n+4,m nm + n+im n+2,m + n+3,m + 120960 fn,m 60480 fn+1,m +
22433 35569 4873 883
_— + = +— = )
30240 fn+2,m 30240 fn+3,m 12096 fn+4,m 60480 fn+5,m
799 4783
h3u'"’ =—u,, +3u —3u +u + h* (— — +
n+5m nm n+im n+2,m n+3m 60480fn,m 60480 fn+1,m

6511 18811 84299 19067
) (3.54)

— +— +—= +—
60480 fn+2,m 30240 fn+3,m 60480 fn+4,m 60480 fn+5,m

The equation (3.52), (3.53) and (3.54) are the additional methods and considered for
n=20,5,..N—5.

The equation (3.51), (3.52), (3.53) and (3.54) together form the Block Unification
Method (BUM) which is used to solve equation (3.6) numerically with the appropriate

boundary conditions.
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CHAPTER FOUR

APPLICATION, ANALYSIS AND RESULTS

4.1 APPLICATION BY PERTURBATION PROCEDURES

This Chapter solves the problem earlier posed in Chapter Three using a two-

timing perturbation and asymptotic methods.
Let the imperfection @ be
W = (1 — cos2mx) (4.0)

where a,, is a constant. Based on the clamped boundary condition which the

problem assumes, it is necessary to take the displacement U®as:
U (t,7,x) = ¥, U (£1) (1 — cos2nx) (4.1)
Solution of equation of order €&, j=0,1,2

From equation (3.17), substituting (4.1) into (3.17) gives

2~
U%O) O ZAU’S,CO) L ya0 — 9 &0

,XXXX dx?’

Z [Ur(l,lfof)(l — cos2nx) + {—16n* +8in* + (1 - cosan)}Ur(lw)]
n=1
= —8Am?a,,cos2mx 4.2)

i.e
£

Z(l — COSZTLX)UTS'lfq) + {—16n* + 8in% + (1 — cosan)}U,(llo)
n=1

= —8Am?a,,cos2mx (4.3)

Multiplying (4.3) through by cos2mx and integrating from O to it and for n = m,

the result is,

22



f Yne 1[{(1 - cosan)cosme}USéltOt) + US9{(~16n* + 8An?)cos2nxcos2mx +

T (1+cos4mx) dx

1- cosan)}cosme]dx = —f 8Am? @y, cos2mxdx = — 8Am?*ay, [, -

—-8Am?an,m
2

= —4Am?a,,n (4.4)
The left hand side of (4.4) vanishes for all n except where n = m. Thus,
for n = m, it easily follows that

T oo
J. Z [{(1 — cosan)cosme}UT(lltOt)
0

n=1

+ {U,(llo)(—16n4 + 8An®)cos2nx + (1 — cosan)U,(llo)}COSme] dx

(4.5)
It is to be noted that, when n = m, then
—16n* + 8An*)cos2nxcos2mxdx = —16m* +
" USP (—16n* + 8An?)cos2nxcos2madx = Uy (—16m*

8Am?) [ cos?2mxdx = ZUj " (—16m* + 8Am?)

(4.6)

Thus, substituting (4.6) into (4.4), gives;

U(lo) + g(—16m4 +8AmA) UL — g Ui? = —8Am?ay, (f) (4.7.1)

m,tt

and this yields,

vl + (16m* — 8am? + DULY + UG = 8Am*a,, (4.7.2)
Let
16m*—8im?+1=62>0 vm (4.7.3)

Then (4.7.2) yields
0 0 0 —
vl +0205” + U5” = 8Am?a,, (4.7.4)

With initial conditions,

U50,0) = 0; USP(0,0) =0
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Therefore, the solutions of (4.7.4) is

U,(,fo) = a,(7)cosOt + B, (t)sinbt + B (4.7.5)
Where ,
8Am?an,

The use of initial conditions gives

8Am? am

Thus
U0 = g1 — cos2mx) (4.8)

From (3.18), we have

0(e8) : UGV + UG, + 2080 + 00D = 2019 — 2¢0

JXXXX
(11) _ yoo 1)z
Let UMY =Y, U, (L, 7)(1 — cos2nx)

Therefore, (3.18) becomes

n,tt

Z [[U(l})(l — cos2nx) + (—16n* + BAnZ)U,gll)COSan + (1 = cosnx) U,Sll)] U,(llo)]

m,tt

= Z[U(lo) + U(lo)](l — cos2mx) (4.9.1)

Multiplying both sides of (4.9.1) through by cos2mxand integrating from 0 to

and for n = m, gives

T oo
f Z [{(1 — cosan)cosme}Ur(lltlt)
0

n=1

+ U,(ln){(—16n4 + 8An?)cos2nxcos2mx + (1 — cosan)}cosme]dx

m,tt

= —Z[U(lo) + U(lo)]J (1 — cos2mx)cos2mxdx

2Ufj§2+ (—16m* + 8Am?) U5 " — ZU,(,}“
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= —2(ul +ull?) (%) (4.9.2)

m,tt 2

Further simplification gives

Ul + em* —8am? + DULY = —2(US P + ULY) (4.9.3)
i.e.
(11) (11) _ (10) (10)
i+ 02Ul = —2(uS + ul?) (4.10)

The initial conditions are
Ui 0,0) = 0; USP0,0) + UG
Substituting for Ur(,f Yon the right-hand side of (4.10), from (4.7.5) gives

vt + 920 = _2[—fa!sindt + 0B|cosOt + (—Oa,sindt + 0B,cos0t)]

m, it
= —20[—(a] + a;)sinBt + (B + B)cosHi] (4.11.1)

To ensure a uniformly valid solution in £, implies equating to zero the
coefficients of cosft and sinft on the RHS of (4.11.1). Therefore, the coefficient

of cosOt gives;
Bl +B=0 (4.11.2)

The integrating factor is e?, then,

de™p) _ (4.11.3)
ar
This gives,
Bi(t) = Ae tand B,(t) =0 (4.11.4)

Similarly, the coefficient ofsinft gives,

@ +a, =0 (4.11.5)
This gives,

a;(0) = —a,(0) = Band a;(t) = —Be™" (4.11.6)
Therefore,
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Y = o, (t)cosbE + B (4.11.7)

The remaining equation in (4.11.1) is

vl + 0205 =0 (4.11.8)
Therefore,

UMY = g, (1)cosbE + B,(v)sindt (4.12.1)

Ul (0,0) = 0 implies a,(0) =0 (4.12.2)

11 10
UiP0,0) +USY =0

Implies that

B,(0)6 + a;(0) = 0 and B,(0) = — 4L = =2 (4.12.3)
Therefore,
(11) _ ,(11)
Upn ' =U; (1 —cos2mx) (4.12.4)

From (3.19); the next equation is

2. 17(12) | 5,(12) (12) 12) _ (11) an ;@10
0(e6%):Uyi” +U + 20U + U¢ >_—2U_fT — 20" = Uz

»XXXX

Substituting for U,(,f Y and U,(,f Ofrom (4.11.7) and (4.12.1) respectively on the
right-hand side of (3.19), gives

U2 4 92082 = _2[—0a}()sindt + 684 (t)cosdt + (—Oa,(1)sindt +

m,tt
0B, (7)cosOt)] — af (t)cosOt = 200, (1t)sindt — 2084 (7)cosOt — Ba,(7)sinbt +
0B, (t)cosft — of (t)cosOit

= (2005 (1) — 20a;)sindt + (208,(r) — 26B3(7) — of (7)) cosOt) (4.13.1)

To remove secular terms in the solution of U,(n1 2), i.e, to ensure a uniformly
valid solution in ¢ implies equating to zero the coefficients of cosft and sinft

on the right-hand side. These respectively give:

cosOt: —2(0B, +60B,) —af =0
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And

sinft: —2(—0a) — Oa,) = 0

Therefore

By+ B, = —-and [} (0) = | (4.13.2)

ay +a; =0 (4.13.3)
Therefore from (4.13),

az(7) =0, (4.13.4)
And from (4.13.3),

Bo(1) = e | = [y So=ds + B,(0) | (4.13.5)
That is,

_ Sa'’ B

(D) = e |- [ ds -2 (4.13.6)
Therefore,

Ut = B, (0)sindt (4.13.7)

Equating the left hand side of (4.13.1) to zero,
i.e,
vi2 + 0205 ? =0
The Initial conditions are
Ui?0,0) =0, US? +USP(0,0) =0
Then
U,Sllz)(f, 7) = az(1) cos O t + B5(1)sindt (4.13.8
Applying the initial conditions yield,

az;(0) =0, pB3(0)=0 (4.13.9)
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U$2(0,0) = 6p5(0) = 0
Therefore,

B5(0) =0 (4.13.10)

It follows that
U2 = ¥ (1 — cos2mx) (4.13.11)
Solution of equation of ordere?éd, j=0, 1, 2
From (3.20),
0(e?): USY + UG, + 2405 + UCY = —q(U19)? - 20,U%”
Let,

U@ = y= y® 1) (1 - cos2nx) (4.14.1)

Substituting (4.14.1) into (3.20)gives

P Uéztot)(l — cos2nx) + (—16n* + 8/1n2)U7(120)c052nx +(1-

cos2nx) U,(LZO)
m,tt

2
=a [(U,%O)> (1- cosme)Z] —2wiU U39 (1 - cos2mx) (4.14.2)

This further gives,

2.

n=1

(20) (20)
U,z (1 = cos2nx) + (=16n* + 8An?)U, cosan]
+(1 - cosan)U,(lzo)

213 1
—a'(U,(nlo)) [E — 2cos2mx + Ecos4mx] 2w1U(10)(1 — cos2mx)
(4.15.1)

Multiplying both sides of (4.15.1) through by cos2mx and integrating from O to

nt and for n = m, the result gives:

|- 2U89 + (—16m* + 8am*)US” (3) + (US”)]

m,tt

= —a(U0 =2 20, U1 (4.15.2)
(Un”) [-2(3) -~ 2020 (5)]
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i.e

Z|-uZd + (—16m* + 8am*)US” - U”| = g[za(u,(nl")) + 205 U

m,tt m,tt
(4.15.3)
Simplification of (4.15.2) gives;
UeY + (16m* — 8am? + UL = [20( “0)) +20 U0 (4.15.4)
and this further gives
ve + 02030 = [20( U(“’)) +20'USY) (4.16.1)

The initial conditions are;
U?(0,0) = 0,U22(0,0) + ' (0)ULP(0,0) = 0

Next multiplying equation (4.15.1) by cos4mx and integrating from O to it and

for n=m, the result gives;

(20) T o) _ (T 20y _ a2 (l ™
—EUtht + (=256m* + 324m?) (5) UGS — (5) U = —a(Up, ) (2 2)
(4.16.2)
Simplifying (4.16b) gives;
2
US: + (256m* — 32Am? + UL =2 (U5”) (4.16.3)
Let
2 = (256m* +32Am2 +1) > 0 (4.16.4)
Then, the final equation is
(20) (20) _ (10)
Ui + 92U =5 (U ) (4.17)

The initial conditions are;
U22(0,0) = 0; UL(0,0) + w}UL)(0,0) = 0

2m,t 2m,t

On substituting for U,(,f %on the RHS of (4.16.1), the simplification is
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Uz(fr(l),)ff + HZU,(,fO) = —[{2a(a,cos0t + B)?} + {2w] (—aycos6t)}]

=— [20{ {(aé + Bz) + 2Ba;cosOt + aéalcoszef} + Zw’l(—algzcosef)]

(4.18.1)

To ensure a uniformly valid solution inf, we equate to zero, the coefficients of

cosfton the right-hand side of (4.18.1)

That is

—[2Ba; — 2w'10%a;] =0 (4.18.2)
Therefore,

W'y = 932; Wy = f%dr (4.18.3)

The remaining part of equation (4.18.1) for U,(,f 0 s
U +02U8” =1, + rycos26% (4.19.1)
Where,
Ty = —2a (a; + BZ) , 75(0) = —3aB?
r = —aa?,r(0) = —aB?,15(0) = 2aB?,7{(0) = 2aB?

Therefore, it follows that

U,(,fo)(f, 1) = a,(1)cosOt + B,(t)sindt + % - TlC:;wa (4.19.2)
From the initial condition;

Uiz (0,0) = 0;
That is,

a,(0) + 2P - L =0
Therefore,

@y(0) = 2 — 2O - 8B (4.19.3)
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Applying the initial condition Ur(ri 2)(0,0) + w'(0) + Ur(ri (f)) (0,0) yields
£,(0) =0 (4.19.4)

Simplification of (4.17) yields,

2 2
U9 4 2080 = %[(% + Bz) + 2Ba;cosOt + %60529?&] (4.20.1)

2m,tt

Therefore,

2
a

a|GHB?) | 2Bajcosbt | aZcos26t

A (p2-62) ~ 2(¢p?-6?)

Uz(i?)(f; 7) = as(t)cospt + Bs(t)singt +

(4.20.2)
From the initial conditions;
UZY(0,0) = 0;  UZ(0,0) + wiUSLA(0,0) = 0
It follows that,
af 2
a|(G+B%) | 2Ba a?
aS(O) + E 2§02 + (¢2_912) 2(¢2_1492)] = O
Therefore,
i a2
__a (5 +B9) 2Bay a? _ _
as(0) = 2[ o T rmen T aeraen = O] at =0
That is,
Y L B2 ] _ p2
as(0) = = 5|25 - =55 + sram) = B0
And
Bs(0)=0 (4.20.3)
Where,

3a a a
So = (_ 207 T 709 4<<p2—462>)

Therefore,
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U = g1 — cos2mx) + Uz(f,?)(l — cos4mx) (4.20.4)
From (3.21),
0(e?8) : UZY + UL, + 2203 + UG
= —2quoOyan _ ZU,(fZTO) _ 2U,(fzo) — 2w 1U(11) ’1’U,(510) _ ZwiU,(flo)
That is,
vV + UGl + 2203 + UGV

= —2aU8Y(1 = cos2mx) UL (1 — cos2mx) — 2032 (1 —

m,tt

cos2mx) — ZUT(nZg)(l — cos2mx) — 2(‘)1U(11)(1 cos2mx) — ! U(lO)(l _

m,tt

cos2mx) — ZwlU(lo)(l cos2mx) (4.21)
Let,
U@ =y u®M (1) (1 — cos2nx)

Substituting into (4.21), gives

n,tt

Z [U(ZI)(l — cos2nx) + (—16n* + 8An?)U*Y cos2nx + (1- cosan)U,(fl)]

n=1

= —ZaU,(nlO)U,Slll) E — 2cos2mx + %cos4mx] — ZU(ZO)(l — cos2mx) — szrig)(l —

m,tt

cos2mx) — 2w} Uﬁg(l — cos2mx) — a)i’UT(nl,g)(l — cos2mx) — Za)lU(lo)(l — cos2mx)

(4.22.1)

Multiplying both sides of (4.22.1) through by cos2mx and integrating from O to

nt and forn = m gives

[-2U%h + (—=16m* + 8am*)USV (3) + (- S UV

2 ~mptt

= —ZaU,(,}O)U,(,}l)(—%) ZU(ZO)( %)—ZU(Z‘?)—(—%) o U(11)( E)

m,tt m,tt

W UOD (=) — 20,009 (=5) (4.22.2)

2

32



Further simplification yields,

Ul + (16m* — 8Am? + 1)UV

m,tt

= —2aUpn U = 2000 = 2029 = 201U — 0 UL Y — 201Uy

m,tt m,tt
(4.22.3)

The above finally yields

vl +e2uiY

m,tt

= —2aUSOUSY — 2089 — 208 — 201 UST) - Wy USY — 201U5Y

mtt m,tt

(4.23.1)

The initial conditions are
UEP0,0) = 0; ULP(0,0) + wi(0ULP(x,0,0) + ULP(0,0) =0

Next, multiplying (4.22.1) by cos4mx and integrating from O to mfor n =m,

gives

_T D _ 4 2y77 2D (T _ 7 1 (21)
|- 2UlD; + (—256m* + 322am?) UL (3) - Sus)]

2m,tt
10 11 A 1 20) 20)
= —2aU3"U? (3) (5) - 2 (U, + USY) (4.23.2)
(21) (1) _ (10),,(11) (20) (20)
UEh + @?U%Y = aUGOUSY + 2 (UZm’ET + UZmlf) (4.24)

The initial conditions are
uP(0,0) = 0; UZN(0,0) =0
Substituting for U,(,f 2 Ur(,f Vand U,(,f Oin (4.24) yields
vl + 02Ul — 22U VN - 2080 - 202 — 20 UL Y — W ULY

—20iU0Y (4.25.1)

That is,
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vl + 02U

m,tt

a . A
= —2a ( 12'82 sinft + B,stinet)

362

201,sin26t
362

L ) . 2071{sin26t
— 2| —0aysinft + 0B,cos0t + —————

-2 (—9a4sin0f + B,cos0t + > — 2w;(—0%)B,sindt

— wy (—0a;sinbt) — 2w] (—a,0sindt)

(4.25.2)

To ensure a uniformly valid solution in £, equating to zero the coefficients of

cosOtandsinbt.

This yields,

—20p, — 208, = 0 (4.25.3)

aBf, + 20ay, + 20a, + 20% w1 B, + wi0a;y + 2wia, 6 (4.26.4)

The (4.25.3) gives,

B+ B, =0 (4.26.5)

Solving (4.26.5) yields,

B.(t) = B4(0)e™" = 0 sinceB,(0) =0 (4.26.6)

Solving (4.25.4) yields,

! 1 ! n !
ay+ay = p1(1) = 55 (aBP, — 202w, — wifa; — 2w a,0) (4.26.7)

Therefore,

ay(2) = e[} e%py(5)ds + a, (0)]

a4(0) = p1(0) — a,(0) (4.26.8)
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@, (0) = 22, aj(0) = 228 42 (4.26.9)

T 302 ]
Therefore,
—5aB® | 4B _ 5 (-5a | 4\ _ p2
p1(0) = oo+ 2= = B2 (25 +2) = BV (4.26.10)
Where,

V=(5+3)
The remaining equation in (4.25.1) is
U,(,fiz + 02UV = 1, + 1500520F + 1,5in26¢ (4.26.11)

With the initial conditions;

UEV(0,0) = 0; ULP(0,0) + wi(OUSY +UZP(0,0) =0

35



Where,
r, = ay,; 12(0) = a;(0)a,(0) =0

r3 = aa,a,; 13(0) = aa;(0)a,(0) = 0,13(0) =0

8a
Ty = [a%ﬁz +55 (@ + “f)]

-B 8 B , —5aB?
74(0) = [a(=B) () + 55 (~B.B + B?)| = 21 (0) = =
The solution of (4.26.11) is;
U(Zl)(f ) = 0% + mot +r_2_ (r360529f+r4sin29f) 4.27.1
m (&, T) = agcos Besin oz 7 (4.27.1)
With the initial conditions,
2 3 __
(X6(0) + E - ﬁ =0
Therefore,
as(0) =222 =0, B5(0) = 0 (4.27.2)
From (4.24),
) 2D _ aifs . 20t + BB.sinot| + 2 (U@ )
omit TO Uy = «a 5 Sin t + BS,sinft| + ( omic T 2m,f)
=« [alTﬁzsinZHf + B,stinef] +2 [—goagsingof + Bipcospt + %{% —
29(0{%)’51'11295 _ . A s | af-20a,Bsinft  20aisin26t
TR } + {{—gassingt + Bscosept + 2{ 207 2(4)2_492)}}} (4.28.1)

To ensure a uniformly valid solution in £, we equate to zero the coefficient of

cosot and singt
205+ 2¢Bs =0 = B+ s =0 = B5(0) = —B5(0) (4.28.2)
—2¢as — 2¢pas =0 = ac + as = 0 = ag(0) = —az(0) (4.28.3)
Bs = Bs(0)e™" =0,

as =as(0)e " =0 (4.28.4)
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The remaining equation of (4.27.1) is

2D 277(21)
U2m tt + % U

[aB,BZ ( —208 ) (a7 + al)] sinft + [ @b ) {—9(a§)’+a§}] sin20t

2__ 92 2(([’2_492)
= 155inft + resin26t (4.29.1)
Where,
T = [aBﬁz @ 229:2)( a; + a)] = aBp,, since a; + a =0,
' _ . -aB? aaif; | a(-6(af) +af
ay =B; 15(0) = Te = [ {2(([)2—4-92) }]
Therefore,
aa;(0)B2(0) 6(a3(0))’ +af(0) B’a B*6a 53
76(0) = [ 2 + 2{ 2(p2-462) }] 20 4(p2-462) B"S; (4.29.2)
Therefore,

$1= (55 + 1)

Therefore, the result is;

y ey —

r5c0s0t | rgc0s20t
2m +

®2—02 92—462

= a,(t)coset + f,(7)singt + (4.30)

The initial conditions are

UZP(0,0) = 0; UZD(0,0) + UZL(0,0) =0

2m,T
This implies;

0r5(0)cosOt = 20714(0)cosOt

—@a;(0)sinpt + @B,(0)cospt + 0202 + at(0)cosot

(p2_492
afaies | 2BOajcosft | 2 ajaicos26t] _
+2 [ @2 p2-02 2(p2-462) =0 (4311)
Therefore,
a;(0) =0 (4.31.2)
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Similarly, the following is obtained

675(0) |, 2676(0) p a[a1(0)a;(0) | 2BOa;i(0) al(o)al(o)
087(0) + 0+ 20500 1 i (0) + 5 [2 20 4 2200 | wBMB] —
(4.32.1)
_17[615(0) | 2676(0) ai(0)a;(0) | 2BOa;(0) | ai(0)ay(0)
.37(0) - [ 2_g2 +<p2—492 5(0) +- ( PE + @202 (p2-462) )]
(4.32.2)
That is,
2 (@So a a . a . 260as,
p;(0) =B ( +2<p3 2a(p2-462)  a(p?-62) <p(<p2—492)) (4.32.3)

So far, it follows that,

U@ = g2V (1 — cos2mx) + UEY (1 — cosdmax) (4.33)

From (3.23),
0(e26%): USSP + UG, + 220D

= —U%” — 201U - 202V — 201 U8P - 207U - 208 -

ZwlU(“) {(U(“))z + U(10)}
Substituting on the right-hand side gives,

v+ Ul + 20

HXXXX

2m,ttT m,tt

[U’(’f”(l — c0s2mx) + Ujoer, (1 — cos4mx) + 2w;US 22(1 —

cos2mx) + 2 {Ur(rfg(l — cos2mx) + uy (1- cosme)} + Zwi’Ur(rf?(l — cos2mx) +

2m,tt

2{UZP (1 - coszmx) + UL (1 — cosdma)} ++ 26, U1 — cos2ma) +

m,tt

(U(ll)) { — 2cos2mx + = cos4mx} + Z{U(lo)U(lz)}{ — 2cos2mx + = cos4mx ] (4.34)

Let,

U@ =y UTSZZ) (tr)(1 — cos2nx)

The left-hand side of (4.34) simplifies to
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[UY(LZEZE)(l — cos2nx) + (—16n* + 8/’Ln2)U,(122) + U,(lzz)(l - cosan)]

n=1

Multiplying (4.30) through by cos2mx and integrating from O to rt and for

n=m, gives;
=208 + (—16m* + 8amH UL (3) + (-2US7) = - [(— DU +
201050 (=) + 2052 (= 5) + 207 U5 P (- 2) + 2037 (-5) +
+201U57 (-5) + a(U,(nll))Z (-2.5) + aw i Oui? (—2.‘7")] (4.35.1)

Further simplification of (4.35.1) gives

~Zy®2 4 (16m* — 8Am? + D)UY = —%[—U(ZO) — 20,082 — 2y _

2 “mytt m,TT m,tt m,tt

(11 21 GE! 11))? 10) (12
207 UGP = 208D = 201U P + 2a(USD) + 2205 U, )] (4.35.2)

Further simplification yields

m,tt m,tt m,tt

Uy 4 92yP? = — [U,(,iﬁl + 201 UGH + 208 + 20y UG + 2087 +
20U —2 {(U,(n“))2 + U,(,}O)U,(,}Z)}] (4.35.3)
The initial conditions are as follows:
UE?(0,0) = 0; UCP(0,0) + wi (UG + ULP(0,0) =0
Next from equation (4.34) for n=2m,
Let,
U@ = y= PP (1 - cosdmx)

Multiplying (4.34) through by cos4mx and integrating from O to rt and for n =

2m, gives
2
22
~ZUP2, + X (~256m* + 32Am)UED - ZuD = %{(Ufn“)) .
(v20?) 3)) (4.36.1)

This further gives

39



2
N ¢2U§§)=—§{(U&m) +(U75110>U1<7112))} (4.36.2)

2m, tt
The initial conditions are

U$Z?(0,0) = 0; UA(0,0) + i (0)UL2 + Ul (0,0) = 0

2m,t 2m,t
On substituting for terms in (4.35.3) and simplifying, the result is

ry cos260t
362

U2 + g U(Zz) [{af{cos@f + ;% —

2m,tt } + 2wi{—0%a3sindt +

29r3'sin29f+29n{c‘0529f}+

B30%cosOt} + 2 {—Hagsinef + 0B¢cosOt — o2

207135in0t—20r,cos0t—
+
302

2w7(0B,cos0t) + 2 {—aGBSian + BcBcosOt + (

20{6f,c050t} + 2a {22 (1 — cos268) + (L2 sin20t + Bp,sin26)}|  (4.37.1)

To ensure a uniformly valid solution int; equate to zero the coefficients of

cosOtandsinft of (4.37.1) and this yields respectively

— @l + 20,085 — 20B% — 20! 08, — 2860 — 21,08, = 0 (4.37.2)
And,

2w10%a; + 20a + 2a40 — 2aBB, =0 (4.37.3)

Simplification of (4.37.2) gives

1

Be + Bs = %8 [a) — 2w160%B; + 2wy By + 2w16B,] = po(7) (4.37.4)
This gives
Bs(r) = e*[[ 7 p2(D)dr + B (0)] = e 77[[ e p,(T)d1] (4.37.5)

Similarly, simplification of (4.37.3) yields
ag + ag = % [—2w10%as; + 2aBB,] = p5(7) (4.37.6)
Therefore
ae = e *[f e® p3(1)dT + ag(0)] (4.37.7)
The remaining part of equation (4.37.1) is;

U,(fiz + 02U2? =1, + 15052601 + rosin20t (4.38)

40



T 2r, r 4r, 2rs  4r
r= [Tt ] =[5 - ak] =[5 - awp]
It is to be recalled that
a% 2
Ty = —20((7 + B*)

Therefore,

r' = —2aa,a,, 1y = —2a(a;’ + ayal), 1,'(0) = 2aB, 1 (0) = —4aB?

T, =aaf, + (“1“1 + a3 )

r, = alaif, + aif; ) + (a1a1 +ajaf + 2a;101)

’ 17aB? aB
7,/ (0) = —— 0 - —
4 (0) = 17(0) = =5 =5
2
rn = —aai; v =2aaay; 1 = —2a(a)” + a,af

r{(0) = —2aa,(0)a;(0) = 2aB?; r{'(0) = —4aB*

4aB? | 4aB? aB)_aB

13(0) = (_392 t<mt 5, T3 = aaiay; 13(0) =0

==,
= a(aia; + aas); 50) = 0, By =2, r(0) =2
It therefore follows that
U(Zz) = agcosO + Pgsingd + —= 392 + rBCOSZG + rgs;nzzef (4.39.1)
The initial conditions are
UE20,0) = 0; UL?(0,0) + wi(0)ULP(0,0) + UFP(0,0) =0
It follows that;
ag(0) = (P - ) _ 2B _ 17ar (4.39.2)
655(0) + 22 =0
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Therefore,

—20r9(0) _ —3aB?

Ps(0) = —5—=—23 (4.39.3)

Solution for equations of order 3§ for j=0, 1, 2

From equation (3.23);

0(e3) : U(;O) +uBY

SJXXXX

+ 208 + UG = (w05 - 2(wiU G +
WU S = 20U 4 g(Ya0)’
Let,
UG = g1 — cos2mx)
Then, substituting on the right-hand side of (3.23) yields

(30) (30)
U,ff +U

»XXXX

+ 2/1U,§C3xo) + UBY = —(o)i)ZU(lo)(l — cos 2mx) —

m,tt

(20)

5 [a);U(ZO) + (1 = cos2mx) + wi Uy, 3

mit 1- cosme)] — Zw’ZU’(flfO)(l — cos2mx) —

3
2a [U,(,fo)(l — cosme){U,(,fO)(l — cos2mx) + Uéf,?)(l — cos4mx)}] +B(Um(10)) 1-

cos2mx)? (4.40)

The following simplifications are necessary as they appear in equation (4.40);
Um(lo)Um(ZO)(l — cos2mx)(1 — cos2mx)
= U,,*9u,,?9(1 - cos2mx)? = U,,*VU,,?O[1 — cos2mx + cos?2mx]

=U,,%u,, 2% [1 — 2cos2mx + (—(1+C0254mx))]

= Um(10)Um(20) (E — 2cos2mx + lcos4mx)
2 2
Also,
Um(lo) UZ(,ZT?)(l — cos2mx)(1 — cosdmx)

= Um(lo) Uz(f,?)(l - %cosme — cosdmx + %cos6m)
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Similarly,

3 3
,B(Um(lo)) (1 — cos2mx)3 = B(Um(lo)) [1 — 3cos2mx + 3cos?2mx —

cos23mx]

1073 3 1
= ,B(Um ) [1 — 3cos2mx + > (1 + cosdmx) — 2 (3cos2mx + cos6mx)]

= ﬁ(Um(lo))3 E - % cos2mx + %cos4mx - icos6mx]
Therefore; substituting all these on the right-hand side of (4.40) yields

U‘%?%O) + U(30) + ZAU’;B_,CO) +yBo = _(w:ll)zU(lo)(l — cos 2mx)

JXXXX m,tt

(20)

m,tt

cosme)] — 2« [U,%O) U,(,fo) {% — 2cosZ2mx + %cos4mx} + U,(,:lm) U,(,fo) {1 - %cosme —

3
cosdmx + %cos6mx}] +8(U,, ) E - 175 cos2mx + %cos4mx + icos6mx] (4.41)

Let,
UG == L1 — cos2nx)

Left hand side of (4.41) becomes

oo

Z [U(30)(1 — cos2nx) + (—16n* + 8An® + 1)U,S3O)c052nx]

ntt
n=1

Multiplying (4.41) through by cos2mx and integrating from O to rt and for n

=m, the result is,

—ZuS) + (—16m* + 8am? + DURY (- 5) = =[2G (-5) +

2 ~mftt m,tt 2
2 () 2000 (-5) 4 2000 (2 E) - a0 () -
%S(Um(lo))g (_ g)] (4.42.1)

Further simplification of (4.42.1) yields;
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—%[U("“’) + (16m* — 8Am? + 1)U§,§°)] =-z [—(w;)2U<1°2 — 20", U -

m,tt 2 m,tt m,tt
3
205U59) - 20|20 USY + UL OURY | - Zp(UL7) ] (4.42.2)

Yet, further simplification yields,

US) +02U8” = —(w)?ULY) - 20" UL — 205U0Y) — Za[ZU,(nlO)U,gfo) +

m,tt m,tt
U | = 800 (4.43)
The initial conditions are
ui*(0,0) = 0;
U2(0,0) + ' (0ULP(0,0) + w5 (0)UI(0,0) = 0

Multiplying (4.41) through by cos4mx and integrating from O to rt and for

n=2m, the result gives
T
- UG + (256m* — 322m? + DUSY |

2m,tt
el ()2l 3D ()

) 5(-5)

(30) (30) _ 1 17(20) (10),;(20) _ ;(10);,(20)
U2m'ff+§02U2m =2 [_wlUZm,ff] +2a[Um Un" —Un Uzm]

3 3
—=B(Un"?) (4.44)
The initial conditions are

U9(0,0) = 0; US?(0,0) + w, (0UZ(0,0) = 0

2m 2m,t

Multiplying (4.41) through by cosébmx and integrating from O to i and for

n=3m and get,

3
ugf,‘;gt + (1296m* — 72Am? + DULEY = Uyl — ib’(Um(m)) (4.45.1)
Let,

0% =1296m* —72Am? + 1 > 0 for all m
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Therefore,

3
U(30) + .QZU(30) — aU(lo)U(ZO) B(Um(lo)) (4452)

3m,tt

The initial conditions for (4.45.2) are

u£9(0,0) = 0; UL%(0,0) = 0

3m,t

The following term is now simplified before substitution

(U,%O)Uz(f,?)) = (aycos6t + B) [a40059f + % - %5221%]
aa T Br, Brycos20t
= %{coszet} +— > % cosOt — W (cosSBt + cosOt) + Ba,cosOt + P 0 _ 1392
_ 4 4{1+ 208} + 2 0t — 2L (c0s36t + coshE) + B ot + 200
cos 2 % cos c 92 cos cos a,cos 72
Bricos20t

362

_ (104 % A1Tp 1Ty 104 Bry _
= ( . T 92) + ( 02 epz T Ba4) cosOt + ( 92) cos26t

o (4.45.3)

The following is further simplified;

af, 2
- tB 2Ba;cosOt

(U,%O)Uz(i?)) = (aycos0t + B) |ascospt + Bssingt +={ ¢° p?-6?
2 n a?cosOt
2(p2-62)

cos(p +0)t +cos(p —0)t) a5 (sin(p +8)t+sin(p —0) ¢t
- f1s 2 T3 2

+a1a( +B ) . aa?B

5 pe cosOt + m (1 + cos26¢t)
3
+ L{cos%’f + cos@t}
8(p? —02)
“% 2
aa | —+B
_ aa?B (2 > aSa A @105 A
= 2eron T 207 5097 —407) cosft + ——cos(p +6) t +
aa?Bcos26t a1[?5 1ﬁ5 adacos30t
2(07—67) + —sin(p — )t +—8(<p2 209)
(4.45.4)
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Similarly,

U49)" = [(B* +222) +3(% + a,5?)

— cos39t]

(4.45.5)

Substituting in (4.45.3) to (4.45.5) into (4.43) gives

U(30) + 02U(30) ((;)DZ(—HZQICOSQ@) — 2@’1 (—a492C059f +

m,tt

—4r1c0526t) — 2wy (—6%a,cos0t) — 2a [(ala" BTO) + (M ~4hy Ba4) cosOt + (a1a4

3 62 62 662
Br: aa?B aa1< 1+B2> aas
— 1 1 ~
92) cos20t 9 cos39t] 2 Py e 5007 _407) cosOt +
5 R
a1a5 —Scos(p + 0)t + aa(l(fchzzzit + alﬁs sin(p + 0)t + alas cos(p — O)t + == 1ﬁ5 sin(p —

» | aajcos3ft| 158 3 , 3aiB ai
0)t + 802167 " [(B +—- )] +3 ( + ayB )cos@t +— BcosZBt += cosBQt

(4.45.6)
To ensure a uniformly valid solution in £, equate to zero the coefficients of
cosft and this yields

o2
ar ar a’a, 71+B2
170 171
— - /4

(w))?0% + 2w a,0% + 2w50%a; — Za( + Ba4) —_

62 662

_adan [ 456 (ad 2) =
4(p2-462) 4 (4 taB ) =0
Therefore,
a’a (a%+32>
I 1 N\N2n2 I 2 _ Q1o 1M1 '\ 2

w5 207 (w1)°0° + 2wia,6 Za( 2 o7 +Ba4) o +
_adan [ 456 (ad 2
e (4 +a,B ) (4.46)

The remaining equation in (4.45.6) is

UBY 4 g U(30) = 710 + 111€0520t + 11,0530t + r5c05(@ + O)E + 1r14sin(p +

m,tt

0)t+ riscos(p — 0)t + rygsin(e — 0)t (4.47)
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Solving (4.47) gives,

ot ot
U(30) (£,7) = ag(1)cosOt + Bo(T)sindt +5 rm rngc;): L mgo;f L

[ri3c0s(@ + 0) + ryusin(e + 0)E] + [ r15cos(@ — 0)E + rygsin(e —

1
p(20+9) P(26-¢)

0)t] (4.48)

The initial conditions are
U”(0,0) =0

U2(0,0) + wi (UL (0,0) + ws(0)USY(0,0) = 0

Where,
o , T T2 T3 T1s
0)=|-—+5+=>5+ — tt=0
e R EE T EA A eT s BT |
And
T14(@+6)  116(90—0) _
Bo(0) = 5|22 _ ¥R ge 7 = 0
Where,

a,a, Bry\ a?a?B 158 3a?B
r10=—[2a< 7 02>+¢2—02_ i il

10a? a? 758
m0(0) = B* (5 — g + 7))

, _ p3fass  8a?  4a? 2a? 458
(0) =5 [ 2 302 6 (p2-62) ]

8riw} (a1a4 Bro) a’a?B 45Ba%B)
T = — 2a —
11 ( + s T32) T 02-62 T

_ pg3(8x 2 45 “2)
rll(o)_B (392+392 8 +(P2_92

_aaqim ol a? 158a3

r =
12 302 4(p2-62) 16
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a? 158
r12(0) = B [392 4(p2-62) + ?]

3a? a’ | 458
r12(0) = B sz 55 30zt =

iz = —aa1as =715

r13(0) = 115(0) = B%a?S, , 1{3(0) = 1{5(0) = —2aS$,B*

T4 = —aaifs = 116 , 114(0) = 116(0) = 0 since f5(0) =0,
116(0) =71,(0) =0

Substituting in (4.44) gives

oL 4 ) Uz(fr?) = 2w [—(p2a5cos<pf — @?Bssingt + = {—29 Baycosbt _

2m,tt 2_92
Zalezcoszet}]
(,02 492
[ (2 a, | Br, ary  agr aa BT
(g + _20) + (% ——+ Ba4) cosOt + ( e ;) cos20t
2a 4 0 0 60 4 36 _
17y
vy cos36t
2
a1, p2
2 aa,| =—+B 3 2 £
aatp (5) | ate aat Bos20t
2a 20?07 207 5(p7—467) cosff + 255 cos(<p +0)t + 2 (9787)

3
alﬁs 285 sin(p + 0)F + 25 cos(<p 0)t + a1ﬁ5 —=sin(p — 0)t + ajacos36L| 38 (B3

8(p2-462) 2

3“53) + 3( +a.B )cos@t

z cos39t] (4.49)

To ensure a uniformly valid solution in £, needs equating to zero the

coefficients of coset and singt.

A further simplification of (4.49) gives

Usr?)tt + <p2U(30) =1y, + 115C0S0t + 119c0520t + 1r50c0530% (4.50)
Where,
_ aiay | Bro\ a?afB 3B (.3  3aiB
"7 = [Za( . T ) ©2-02 2 (B T )]

22a? a? 158
117(0) = B’ (_ 307 T g2_g2 T T)
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_ 53 [-Ssa | 20a? 2a? 9B
r17(0) =B [ + 362 +2(<p2—92) + 2]
aZ
o —260%w;Ba,a (alro _an ) B a’ay (71 + BZ) B aa’
18 p? — 02 62 662 4 PE 4(p? — 462)
9 /(a3
- E (T + alBZ>
_ p3f 2a 18a® | 3a* a? 45
7"18(0) =5 ((pZ—GZ 602 @2 4(p?%-462) )
' (0) = B3 _g_Ma* 5af 30 63
ra(0) = B [2a8s —2 - S - 20— 2 -]
_ [-2wia}ab? aya,  Bry a’*afB  9aiBB
T19 _[ 92—62 +2a( 4 392) 2(p2-62) ]
—p3f—te S g o L9
r19(0) = B [B(<p2 462) 2 302 (p2-462) ]
_ [ eairs ala? _ 3pad 3 a? a? 38
T20 = [ 302 4(p2-462) 8 ] 120(0) = B ( 30z T 4(p2-02) + )
3 3a®> 9B
720(0) = B + 4(p2-462) 8]
The solution of (4.50) is,
30) r17 T1g€0SOT  119c0520f  159c0s30t
Uy = aqocos@t + Byosingt + (<p — 0% T (w2 —262) T (7 —902)
(4.51.1)
The initial conditions for (4.51.1) are,
U5SY(0,0) = 0; US(0,0) + wh (0)US2X(0,0) = 0
Therefore,
_ 18 19 720 _
t10(0) = [((pz_ez) b st | atT =0 (4.51.2)
B10(0) =0 (4.51.3)

Substituting in (4.45.2) to obtained
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a1, p2
(30) 2 (30) aaiB “a1<2 P ) aja
U +0°U;,," =«

cosOt +
3m, tt 2((p2_92) 2(p2 8(([)2—492)
2 R
aaiBcos20t a1/3’5 1ﬁ5
+ sin -
2(p?-62) ((,0

3

s, ajacos30t B 3 , 3a?B a3
)t + 802205 | 2 (B ) +3 ( + a,B )cos@t +— BcosZHt + cos39t]

(4.52.1)

Rewriting (4.52.1) gives;

US,?)” + QZU(30) =1y + 15,0080 + 1,3¢0520t + 15,c0530F + 155 cos(p +

0)t + rygsin(p + 0) & + 1,5 cos(p —0) & + rygsin(p — 6) & (4.52.2)

The initial conditions are;

u£92(0,0) = 0; UL%(0,0) = 0

3m,t
Where,
_( a*aiB B (p3 , 3aiB _p3(_a*ai 58
21 = {2((p2—92) 4 (B T )}’ 21(0) = B (2((p2—92) 8)
a2a1<%+32) 3 2 3
_ aja _ 3B (a1 2
T22 = 2¢2 T 8(p2-402) 4 ( t+aB )
158 3a? a?
121(0) = B3 <

16 49?2 8(¢? — 462)
S5a

, : 3a? 218
7'22(0)233<4(p + )

8(p2 —462) 16

_ ( a*aiB  3aiB 53 a> 3B
23 = {2((p2—92) 8 }’ 123(0) = B (2(<p2—92) 8)

r53(0) = B3 (ﬁ— a? )’ Tyu = ( a’aiB 3a§,3)

4 (9p2-6?) 8(p2-62) 16
_ 3 ﬁ_ az _ 3 0_’2 3ﬁ
124(0) = B (16 8(<p2—462))’ 124(0) =B (8( 2_g2) 16)
T35 = aazlas =Ty, 125(0) = 1r,7(0) = B*a?S,

r2'5(0) =1,,(0) = 0(50]33
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e = aanfs _ T8 1726(0) =125(0) =0, 14(0) =1,5(0) =0

2
Therefore,
(30) /2 _ 2 . a . T2€080t  T93c0520f | 1y4c0s308
Usr (£,7) = ay1(1)cost + By, (t)sindt + 222_92 + 232_492 + ;42_992 +
195 cos(@+0)t+154 sin((p+9)f} {r27 cos(p—0)t+r,g sin((p—@)f}
(e e + e (4.52.2)

Therefore,

— | _T22 723 T24 725 T27
all(o) - I:QZ_GZ + 02_492 + 02_992 + 02_((p+9)2 + QZ_(¢+9)2:|

1=0 (4.52.3)

—1[ 126(@+0) r28(9—6)
Bll( ) - [Qz —(p+6)2 + N2—(p+6)2

=0 (4.52.4)
So far, it follows that,

UG = g1 — cos2mx) + U(3°)(1 cosdmx) + U(30)(1 — cos6bmx)
From (3.24),

0(635) . (31) +U§c3x1x)x+ 2/1U(31) 4+ G
—(w 1)zU(ll) ( '1U,(f2,1) +0)’2U,(51,1)) _ ZU,(f3rO)
+ 2 (w'lu_ng‘” + wpUS”) = (0 UP? + wyul?)
—2 {Uf“‘” + (a)lU(ZO) + w) U,“O))} — a(UAOYED 4 yanyQ)

+38(U09)*(uav)

Substituting on the right-hand side of (3.24) gives;

udY + UG + 205 + UGy = [( D2USP (A - cos2mx) +
2 {w’ (Ur(rfg (1 — cos2mx) + Uz(fnl,)fr (1- cos4mx)) + a)’zUz(:nl,)fT 1- cosme)} +

(30)

mtr 2mitt 3m it

2 {U(30) — cos2mx) + USY._ (1 — cos4mx) + U (1- cos6mx)} -

2{ (Ur(fgz(l — cos2mx) + UZ(20 -(1- cos4mx)) + szﬁgz(l - cosme)} +

{wi’U(ZO)(l — cos2mx) + Uz(fr?,)f(l cosdmx) + wy U(lo)(l cosme)} +2 { U(30)(1

cos2mx) + U;‘:’r(l)')f(l — cos4mx) + Ugi?’)f(l — cosbmx) + w} ( Ufj’%)(l — cos2mx) +
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U(ZO)(l — cos4mx) + sz(lo)(l — cosme))} + a{ Ufj")(1 — cos2mx) (Ul(ﬁl)(l —

2mt

cos2mx) +Ug5 (1 - COS4mX)) + UG (1 - cos2mx) (Ugo)(l cos2mx) +US (1 —

cos4mx))} - 3B {(Ugo))ZUSD(l - cosme)3}]
(4.53)

The following simplifications are necessary
U,(,fo) U,(,fl)(l — cos2mx)(1 — cos2mx)

= U QUi (g — 2cosmx + %cos4mx) (4.54.1)

(10)U(21)(1 cos2mx)(1 — cosdmx) = UG® Uz(frf) (1 - %cosme -

cosdmx + %cos6mx) (4.54.2)

U(ll)U(ZO)(l cos2mx)(1 — cos2mx)

= U,(,fl)U,(,fl) (; — 2cos2mx + %cos4mx) (4.54.3)

U,(,}I)Uz(f,?)(l — cos2mx)(1 — cosdmx) = U,(,fl)Uz(,z,?) [1 - %cosme -

cosdmx + %cos6mx] (4.54.4)

BB(U(lo)) U (1 — cos2mx)® = Bﬁ(U(lo)) g [ cosme +

% cosdmx — icos6mx] (4.54.5)

Therefore, substituting (4.54.1) - (4.54.5) in (4.53) yields,

UED 4 uGD 4 22060 4 Y6 = [(w;)sz,fiz(l — cos2mx) +

2{ (U(Zl) (1 —cos2mx) + Uy 1- cos4mx)) sz(ll) 1- cosme)} +

2m,tt m,tt

{U(go) (1 — cos2mx) + u) (1 — cosdmx) + U 1- cos6mx)} - { U(ZO)(l -

m,tt 2m,tt 3mtt m,tt

(20)

cos2mx) + Uy it

(1 = cosdmx) + sz(lo)(l - cosme)} + {w"lUT(rig)(l — cos2mx) +

m,tt

z(fr?)t(l — cosdmx) + a)é’U(lo)(l — cosme)} +2 {U(30)(1 — cos2mx) + Uz(f:,)f(l —
(30) (4 _ ' (20) (20) rq _
cosdmx) + U3m,f(1 cosébmx) + w; ¢ (1 —cos2mx) + Uzm,f(l cosdmx) ) +

w5 (Ur(nl'g)(l - cosme))} + «a {U,%O)U,(,fl) (2 — 2cos2mx + %cos4mx) + U,(;O)Uz(fnl) (1 -
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Z cos2mx — cosdmx + lcos6mx)} +a {U,(nll) U,(,fo) (3 — 2cos2mx + lcos4mx) +
2 2 2 2
(11);;(20) 1 1 (10)\? ;1) (5 _ 15
Up Uy, (1 - Ecosme — cosdmx + Ecos6mx)} - 3B(Um ) Un (E - :cosme -

2 cosamx — = cos6mx)] (4.55)
2 4

Let,
UGDL Y= yGU(1 — cos2nx)

The left-hand side of (4.595) yields,

I [Usflf)(l — cos2nx) + (—16n* + 8An? + 1)U,(131)c052nx]

Multiplying (4.55) through cos2mx and integrating from O to it and from n=m,

gives,

—2ulY + em* —8am? + DUSY| = - |(WDAUSR (-5) + 2{wiull (-3)+
(11) T (30) T (UQU,;Z?% (20) T

wsUni (=)} +2{Unt (-3} -2 +w’sznl,?§'(—§) +Hownw (-3)+

o020 (D) #2050 (-2)+ o2 (-2 0 (-5)

o2 (2) - 00U (-3) - () - 20 (-3)-

USPUEY (I} 4 3p(uS0) uiP (- ) (4.56)

2 4

A further simplification of the above yields;

uPH + 020" = (DU - 2{wUlh + WU ) - 2{ulP) + 2{w Ul +

m,tt m,tt mitt mtr mtt m,tt

UG = {0tvZY + wyul Pt = 2{uSY + wiUlY + wsUSY Y + a{2u U +

m,tt
45 2
USOUSY + 205U + U PuEP Y - 2 (uGO) Ui (4.57)

The initial conditions for (4.57) are;

U$(0,0) = 0;
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USP(0,0) + wi (ULP(0,0) + w5 (UL (0,0) + USY(0,0) = 0

Multiplying (4.55) through cos4mx and integrating from O to t and for n=2m

gives,
—2 U8 + (256m* —324m? + DUSY| = - [Za)l v (-3)+
(30) L 1 17(20) T w! (20) (30) 4
2U2m,fr( E)_ZwlUZm,ff(_E) Uth( )+2U2mt( E)+
(20) n 1.,(10),,(21) n (10)7;,(21) n (11)4,(20) n
201U (=3) + 2 GUR"Un? (-5) - vn s (=3) + U ue® (-5) -
11),,(20 ™ 10 11) (3
o0 (-3} - 38(05) 02 ) 459
This yield,
(31) (30) _ (21) (30) 1 17(20) (20)
UZm tt (pZU [2w1U2m tt + 2UZm tt 20‘)1U2m,tt + 0)1 UZm t
(30) (20) 1.,010);,(21) (10) ;21 | 1,,(11)44(20) (11)4,(20)
2U2mt+2w1U2mt {EUm Un” = Un Uy +5Um Un = —Un UZm}_
9 100\%,,11
2B(UR”) Un )] (4.59)

The initial conditions are,

uSP0,00=0;  ULY(0,0) + w (0)UE%(0,0) = 0

2m,t

Multiplying through cosébmx and integrating from O to 1 and for n=3m, the

result is;
—2[u8H + (1296m* — 724m? + US| = [ZUSf)tT -9+
205, (~2) + LSO (-5) 3000 (~2)) 3 (~2) (5 )

(4.60)

A further simplification of above yields,

(31) (30) _ (30) (30) (10),@1) | 1,,(11)7;(20)
US4 02U8 [ZU + 2050 + a FUSOUEY + SUSPUSY ) +

3m,tt 3m,tt 3mt

3 2
2(us®) U,S}”] (4.61)
The initial conditions for (4.61) are,

U8 (0,0) = 0; ULH(0,0)=0

3m,t
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Certain terms in (4.61) are now simplified as

U(lo)U(21) [aﬁcosgt + Besindt + (T3C0529t_r45in29t ] + [alzaf’ 1+

362
cos20t) + = 1ﬁ6 276 5in20t + 22 cos20F — [ 1;3 (cos360t + cosOt) + % (sin36t +
Sinef)] + B [a6c059f + BesinOt + % — (rSCOSZZ;stOt ” (4.62)

The following simplification is necessary

4 B singt + resindt N T¢sin20t
a;cos sin
7C0SQ 7SINQ 02— 02 " 7 — 467

SOyl = (agcos6t)

= %{cos(go +8)t+cos(p—0)t}+ alT&{sin((p +0) ¢+ sin(p —

rsaysin26t aiag
2(p2-62) = 2(p?-462)

0)t} + (sin36t + sinft) + B [a7cos<pf + Bysingt +

r3sinft | rgsin20t
92-02 <p2—492] (463)

Certain terms in (4.63) are now simplified as

(11);(20) _ p ions s To _ 11C0s20t] _ Baaysin20t | Parosinbt
Un "Up = Bpsinft [a4c059t +9—‘;— 1 D ] =z 42 + Pz 092 —
Bt (sin36% — sind?) (4.64.1)

o2
—+B .
2BaqcosOt

@2 (9p2-62)

U,%DUZ%?) = B,sinft |ascospt + Pfgsint +%

a?cos20t
2(p2-462)

= ﬁTa (sin(p + 6) £ + sin(p — 6) ) + %(eos(q) —0)t—cos(p+0)D) +

ﬂ+B>
a ( 2 . an . PaBaisin20t = B,a?sin30i-sindf
B e sinft + w65 T aroaer) (4.46.2)

Lastly, the following is further simplified,

2
(U?) USY = (aycost + BY2(B,sindf) = (B2 + afcos?6t +

2Ba,c0s20t)(B,sinbit)
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= [(B2 22) + 2Ba,cosOt + —cosZBt] (B,sinBt) = B, (BZ )smet +

fBa;sin26t + % (sin36t — sindt) (4.65)
Substituting in (4.57) the following equation results;

Ul + 0208V = (w))2028,sindf — 2 [a)l( Oagsindt + OB¢cosOt) —

m,tt

(—29r3'sin26£+29r4c05295

362 )] — 2wy 30cos6t — 2 [—aéesinef + BybcosOt +

2r{,5in20% n 3r{,sin30% 1 {

= 56 paare U Tis(@ +0)sin(p + 0)t + r{,(¢ + B)cos(p +

0)} + ——— {~7{5(¢ — O)sin(p — ) + r{s(¢ — O)cos(p — OIE}] +

<p(20
2wy {—92a4cosef + —‘“1“;52‘“} + 2wy (—a,0%cosbi) — w} {—0a4sinef +

21115in20t | 3r;,sin36t

— wy (—a,0sinft) — 2 {—agsinef + BycosOt + + —

2rlsin295}
36

30 860

{=(p + O)ry3sin(p + 0)t + r14(@ + O)cos(p + 6)t} +

{—(p+

(p(29+(p) <p(29 )

2rlsm26t}

O)ryssin(p — 0)t + (9 — 0)rygcos(p — B)f}} — 2w} { Oa,sinft + -

2w5(—0aysindt) + 2a {(alzae — %) + (% — :;z + Ba6) cosOt +

(—B'gﬁ_ala“) sinft + (al% BrS) cos20t + (alﬁé Bra )Sl ot —

"5 c0s30F —
662 2 392 2 302

62

ary A @176 Brs Qs _
— 5 sm39t} + a{(2(<p2—492) + pe 92)5”1975 + (2(4,2_492) 02— 492)

1ﬁ7

sin20t +

a,7gsin30t
2(p?-462)

+ Ba;cosgt + BfB,singt —Zsin(p + 0)t +

aaz

B

cos(<p 0t + == a1ﬁ7 sin(gp — H)t} + 2a {ﬁza‘* sin26t

ﬁz = (sin360t — sm@t)}

(4.66)

To ensure a uniformly valid solution in t , demands equating to zero the

coefficients of sinftand cosBt in (4.66) as further expanded.
The coefficient of sinf t leads to;
ag + ag = hy (1) (4.67)
1 ! ! n ! ! ! B -
hi(t) = — % [20)190(6 + w5040 + w100, + 20100, + 20500, + 2a (%)]

(4.68.1)
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Therefore,
ag = e *[f e5hy(s)ds + ag(0)] (4.68.2)

Equating the coefficient of cos0t yields

Bo + Bo = hy(1) (4.68.3)
hz(T) —_ - [2 1966 + 2(.02826 + 2(.0192(X4 + 2(,020(192 - 2 (Otlr2 0;1923 + B )]
(4.68.4)
Therefore,
By = e T[[ e%h,(s)ds + Bo(0)] (4.68.5)

The remaining equation in (4.66);

Ur(sg + 02UBY = 1,9 + r405in20% + r3,c0520% + r5,c0530% + ry3c0s30% +

r34c0s@t + r3ssingt + r3g cos(@ + 0) t + r3, sin(p + 0) t + rzg cos(p — 0) t +
r3osin(ep — 0) t (4.69)

The initial conditions are
(31) (31) (21) (11) (30)
U, 7(0,0) = 0; U (O O)+oo1(0)U (o0, O)+oo2(0)U (0,0) +U,7(00)=0

Where,

0106

B
I‘29 = 20(( > + rezz) 29(0) - O

Isg = [ ar} _ ﬂ _ ary, _ 2wiry _ 4rn 4wir, + 2a <a166 - r4B) + ( oqrg n
2 302 2(@?%-62)

Brg a?a, BB 45
©? 462) T ooy + 2(<p21—922) 4 BBalBZ]

o 4521 20 4-S4, 2

— R3 4821 | 20 4S4 | 4 202 o o _E)
R30(0) =B (3913 30 1300 30 T 309 393+29((p2—92) 20B(92-02) 40

8a  4S,; . 2a 4S, 2a? a? Sy a? 458
Sos = |——— + + -
3B6O 20 03 30 03 20(p2-02)  (p2-62)  20B(p2-602) 40
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_ [8wir; a.ag  Brs _ —8aB?®
r31—[ 3 +2(x( 2 302/]° r3;(0) = 302
_ aoqrs _
I3z = [— PYYE ] , T32(0) =0
=31, _ 3rip  aoqry acirg  afarg a*afB,
Fon = 40 40 302 2(p2-4062) 302 8(p2-402)
33 =
45
——BBa
** BB, B
53 3Sg1  3Ss . a? as; — p3
rgy(0) = B? (=20t = T+ {5 — ot = BSa
Where,

S _ (_ 3516 3Ss a_Z _ aS, )
26 30 30 ' 303 2(p2-462)

r3s = [aBay] ,r3,(0) =0,

2 2

a? a?S, a a

3¢3 ¢ 20(9?-402)  @(@?—462)

r3s = [aBB;] , r35(0) =

_ [2ria(@+0)  2ri4(@+0) | awia;  aB2Bs _
36 — [(p(29+(p) ©(26+@) 2 2 ] ’ I'36(0) =0

o = |— 2ri3(@ +0)  2ri3(@p+6)  aoyp, N a(Bzas)
37 ©(26 + o) ©(20 + o) 2 2

6a(p +0)S, aS,3 Spa

0) = B3 ( — ) = B3S

rs7(0) 020 +@) | 2 20 27
Where,
_ (60:((,0 +6)S, aSss aSo)
277\ (260 + o) 2 20

_ [-2rie(@=0) | 2ri6(9-0) | aoja; , apzBs

fa8 = [ ©(20-9)  @(20-9) 2, T ]

2ris(9=6) | 2ri5(¢=6) | awiBy; o (62“5)]

r3g(0) = Orag = [q)(ze—cp) ©(26-¢) 2 2

40(9=6)So  2a(¢-6)Sg  a®Ss n a_So) = B3S,,

— 3
r3p(0) = B (cp(ze+cp) 020-¢) 2o ' 20

Where,

3a 2a
20 = (- 6%(p2-6%) (wZ—BZ))
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Therefore, the following is obtained

r3osin20t+r;;cos20t | r3,cos30f+r;3sin36t

Ur(;:’l) = ay,c0s0t + B;,sinbt + % +

02-462 62-962
rzacos@i+rassingt = rigcos(@+0)t+rs;sin(@+0)t | rzgcos(@—0)t+rzgsin(p-0)t (4 70 1)
82-@? ®(20-¢) ®(20-¢) o
29 I3 33 I34 I36 I3g

0‘12(0)2_[92 e 4 0 -907 0 —¢? 9(20-9)  ¢(20-9)

2aB3
- 30%
4 i(B_z 4 16aB3 3 10a%B3 N 3a2B3 4 a’B3 N 225BB3>
202\ 0% ' 302 02 207 " 4(@?—402) T 16
'ty Iy '3 I'is
+< +?_362 _862_@(26+(p)+(p(26—(p)>l =0
(4.70.2)

—1r1 20r 30r r + O)r —0)r
B, (0) = — 30 N 33 " Pr3s +(‘P )37+(<P )r3q atT=0
0 162 —4062 02-90%2 0%2—@? @20 —-¢9) @(20—-0@)

(4.70.3)

Substituting in (4.59) gives

¢] et = 20rcosz26t
Ug‘:’i)tt + cpZU(31) - 200’1{ @assingt + @B coset + rszcogz + (;262592 }
. A ~  Origsinbt  20r}osin206t  30rh,sin36t 2Ba; 82cosbt
2{—@aosingt + P ocosqt — “2TTE — Tt TR g (TS
2003 cos26t Ba, Bsinbt 0a?sin26t . A 2
W} + a(w] + 2w7) { 12 o @;_492 } +2 {—(pa1051ncpt + @Byocosot —
OrigsinBt  20r;¢sin26t  30r,,sin36t affaqae , T2B o1y gl
©2-02  @2-402  (2-992 }+ 5{( > F) + ( 0z eez T Baé) cosOt + (BBG
agry ai1Be Iy ) } {( a1le
o7 ) sinOt + ( . 2607 sin26t 27407 +
pom 92) sinBt sm((p + 0)t 187 —Zsin(¢p —
n Br
0)t + (2((:;:2) + 5 492) sin20t + msm%t + Ba,cospt + BB7sm(pt}

2
ond oan %1, g2
o (Baaysin26t | Barosin®t Bzr1 _ } aB, [ 5 B . aa’p, PO
2{ . + 0 — (sin36t — sin6bt) {2 ( e 8((pz_wz)smet+

aa BBy . 2 aciBs . 2, 98 2 .9 Baay
2(92-02) sin20t + 8(p2—407) 51n39t} + 2 [{BZ (B + > ) }S]n(pt + BZBalslnzet +

59



2
%sin%'ﬂ (4.71)

To ensure uniformly valid solution in tneeds equating the coefficients of

cosot and singt to zero.

Equating the coefficient of coset yields

—2w19B7 — 2910 — 2B10¢ + Baya; =0

Therefore,
Bio + B1o = ﬁ [—2w1¢B7 + Boyay] (4.72.1)
Bio * B1o = h3(T) (4.72.2)
Where,
hs (1) = 5= [~ 20 9B} + Basay] (4.72.3)

It therefore follows that:
Bio = e[ h3(s)e’ds + B10(0)] (4.72.4)
The coefficient of sinegt leads to

2wipa; + 2¢@ajy + 20,09 + BB,a =0

o + a0 = hy(T) (4.72.5)

h,(1) = —i [2w]@as + BB,al (4.72.6)
Therefore:

a9 = €7 [[ hy(s)eSds + a;4(0)] (4.72.7)

The remaining equation in (4.71) is

U;ﬂ)tt + (szg?rﬁ) = ryc0s0t + ry;sinbt + r,,c0s20t + r,3sin26t +
r44C0S30t + r455in30t + ryq cos(p + 0) T+ ry; sin(@ + 0) E + rygcos(p — 0) T+
Iy sin(p — 0) t (4.73)
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The initial conditions are;

Ug31)(0’0) =0; U(31) (0,0)+0)1(0)U(21) (0'0) + U(30) (0’0) =0

m 2m,t 2m;t 2m,t

Where,

—20riw] , 20wiBa;02 « (0(10(6 rzB) (alrz alrg)
Iy = —= |+ = —_—— B
40 @2-02 + @2—02 2 > T2) T e sz ) T B%

-3a 2a
I'40(0) = B3 (92((92—92) - (@2_92))

(p2_92 (pZ_eZ (p2_92 2 602 2(‘{)2_4‘92)

Brs \ _aBaro  aforg o®By (of 2\ _ «*aBBz | 9B 2, o
<p2—92) 202 1262 + {z(pz (2 +B ) 8(@2—492)+ 4 B2 (B + 2)

20r} o/ +2w))aBa; 6  20r a ar agr
r41=l 18+(1 1)aBoy + 18__(BB6_ 14)_*_0((#_'_

r (0)—B3(29524 _ 2a 20S, _E_ aS; a? _170(2_
41 - (@2-02)  0(p2-02) ' @2-02 90%  2(p2-402) ' O(@2-02) 1203

3a2 a? 45[3)
(46—@2) 80(p2-4062) 166

40w 1, 200w} a?

Faz = [<q>2—492) ~ (p7-402)

_ 3 2o _ 4514
ry2(0) = B (e(@2—492) e(<p2—462)

l 40wir;,  (0f + 2w))aba? 4014 a <a1[36 Br4>
43 =

(p? —406?) @? — 4062 (p?—4062) 2\ 2 302
oy Ts Brg > o?o4BB, 9
+ + + +-PBB;B
* (2(@2 —09) T oz —a07) T2(er — 07y T3 PPBM
_ 3 49510 2a 4958 (X_Z Z(XZ (xSl %
rys(0) = B ((<p2—492) + 0(p2-02) + @2—402 tes T 20(p2-02) + (p2—-02) + 49)

=) =0

60r5, 6013 a (a1r4) aTe afary a?a?B, 9 P ]
Iys = z 2 B
45 [(<p2—992) + (©%2-962) + 2 \ 662 + 2(p2%-462) + 12 + 8(2-462) + 16 8820‘1

_ 3 69534 _ _ —_—— e
r45(0) =B ((@2_492) + (@2-62) 12083  2(p2-062) 1206 166

60S, a? as, a? 9B )

Ty = [%] ’ r46(0) =0,14;, = [%137] ,1"47(0) = —0(B3S43

oo oy

F4g = [T], ry5(0) =0, 149 = [aa2167]> r4o(0) = —aB3Sy;
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S __aSy a a . a . 20aS,
BT e 203 2a(9?-462)  a(p2-02)  (p?-462)

Therefore;

ry;c0s0t+r,35in0t | ru,c0s20t+r,5sin20t

Ug’;) = o 3cos@t + By3singt +

(pZ_GZ (P2_4_92
r46C0536t+1475in368  rygc0s(@+06)t+r495in(@+6)t | rsocos(@—0)t+rzosin(@-0)t 4.74
©2—902 0(2¢+6) 0(2¢—6) (4.74)
From the first initial condition,
— | _T42 T44 I'se  Tsg I'so —
o3(0) = [cpz—ez + @2-402 + ©2-902  0(2¢+0) t 0(2¢—0) att =0
(4.75.1)
And from the second initial condition, it follows that,
8.2 (0) + 0 143 20rys5 30r,; 0+ @ryg (68— @)rsy + o, (0)
BUVP T 02 — 02 T 2 — 402 T 92— 902 0(2¢0 +6) | 8(2@ —0) & 10
ri7 Iig Iio r20
+— + + + =0
©2 @2 —0Z  @Z—402 ' % — 992
Therefore,
_ 1] 061y 20rys5 30ry;  (6+@)ryg |, (6—@)rsg / 1"5_7
B15(0) = ® [cpz—ez ©2-402 ' @2-902  B(20+6) = 6(2p-06) +a30(0) + @2 +
rig rio 20
S @2_962] (4.75.2)

Substituting in (4.61);

(31) (31) _ (30) (30) 1.:(10)y7(21) 1.:(11),,(20)
US4+ 02Ul = - [2U3mh + 2050 + a USROS + Ul P Ut +

(un”) v

Simplification yields,

(31) 21731) _ roAf , ~  Brh,sin6t
Uit T Q°Usn” = — |2 {—Qay;sinQt 4+ OB, cosQt — gz
20rh5sin28t  30r5,sin30t  (@+0)rssin(@+0)t | (@+08)rygcos(@+0)E (cp—e)r£7sin(<p—6)f+

02-462 02-962 Q2 —(p+6)? 02 —(p+6)2 Q2 —(p—-6)2
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((p—e)réscos((p—e)f} RPN A~ Ory,sinBt  20r,3sin206t  30r,,sin36t
21—0Q0a41sinQt + Q11 cost — - - -
02— (@—0)? + 11 + 0By 0292 02-402 02-902

(@+0)ra5sin(@+0)t | (@+0)raecos(@+8)t  (@—O)ryssin(e-0)t (cp—G)rzscOS(cp—G)f}+

Q%—(@+6)?2 Q?—(@+6)?2 2%-(9-0)? 0%—(¢-6)2
[od A1Tg Brs Qa7 0(137 0(10(7
5{(2(@2_492) + o 92) sinft + —~ S—cos(@ + 0)t + —Zsin(e + 0)t + cos(p — 0)t +

A1l
2(@2-02)

1—8751n((p - 0)t+ ( + ZB 492) sin26t + sin36t + Ba,singt +

( e

o?
B2 B2+_ . aafB; Y aoiBBy . 2 aaBs . s
BB7smcpt} { > < e > 8(@2—492)Sm9t+2(@2—92) sm26t+—8((p2_492)sm39t

2
BZBS == cos(p + G)t} {(Bz (B2 + 0;1) ek 1) sinBt + B,Ba,sin26t + B2 sm36t} (4.76)

To ensure uniformly valid solution in f, needs equating the coefficients of

cosQt and sinQt to zero. The coefficients of cosQt yields

—20p}; — 20B;; — 2 =0 (4.77.1)
Therefore,
Bi1 + Bu1 = — 2 = hy(T) (4.77.2)
Where,
hs(1) = — 7 (4.77.3)
Therefore,
Bir = e7*[[ hs(v)e’ds + B11(0)] (4.77.4)
The coefficients sinQt of yields
—2004; — 200y, — 2 =0 (4.77.5)
Where,
he(1) = 252 (4.77.6)
Therefore;
o1 = e [f hg(t)esds + a;1(0)] (4.77.7)
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The remaining equation (4.76) is:

st 4 QZUS&) = r50sindt + rg;5in26t + rg,sin36f + rg; cos(p + 0) T+

3m,tt
rsg sin(@ + 0) £+ res cos(p — 0) T+ rgg sin(p — 0) € (4.78)
The initial conditions are
31
U (0,0) = 0; USH1(0,0) + USL(0,0) = 0
a2
_ 291‘%2 291‘22 _ oaxqrg _ B(xrs _ (XZBZ ?1+B2 (Xzalﬁz _
50 = 02 02 T 702 2(@?-402)  2(p2-407) 4 @2 16(2—402)
3aBpB:2 (BZ n oc_%) n 3afa?
8 2 32
20S,, 26S,, aS, o? 3a
0) = B3 + + + +
rso(0) ((92 —92) | (02— 02) ' 4(@% — 40%) ' 20(@? — 462) ' 802
o? 9af 3af
+ +—+
16B(@% — 462) ' 168 ' 32B
__ 40r3; 40r;3  aayrs  Barg  o®ayBB;  aayf,B
51 = 02467 ™ n2_402 4(@2-02)  2(@2-402)  4(p2-402) 2
_ 3 49518 4'6812 otz _ (XS]_ _i
r51(0) =B ((92—462) + (Q2-402) + 20(@2-02)  2(p2-462) 26)
_ 66r3, 60rp,  aaqrg o?Byaf aof Bz
52 = 02902 " p2-002  4(@?-402)  16(p2-407) 8
_ 3 69519 66513 Ot51 _ (Xz i)
rsz(0) =B ((92—962) (Q2-902) ' 4(p2-402) 160(@2-402) ' 80
_ 2r56(@+86) _ 2rp6(@+0)  awyay _
g3 = Qz—((p+9)2 Qz—((p+9)2 4 ) r53(0) =0
_ 2155(@+6) | 2rp5(@+6)  aasBy _ 13 (69So (9+6) | aS43
54 = Q2—(p+0)2 ' Q2—(¢+6)2 4 rsq(0) = B (QZ—((p+6)2 4 )
_ —2rp(9=6) _ 2rp8(9-0)  aayay _ _—4aS,B3
'ss =m0 w-te-or 4 0 150 T @ gn
_ 2rp;(@=6) 2r7(9—8) | aoiB _ 3 (6aSo (9—6) | aS43
56 = 02_(p-0)2 ' 02—(¢-0)2 4 rse(0) =B (QZ—((p—G)Z += )

Therefore;
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rsosin@t = rg;sin26t | rg,sin36t
+ +

(31) _ N . N
Uz, = aq4c0s0t + B145inQt + 07 g7 YT 07902

+

(r53 cos(@+0)t+rg, sin((p+6)f) n (rs5cos(cp—9)f+r56sin((p—6)f)

02— (@+6)? 02—(9-6)?
(4.79)
_ I's3 I'ss _
0(14(0) - [92—((p+9)2 Qz_((p_e)z] =0 (4.80. 1)
0B1,(0) = — Orso  20rs;  30rs;  (@+O)rsy  (¢=O)rsg ., 13

02-92  02-402 02-992 Q2—(@+0)2 Q2—(@+0)2 11 q2-g2

A A ! !
I3 24 s 27

02402 0?2-90% O%—(@+6)2 02—(¢-0)?

Therefore,
(0) = —1|(Brso+r3,) | (26rs1+153) | (36rsp+rh,) ((9"“9)1’544‘1";4) (0—@)rse+ rhy n
B14(0) =3 @2-62 92-462 ®2-962 02— (@+6)2 02— (9-6)2
a’u(O)l (4.80.2)

So far, it follows that,
UGD = gV (1 - cos2mx) + Usnl)(l — cosdmx) + U3(,3,3)(1 — cosbmx) (4.81)
The summary of the solution so far is,

Ulx,t,7) = (UMY + UMD 4+ 52002 4 ... ) + e2(URO + sUY + 5202 4
=)+ €3(UCY +6UCY + §206D + ... ) + .. (4.82)

4.2 VALUES OF INDEPENDENT VARIABLES AT MAXIMUM
DISPLACEMENT

The dynamic buckling load is obtained from the maximization % = 0; where

a

U, is the maximum displacement and A is the load parameter.

The conditions for maximum displacement are

U _ ) ow
ax ' ot

—0 (4.83.1)

But from (3.12), it follows that
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Z—V:= Ut + (wie + wye? + - )U; + 68U, =0 (4.83.2)
The aim is to determine the maximum displacement;
Ug = U(xq, fa v ta)

Where x,,t,,7, and t, are the values of x,t,t,and t respectively at maximum
displacement and are to be next determined before finally determining the

maximum displacement.

Recall:
U = U,(,}O)(l — c0s2mx)
v = g8 (1 - cos2mx)
U0 = U,(,fo)(l — cos2mx) + Uz(f:)(l — cos4mx)
Uy = U,(,fl)(l — cos2mx) + Uz(frf)(l — cos4mx)
UBGo = U,(,fo)(l — cos2mx) + Uz(fr?)(l — cosdmx) + Ugfr?)(l — cos6bmx)
UG = y®V(1 - cos2mx) + szfnl)(l — cosdmx) + US;)(l — cos6mx)

From the first condition of maximization Z—Z =0

This means,

(10) (11) (20) (20) (30) (30)
e[ B—+sE—t |+ [t et |+ @Bt s+ | =
ox ox ox ox

dx dx
0 (4.84)

That is,

Zme[U,(nlO)sianx + 6U,(,31)Sin2mx + ] + €2 [Zm U,(rfo)sianx + 4m Uz(f,?)sinélmx +
S{Zm U,(,fl)sianx + 4m Uz(f,f)sinélmx + - }] + €3 [Zm U,(,fo)sianx +
4m Uz(f;?)sinélmx + 6m Ugf,?)sin6mx+.. .t 6{2m U,(,f'l)sianx +4m Uz(fnl)sin4mx +

6m Uéf,f)sin6mx + } + ] =0 (4.85)

The equation (4.895) is satisfied if sin2mx, = 0
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Where x, is the value of x at maximum displacement.
This means,

2mx, =nmn, n=10,1,2,3 ...

Setn=1
Therefore,

X, = —
a  om

Substitutingx, = % inU(x,t,1), gives

U(xg t,7) = ZE[U,%(’) +SULY 4 ] + 262[ U0 4 syl 4 ] n

2m

263 [(US” + USY) +8(URP + USY) + -] (4.86)

Let t,, t, and 7, be the values of £, t and t respectively at maximum

displacement and let them be expanded asymptotically as

fa = fo + 61?01 + 621?02 + E(flo + 6%11 + 62£12 + ) + EZ(EZO + 6%21 +
52£22 + ) (4.87.1)

tg =ty + Otgy + 8%tgy + -+ €(tyo + 8tyq + 8%ty + -+ ) + €2(tyg + Styy +

62t22 + "‘) (4872)
T, = Oty + Oty + 6%tgy + -+ €(tyo + Otyq + 6%t + ) + €2(tyo + Styy +
62t22 + "‘)] (4873)

The individual terms in (4.86) are expanded as:
eUr(nl"f’) =€ [Ur(rig) + {(8Fgq + 628y 4 ) 4 €(fyo + 8fqq + 8281, + ) +

Ez(fzo + 6%21 + 62£22 + “‘)}U(lo)

m,tt

+ 6{(ty + Stgy + 6%ty + =+ ...) + €(tyo +

5t11 + 621:12 + ) + Ez(tzo + 6t21 + 62t22 + )}U(lo) +%{{(6£01 + 62£02 +

m,tt
) + 6(%10 + 5f11 + Szflz + ) + 62({:20 + 6?21 + Szfzz + ) + }ZUT();L’?;E +
25{(6501 + 62502 + "') + G(flo + 6f11 + 62512 + "') + Ez(fzo + 6£21 + 52£22 +
) +}{5t01 + 52t02 + + E(tlo + Stll + 52t12 + ) + Ez(tzo + 5t21 + 52t22 +
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)}U(lo) + 62{6t01 + 52t02 + + E(tlo + 6t11 + 521:12 + ) + Ez(tzo + 6t21 +

mttr

82ty + )P x ULD }”(500) (4.88)

m,ttt
11 11 N a A A a
eSUGY = €8 [U,(mf) + {(8gy + 6289y + ) + €(fyg + OLyq + 628, +

) + ez(fzo + 6£21 + Szfzz + )}U(ll)

m,tt

+ 6{t0 + 6t01 + 62t02 + + E(tlo +

Sty + ) + €2(tao + 8ty + 8%ty + VUL + (8801 + €(Bro + Stuy + 6215 +

m,tt

) + 62(£20 + 6?21 + 82£22 + ) + }ZUT(}’:Ll,%gf + 6{6f01 + + E(flo + 8?11 +
62£12 + ) + Ez(fzo + 6£21 + Szfzz + ) + } X {to + 6t01 + 62t02 + +

e(tlo + 6t11 + 62t12 + ) + ez(tzo + 6t21 + 62t22 + )}] U(ll)

m,ttr

(to,0)
(4.89)

EZUT(Yi(E)) = 62 I:Ufnz‘g) + {(£016 + 62502 + ) + Ez(flo + 6£11 + Szflz +

VUBRY 4+ {(ty + Stgy) + €(typ + Styq + 8%ty + ) + €2(tyg + Styy +

m,tt
(20) 1 A 2% a ~ 2%
.‘.)}Um,fr+5{{{(6t01+6 t02+"‘)+€(t10+6t11+6 t12-|—--.)+

}ZU‘)Sf,gtz'f + 26{6t01 + -+ E(tlo + 6t11 + + ) }{to + 6t01 ..t E(t10 +

5t11 + ) + }U(ZO) }} + 62{(t0 + 6t01) + E(tlo + 6t11 + )}U(ZO) +

mittr mitrt

4.90
(t0) (4.90)

5e2ULP = 8¢ [Ur(,fl) + {£918+. . o+ €2(F1p + 8Eyy + - UCY + 8{t, +

it m,tt
5t01 + + E(tlo + 5t11 + 62t12 + )}U(Zl)

mtt

+ {6£01 + + 6(1?10 + 6£11 + ) +
YURD 4 5{to + tyg + o+ €(tio + Stag + ) o} X {t018 o €(trg + Styq + ) +

m,ttt
eI x U@ (4.91)

mttt

(t0,0)
63(US0)+US,?)) =8 [(U,(,fo)+U§f,?)) + {(88g1 + 6289, +
it ,t
= NURO+USY) | 8lte + Stoy + - Y USO+USY) -+ 2 {8t0y + 82E0; +
tt gt 2

(GO GO Tsac, o2 GO, GO
(U +Us )ﬁr}+25 (to +-)? (U +USn ),,;f,]

(to,0)
(4.92)
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wZIlEUr(r:ll’(f)) = 62 I:a):,lUT(nl,g) + 0)1{6%01 + 62{:02 + 6(6510 + 6611 + 6512 + ) +

62(620 + 6%21 + 62£22 + )}U(lo)

mit T O0{(to +0tor + ) + €ty + 8ty +) + €2(tyo +
5to1 + -+ H{(1USD) }+ S-St + 6%E0p + - €(8tag + Stus + 8%13) + €2(E +
Sty + 82855 + - VPUSTL + {8801 + -+ €(Bro + 8tyq + ) + €2(B0 + Staq + )} X
mii

{to + Otoy + -+ €(typ + 8ty + 02ty ..) + €2(tyo + Styy + )} (a)’lu(zo)) +=82{ty +
,T

6t01 + -4+ E(tlo + 6t11. ) + EZ(tZO + - )}2 (Ur(ri(f)))r‘[:l

(4.94)
(to,0)

(1)166[]753%) = 626 [wiUT(Yj,%) + {5%01 + b 6(6£10 + 6?11 + 6%12 + "‘) + Ez(fzo + 5£21 +

62£_22 + )}(U;U(ll) + 6{t0 + 6t01 + + E(tlo + 6t11 + ) + Ez(tzo + 6t21 +

m,tt

“.)} (w:IlU(ZO)) + %{6£01 + 62?02 + .- 6(%10 + 6%11 + "‘) + Ez(fzo + 6f21 + 62£22 +
T

m,t

"‘)}Za)iUT(ri%gf + 6{6501 + e E(flo + 6%11 + “‘) + Ez(fzo + 6%21 + "‘)} X {to + 6t01 +

m

1 20 1
+ E(tlo + 61:11 + ) + Ez(tzo + 6t21 + )} ((UlU( ,f,)f)_[ +E{t0 + 6t01 + + E(tlo +

6t11. ) + Ez(tzo + )}2 X (w;Ur(rig)) TT] (4.95)

(t0,0)

63w£5Ur(nZ,(f)) = 63 I:(A);U,fnz'g) + {f()l(g + 1?0152}(1);U1(rigg + 5{1:0 + 6t01 + -+

E(tlo + 5t11 + ) + }((A);U,'Slz’g))r + %{61’501 + 62502 + }z(l)iUT(rfO) + 6{6£01 +

it
8top + -} X {ty + Oty + 6%ty + -+ } (wiur(:?)f
(20)
(wiUm'f )TT]

e35wiSULY = €36 [wgufj? + (891 + 82801}  USE) + 8(tg + 8toy + -+

). +36%{tg + Stoy + 1 x
it 2

(4.96)

(to,0)

T

(to,0)
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+ 8{ty + 8ty + -+ e(tyo +

s 77(10 s 17(10 2 £ 1yt
635(1)2U1(n’f) =¢3 [“)ZUr(n,f) + {0tp1 + 521501}0)2(]1(,1,1?%

6t11 + "') + "‘}(wle(lo)) + (6501 + 62f02 + "')20)’2U(10) + 6(6£01 + 6502 + "‘)(to +
T

m,t m,ttt

1 77(10 1 1 77(10
6t01 + 62t02 + ) (wZU‘I(TL,f,)f) + 562(1:02) X ((l)zu,,(n‘f)) ]
,T ,TT

(4.98)
(to,0)

€5U,(,3'(T)) =eb [Ur(nl’g) + {(6%01 + 62£02 + ) + E(flo + 6%11 + 62£12 + ) +

€2(tyo + 8ty + 82ty, + -+ VIULD + 8{ty + Stgy + 82ty + -+ + €(tyy + Otyy + ) +

m,tt

ez(tzo + 6t21 + 62t22 + )}UT(Y},EL?‘E' + %{6f01 + e(flo + 6&11 + 62512 + ) + ez(tzo +

6t21 + 62t22 + ) + "'}ZU(lo) + 6{6501 + + e(flo + 6611 + 62612 + ) + Ez(tzo +

m,ttt

6t21 + 62t22 + )} X {to + 6t01 + 62t02 + + E(t10 + 6t11 + 62t12 + ) + 62(1:20 +

6t21 + 62t22 + )}U(lo)

m,rff] |(f0,0) (499)

662U1S,11,.}-) = 662 [Ur(nl,? + {f01 + Eflo + Ezfzo + "’}U(ll) + 6{(t0 + Etlo + tll +

mtr

(4.100)

m,ttt

1) , 1, ¢ . "
EthO)}Uém,rg +-{eto + €28y + - UL + ]

(£0,0)
§2U3Y = €28 [USY + {016 + e(Fro + 68)3UTL + 6
€0"Ums =€ me T {010 + €(tyo + 86110}, 7 + 6{to + e(tyo +

oo +)}UT(Y$,‘(2' + %{£016 + E(flo + 6%11 + “‘)}ZU(ZO) + 6{6%01 + E(flo + 6&11 +

m,ttt

) e Heo + €(tyg + 8ty + 8%ty + ) + €2ty0} X USL o

0,0

(4.101)
e5(USY +USY) = €35 [(Uf,f‘” +USY) ] (4.102)
T T (0,0
Therefore, the following orders of equations are obtained
0(e): UL (t,,0) = 0 (4.103.1)
0(e8): 8 UL + toUSY + USD + USY =0 (4.103.2)
0(e62): 8 UL + t0 USD + B0 USH + toUSY 4+ = 0 (4.103.3)
0(e?): t1oUSR + USY + wiUS? =0 (4.103.4)
25y. 7 7(10) 10) , 2 72 A0 & A1z (20) (20)
O(E 5) tllUm’ff + thUm,fT + tOltloUm‘fff + tloUm,f'f + tOlUm,ff‘ + tOUm,f‘L' +
2 I 0 ’ 0 ’ 2 0

Ugnd) + 0o Ug 2l +to (01Ung’) + iUy + U2 = 0 (4.103.5)
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2 10 1,4 10 2 20 30 30 I3 10
0(3):EaoUS ek + 2 (B10)2US s + EroU ) + (Ufn‘f) + Ugm‘)f) + Wit USY +

W UZY + whUSY =0 (4.103.6)

0(e) : U,(,f,?)(fo, 0) =0 = 0a;(0)sinb {,
sinft,=0; 0ty =nr,r =0,1,2 ....

Therefore,
By =2 (4.104.1)

0(e8) : t USD + toUSY + USY +USPY =0

m,tt mtt
This implies that,

to1(—wi(0)B%costy) + to(—w}(0)8sinbt,) + wi(0)BcosOi, + (—B,(0)cosOt,)
=0

And,
to1(—aj(0)62%costy) + to(—aj(0)0sinbty) + af (0)0cosbt, + (—B,(0)cosbt,) = 0

This yields

tos (—Bezcos (g)) + BcosH (g) + (6 (%B) cosf (g)) =0

This implies,
—Bezf()l —B+B= 0

Therefore,
fo1 =0 (4.104.2)
0(e82): 8 UNR + torUps + E1 UG + toUpnp + -+ = 0

This implies
f:oz(_(xl(O)eZCOSEo) + %01(_9282(0)511'19%0) + to(_Blz (O)COSG'EO) = 0

This implies,
to2(BB2cosm) + o, (—62 (g) simt) + t, (6 (g) cosn) =0

This implies,

3Bt,

_Bezfoz - = 0
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Therefore,

n -3t

Loz = -7 (4.104.3)

0(€2): £oUSR + UZY + wiulY =0

m,tt

This implies,

t10(82%a,(0)cosbt,) + {—9a4(0)sin6f0 + 0B,(0)cosbt, + %;nzefo} +
w}(0){—6a;(0)sinbt,} — 62Bt,;; = 0
Since 82 # 0and B # 0

0(€28): £, UL + t10USD + o181 0USR: + E10USE + 8, UZY + £,UCY + UEY

+ 0);%01[]( 0) + to ((DlU(IO)) + wiUﬁ%) + E10U1€§(t)‘)[ =0
. ,
This implies,

2r,(0)
30

t;104(0)0%cosbt, — + w}(0)(B,(0)0cosbE,) =0

That is,

_B6t,,0% + (23‘"6322) ~2(P)e=0

This implies,

. 20B> B
—B6t11 —Wﬁ‘@: 0
Therefore,
. 1 2aB
ty =55 (1-%5) (4.104.5)

1
2 10 a 10 2 20 30 30 N 10
0(e?): £0ULY + = (th)ZUfn&)E + 8,080 + (U( )+ Ugm)t) witoUSY

+ 0l UZY + 0pUlY =0

This implies,
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toULR +USY + U8 = 0 (4.104.6)

m,tt 3m,t
Certain terms in (4.104.1) - (4.104.6) are now simplified as

(30)

From, Um,'E ,

020 1 gy (@ Ori(sine + 0t + (@ + O)ry4(0)cos(e + 0)to]

= (p(2_9+(p) [(@p + 0)r 3(0)singt,] (4.104.7)

But
sin(g + 0)t, = sinpt,cosbi, + cospt,ysindt, = —sinet,
Similarly,

1

(20 — ) [— (@ — 8)ry5(0)sin(qp — 8)t, + (@ — 8)ry(0)cos(¢p — 0),]

_ 1
T 9(20-¢)

[(@p — 8)r;5(0)singt,] (4.104.8)
But,

sin(¢p — 0)t, = singtycosbt, — cosgt,sindi, = —sinet,
The non-vanishing terms in Ur(j'g) (ty, 0)are;

—(p+8)ry3(0)sinept,
@ (20+9)

(4.104.9)

And

[(@=B)ry5(0)sinet,]
¢(26-9)

(4.104.10)

Similarly;

The non — vanishing terms in Ugi?) (ty, 0)are;

R

1

=grey (@ + O)r25(0)singt,] (4.104.11)
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And,

tomgz [(@ — O)rz7 (0)sinety] (4.104.12)
From (4.104.6),

taoUmit +Unt +Uspni =0

Substituting into the above to obtained

— 1. 02B — (@+6)ry3(0)singt, [(¢=0)r15(0)singty]  (9+0)ra5(0)singty
20 ¢ (26+0) ®(20-¢) 02— (@+6)?

[(@=8)r,,(0)sinety] _ 0
02-(p-0)2

This implies

£ sinety [r27(0)((p—9) _ (@+0)rp5(0)  (@+8)ry3(0) | r15(0)(9—6)
207 028 l02-(9-0)2  02—(¢+0)2  @(26+¢) ©(20-)

_ sinet, [(@ —08)B%aS, (@ +6)B%aS, (¢ + 6)B*aS, N B3aS, (¢ — 0)
~0%B |Q2—(9—0)2 2—(9+0)>2 @20+ ¢) (20 — @)

_ BlaSgsingty[ (¢—0)  (¢+0)  (¢+6) (@—6) ]
2B [2—(9-0)2 Q2—(¢+6)? ¢20+¢) (20— )

_ B’aSesingtp[ (@—6) ~ (¢+8) ~ (9+6) (@—9) ]
02B [Q2—(@—0)> Q*—(p+6)* @(20+¢) @(20— )]

Therefore,
2
By = o2 (4.105)
Where,

Q—[ (e-6)  (¢+6)  (¢+6) (¢—0)
T lo2-(9-0)2  Q2-(¢+8)2  @(206+¢@) = @(26-9)

At maximum displacement t becomes tyand t=f,,t =1,
ta = ta + 3 (01 (Tt + Wy (T + ) (4.106.1)

Expansion of both sides of (4.106.1) gives,
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fO + 6%01 + SZEOZ + E(%lo + 8%11 + 62%12 + ) + EZ(EZO + 8%21 + 82f22 + )

== tO + 6t01 + 82t02 + + E(tl() + 8t11 + 82t12 + ) + Ez(tzo + 8t21 + 82t22 +

rnr 124

Ta 1 (D,1’(0)Ta [OF1 (O)T% 2 1] (Dlzl(o)Ta W7 (0)‘[%
---)+---+§[e{w1(0)+ St — +---}+e{w2(0)+ St

}+] (4.106.2)

= to + 6t01 + 82t02 + + E(tlo + 8t11 + 62t12 + ) + Ez(tzo + 8t21 + 82t22 +

)+t [efwi(0) + 23 O 4 03 O €2 {wp(0) + 0O 4 0F O
}+] (4.106.3)
Equating the coefficients of €, 8, €8
O(D:ty =5 =t
Therefore,
to :g (4.107.1)
0(e):t10 = 0 =ty + tow}(0)
=ty +tow7(0) =0
Therefore,
t1o = —tow,(0) = —t, (%) == (4.107.2)
0(€?):ty0 = tyo + tow} (0) + tow;(0)
Therefore,
tro = tro — t1ow1(0) — tow;(0) (4.107.3)

Following from equation (4.87.1) — (4.87.3) and (4.106.1), at maximum
displacement (3.9.2) takes the form,
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nr

%0)1 (ta) = [“)1(0) + 1,01 (0) + Tawl © + Tawé © + . ]

= [eoh(0) + BOO 4 ol @ ]

2 6
2 .50 243 111
$01(Ta) = o0 (0) + 220 4 2 D (4.108.1)
Therefore,
2oy (t,) € t+ w,(Ts) €2 2 + ws(Ty) €3 t3] = {tow,(0) + 5taw1 © .
8
2¢3 111 N T .
St—(O) ’ } { a 2(0) + 3t (")2 (0) + 8 fa®0z (0) + }E + {t (1)3(0) + 5ta033 (0) +
6 6
2¢3 111
ek b (4.108.2)

From equation (4.106.1), we obtained,
fo + 8%01 + SZEOZ + + E(Elo + 8%11 + 82%12 + ) + EZ(EZO + 8%21 + 821\:22 + )

=ty + Stoy + 8%tgy + o+ + €(tyg + Styg + 8%ty + )
+ €2(tyo + Styy + 8%ty +++)
+ {to + Stoy + 8%tgy + -+ + €(tyo + Sty + 8%tyy + )
+ €%(ty + 8tyy + 8%ty + -+ ) w1 (0)e

o)
+ —{tO + 8tgy + 8%toy + -+ + €(tyo + Styq + 8%ty +-++)
+ €2(ty + 8tyy + 8%ty + ) FPw) (0)e
+ = 8% (0)efty + 8ty + 8%ty + -+ €(tyg + 8ty + 8%ty + )}

+ wz(O)ez{tO + 8tyy + 8%tg, + - + €(tyg + Styq + 8%tyy + )}
e28w? (0
| €807 (0)

> {to + 8ty + 8%ty + -+ + €ty + Styq + 8%ty + -+ )}?

(4.108.3)
Equating the coefficients of orders 1, 8, ¢, and €
0(1):ty, =ty = g (4.109.1)
0(8):ty; = 0 =ty
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0(€e): t19 = tyo + tow1(0)

ti = —tow; (0) = 22 (4.109.3)
0(e?):t5 =ty = t1ow1(0) + tow5(0)

, 2
t20 = — AL 4 1 05(0) (4.109.4)

4.3 Maximum Displacement

Let U, be the maximum displacement. We now substitute for x, in (4.86);

U(S,b1) =€¢[205” + 26007 .| + 2[2087 + 2505 .| + €[ (208 +

205 ) + 8208 + 25050 .. )| (4.110)

Where (4.110) is evaluated at maximum values and each of the terms in
(4.110) is expanded as follows:

eUl0(t, 1) =€ [U(lg)

m,t

+ {(8%01 + 82f02 + ) + E(flo + 8%11 + 82E12 + )
(10)

m,t

+ 8{(t0 + 6t01 + 82t02 + ) + E(tlo + 8t11 + 82t12 + )

+ €2(ty + Styy + 8%ty + -+ )JU

+ €2(ty + Sty + 82ty + - )JULY

1 o R . . .
+ E{{(St‘” + 8%tg, + ) + e(tyo + 681 + 8%, + )

+ €2 (tyo + Btyg + 8tyy + ) + - PUSY

+ 28{(8ty; + 8%tgp + ) + €(tyg + 6844 + 82T + )

+ €%(tyo + 8tyg + 8%tyy + ) + -+ Ix{ty + Stog + 8%tgy + -
+ €(tyg + Stqq + 8%typ + )

(10)

m,ft

+ ez(tzo + 8t21 + 82t22 + )}U
+ 82{8t01 + 82t02 +
+ e(typ + 8tyq + 8%ty + - )}Ur(;g)r}] att =0

(4.111)
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SEUr(r:lll) = 86 [Ur(r:lll) + {(8%01 + 82f:02 + ) + E(%lo + 8%11 + 82E12 + ) +
11

m,t

ez(tzo + 8t21 + 82t22 + b )}U + 8{(t0 + 8t01 + 82t02 + A ...) + e(tlo + 8t11 +

52ty; + -+ ) + €2(tgo + Sty + 82ty + - )JULY + %{{(6%01 + 6%, ) +

E(flo + 8%11 + 82E12 + ) + Ez(tzo + 8t21 + 82t22 + ) + .- }ZUS‘%% +

26{(8%01 + SZEOZ + ) + E(Elo + 6%11 + 82f12 + ) + ez(tzo + 8t21 + 82t22 +
o)+ X {tg 4+ Stog + 8%tgy + o+ €ty + Styg + 8%ty + ) + €2(tyo +

m,tt

8t21+82t22+"')}}U(11) +] att = 0 (4.112)

EZUI(r?O) = (—22 I:UI(SO) + {(6%01 + 82E02 + ) + E(flo + 8%11 + 82%12 + )}Ufjﬁ)[) +

(20)

1 " " " ~ ~ ~ ~
5{{(&01 + 8%ty + ) + €(tyo + 8tyy + 878y, + - )FPU 5 + 8{(Stoy + 870z +

"‘) + E(Elo + 6%11 + 82%12 + “‘) + "'} X {to + 6t01 + 62t02 + b + E(tlo + 8t11 +

(20)
m,ft

82t12 + ) + ez(tzo + 8t21 + 82t22 + )}U + 82{8t01 + 82t02 + + E(tlo +

Styy + 8%ty + -+ )}Ufjﬂl}] att=0 (4.113)

e8UGY = 28 [URY + (B9, 8+.. ..+ € (Erp + Btyy + - USY + - |atT = 0

m,t

(4.114)

e3(Uf,f°)+U§f;?)) = ¢ [(U$°)+U§f§)) + {8ty + 628, +

}(Ufj")+U§fff))E + 8ty + 8oy + ---)(U$°)+U§f§))T] att =0 (4.115)
&s(UGV+USY) = €38 (USP+USY )at =0 (4.116)

Note that all UI(Iilj) are evaluated at (,, 0)

Therefore,
U = 2e[USY + 8 {1,007 + toUGY + UGD} + - | + 2¢ [t0U00+11 +
2 10 10 A 10 2 10 2 11 2 10
8 {tllUr(n,f) + thUr(n,‘t) + tOltloUI(n’ﬁ): + thtOUI(n,E‘)E + thUI(n,f) + } + ] + 263 ltonfn'f) +
G0l ;a0 | ¢ QO (U(30)+U(30)) +8 {t U89 4,099 +¢,.8,009 4+
2 m'ff 10 m'f m 3m 21 m'f 20Ym,t 1011 m,ff
2 10 2 10 2 11 1 11 2 20 20
t20toULD + EotioUS e + E0US Y } +2 (102U p + B USY + UG +
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flOtOUI(j(t)-?: + tloU(Zl) + tOl(USO)'i'U:gi?))f + tO(UI(I?O)-I_U:gi(]))) + "'l at T = 0 (4. 1 17)

, T

Therefore,

2€° [(U$°)+U§I’r‘f)) + 8t20U(1°) + 6t20U(11) + 6t10U(20) + StO(U$°)+U§f§)) +

,T

In what follows, simplifications of the terms in equation (4.100) -(4.118) are

carried out.

u29t,,0) = 2B (4.119.1)
USD (t,0) = — (4.119.2)

UZO(k,0) = —0, (0) + 22 4 12

_ ri(0) | ro(0) | ro(0) rye(0)
~ 3@2 + 92 + 92 92

_ 2[ r1(0) ro(O)] _ [(xBZ 3(xB2] _ —16a?

- @& — (4.119.3)

362

(30) (T - r10(0) r11(0) | ry2(0) _ r13(0)cos{((p+9)(g)}
Un (6 ’ O) a9(0) + 302 802 @(20+)

r15(0)cos{(p-6)(3)}
©(20-¢@)

00 t12(0)  rip(0)  T1a(0cos () ri5(0) (%)
02 307 ' 802 | @(20+¢)  9(20—0)

= ae(0) +

_r0©® @ 1@ 1@ rio(@ (0 | ria(0) ri3(0)cos (%)

02 362 802 (20 +¢@) 02 302 802 ©(20 + @)

r15(0)cos (%)
90—

C2r00(0) 2r33(0) | Ts(@cos (57)  ris(0)cos (%)
T8z 30 e20+¢)  @(26—¢@)

_ 2B3 (75 2B3 /—45 B3aSycos (&) B3aSycos (&=
_ ( B zk3>__(_B 0(2k4) (e) (e)

92 \ 8 302\ 8 0(20+¢)  @(20— @)
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_ 135B3
~ 802

3 1 _ 1 ot 2B3a?(3ks—ky)
+ B3aS, [Weﬂp) (P(Ze_(p)] cos ( § ) + 22 (4.120.1)

Therefore,

U (g 0) = 13;98238 b %62{(3) & <<p(291+ ®) @(291— cp)) o (%)}

2 [a?\ 8672 3 — K
+392(F>'1356( k)

__ 135B3B
IECE

(1+Asz) (4.120.2)

2
Ao = [1 ¥ %{(g) % (cp(291+ o cp(zel— cp)) cos ()}

2 (a?\ 86? 3 — K
+ﬁ<§>'1353( 3~ 4)]

52 = (s s~ s = (i)
07 \p2-02  4(@2-402) 492/ 3 7 \302 (¢2-62)

2 1 8 1 1
ke = (555 - ooy T oa) ks = (5 + —4@2_92))

Similarly,

(30) (T _ s r22(0)  123(0) r24(0) rzs(O)c05(<p+6)(E)
Usm (5’ O) = 041(0)cost, — 9222—92 N 9221192 + 9221992 T Q2—(@+6)2 :

r27(0)cos(9—6)(g)
Q2—(¢-6)?

= _{ r22(0) 23 (0) r24(0) r5(0) r,7(0)

QZ —92 +QZ —492 +QZ _992 +QZ _ (q)+e)2 +Q2 — ((p_e)z}COS.QtO

f2(0)  1p3(0)  rpa(0)  Tas(O)cos (%)
07—02 " 02—402 02—902 0 — (¢ + 0)2

r,7(0)cos (%)
Q% — (¢ —6)?
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r,,(0) . r,3(0) . 124(0) .
= — ‘sz— 02 (1 + COS.QtO) + ﬁ (1 - COS.QtO) - h (1 + COS.QtO)
r25(0) . r27(0) 2
o (01 0)2 (1 + cosQt,) — 7= (0= 0)2 (1 4 cosQty)

15B3B{1 1602Kq1

. B3 .
16 \ 158 )(1+coth0) _ 2 3 B(l—ku)(l—COSQto) _ B3B(1-ky3)(1+cosQtp)

02-92 02402 16(Q2-902)
B3aSg(1+cosQty)  B3aSy(1+cosQty)
e (4.121.1)
Therefore;
30
Where,
QZ
|[1—5 1—16?:11 (1+cosQiy) 5 X —I
Aas = | 5(1-k12)(1-cosQto)  (1-k;3)(1+cosQty) |
32— | 02-92 02-402 16(Q2-902) |
And
_ [ 1+cosQy  1+cosQiy _[_ 4 a_z 1
Agy = [92—(@+e)2 QZ—(({)—G)Z] » Kip = [ 3(3) (q>2—92)]
o? 1
ks = [2(5) (GZw) |-
20) (T / ry(0)  ri(0)
Ul(n,‘t) (6: O) = _0(4(0) + 062 - ';92 (41222)

From (4.24.8),
ag(0) = —og (0) + % [aBB(0) — 202w} (0)B2(0) — wy' (060, (0) — 2w3 (0)at; 6]

o) (D)D) -2 (D)o

B —8aB? N 1 B2a N 2B? N 2B? 3 260aB? N 4B?
302 20 ) 0 0| 662 0
, -13aB? | 4B2
a,(0) = 202 + e (4.122.2)
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(20) (T _ (13aB% | 4B? ro(0)  rh(0)
Um,t (5’0) - ( 302 +_)+ (292 N ;92

302 0

02 302

_(130(82 4B2) 2aB?  2aB2

_17aB?  4B%? 5 (17a 4
~ 302 o = B (392 e) (4.123)

Also,

2
1 |(0))?0? 2062 o 11 a, <%+BZ> ata?
f = 2 o (B - 3(2)) - +

w! = _
2 202 | ay ay 62 602

62 a'(O)(w'(O) 2—Zoc wi (0)wi(0) ) )
wz (0) = 292[ {1 : o)c%(o) —— }"'292{“1(0)(“’1(0)“4(0))—

A "(0)at, ORRHO) (0)a4(0)—a4 (0)a} (0)
al(o)(wl (O)a4(0) + (1)1(0)6(4(0))} —2a <T‘092 _ r6192 +B (al ay, a%(gf; ay )) _

(4.124)

{ai(O)al(O)az a’ai(0)ai(0) 458 (al(O)ai(O))}
@2 4(p2-462) 4 2

-l [ () -aef

3
—B.32551—83“932 5 (—B? a?B(-B) 45B8(-B?%)
y < B2 - {a ( @2 ) + 2(4’2—492)} I

=gl 2 (5 + s 20 (T - B2 (24 )} 4 @82 (- )
BEE] (4.125)
Therefore,
(0) _ﬁ [_ - 2a°B* {392 - (% + 392)} +a’B* (<p2 h 2((,021492)) + 4S€BZ +
2B*a (o5 + 2] (4.126)

From equation (4.68.1), the following is obtained,
a9(0) = hy(0) — ay(0)

But, it is noted that,
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hy (0) = — — 2w1(0)0as(0) + w3 (0)a1 (0)6 + w1(0)0a,(0) + 2w;(0)0a,(0)

202
2a(BPs(0) — a; (0)74(0))
602

+ 2w5(0)0a,(0) + {

__ 1 lw;(O){zeag(O)+39a4(0)}+2w;(0)9al(0)

202
aa,(0)r,(0) .
— %'{‘ (1)2 (0)“1(0)9
1 |B —aB? 8aB? 5
=—50%|p2 20 02 + 36. 302 + 20(—B).B*Sy49
a(—B) (“_Bz)
—— % 7_ Bpwy(0)
362 2

Therefore,
1 [-aB3®/—2a 8a 5 a?B3 .
1 [6a?B3 2p3 .
= — [~ 268354 + S 2 — BOw; (0)] = B3, 4.127)
Where,
1 [6a? 2 fw’ (0)
S62 = _ﬁ[%_ 29549 +36iF— szz ] 7h1(0) = B3$62

-S3 , S S as
S3, Sa 4 S5 0 )
02 302 8602  (p(20-¢)

@9(0) = B3Sg3, Se3 = (
Therefore,

ag(0) = hy(0) — ag(0) = B3Ss; — B3Se3 = B*(Sg2 — Se3) = B>Sea
Where,

Sea = Se2 — Se3

Similarly,

022 (2.0)

B3S,, B3S,, B3S,; 2aB3S, QT 1 1
= —B3S5 + + + + — [ -
65T g2 gz ' 392 g2 cos ( 0 ) 260 —¢) (260 + )

83



Therefore,

30) (7 53 B3S,0 . B3S,0 . B3S,; . 2aB3S, on 11
U,z (e ’ 0) =BSes+ 7 T4 362 gz 0 ( ) ) [(29—(p) (29+(p)]
(4.129)
Where,
SZO SZO 521 20(50 (pT[ 1 1
Ses = —Sa + =5+ —> + —=+——cos (— [ — ]
65 = Y64 T g2 T g2 T 392 T g2 cos ( 9 ) 260—9) (260 +09)
Also,
, A ' . A 72(0)cosOt 12(0)cos26t
US,?)T = a1, (0)cosQty + B11(0)sinQt, + rzzﬂzf(;sz > r“sz:“;Z >
15, (0)cos30t, n 755(0)cos(p+0)Eg+134(0)sin(p+86)t, n 737(0)cos(p—6)Eo+135(0)sin(p—86)t,
02-902 02— (p+6)2 Q2—(p-6)2
(4.130.1)
But,
_ (XBBZS43 _ (XB3S43
he(0) = ———=— (4.131.2)
Therefore,
7 _ _ 0(33543 3 _ 3
a11(0) = he(0) —ay4(0) = 20 B>S48= B>Se6 (4.131.3)
Where,
S
Se6 = a4:13 — Susg
It follows that,
311(0) = h5(0) - ,311(0)
That is,
B11(0) = —B11(0) =0, sincehs(0)=0 (4.131.4)
Therefore,
y 30 (E O) = B3§ Q(E) _ B3syy + B3S13  B3S19 20(3350605(%) _
3mr\g’~/) 66C05%% 3 02-02 ° 02-462 (2-992 02—(p+0)2
20(3350005(%)
0%2—(p-6)?2
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That is,

Ui (5.0) = 5 %
Where,
_ E _ S17 513 _ S19 _ ﬂ ; —_
Se7 = Se6C0S(1 (9) wr-07 T r-4p7  mi_ogz _ 2%50€0S ( 0 ) [92—(<p+9)2
1
m_((p_g)z] (4.133)

Therefore, the maximum displacement is

—16aB2 _
U (5,0) = 26(28 — 158 4 ] 4 262 e _tabC0 ]
135B38(1+A437) ” 17
263 [ZEL00 _ pip (4, + %50A33)] + 8 |~t20B — £20B + t10B? (505 —
4
=) + toB%(Ses + Se) + | (4.134)
That is,
i1 _ ) 32aB?€? 368tg 1356 (1+A3,)B3€3
Ua (5’0) - [436(1_7)_ 362 (1_ 160 _|_...)_|_ 402 {1_
892(1432"'5501433) 8562 —t £ t 17 4
B 20 20 4 frofl7 %
135(1+43,) } 135B(1+A31){ B2 B2 ' B (302 9) + to(Ses +S67)} (4.135)
Where,
D =1-"2
3t08
p=1-
892(A32+%SOA33)
Dy=1- 135(1+431)
31

8892 {—tzo fzo th (17&
4 —_ —_

4
T 1358(1+4a:) LBZ B2 ' B \36%7 5) + to(Ses + 567)}
A further simplification of (4.135) yields

32aB%D,e? | 135F(1+A3,)B3€3
362 462

Ua (5,0) = Uy = 4BeD; - [Ds + D,] + -+ (4.136)

6

Equation (4.136) can be rewrite as

U, = 4BeD, —

32aB2D,€? 1358(1+A31)B3D363[ ﬂ]
202 02 1+ Dy + (4.137)

To reverse the series (4.137), needs to recast U, as,

U, = €ci + €%c, + €%c5 + - (4.138.1)
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Where,

2
1 = 4’BD1 ,Cp = _%,
_ 135B(1+A31)B3Ds Dy _ 1358(1+A31)B3D3(1+Ds)
5= s (1+ DS) = " (4.138.2)
Let,
— (P4
Ds = (D3)
To reverse the series (4.138.1) as in Ette (2007), it follows thus
€ =d U, +d,U2 +d3U3 + - (4.138.3)

By substituting for U, in (4.138.3) and equating the coefficients of powers of €

to obtained

€ =dy(€c; + €%c, + €%c3 + ) + dy(ecy + €%cy + €3¢5 + -+ )? + ds(ecy + €%c, +

e3cg + )3 (4.139.1
0(e):1=dyc,

Therefore,
d, == (4.139.2)

€1

0(€?):0 = dyc; + d,c?
Therefore,

dy =82 = _2 (4.139.3)

0(63): 0= d1C3 + 2d2C1C2 + d3C13

Therefore,
—_ 2_
d; = (d1C3+§d20102) _ 26 50103 (4.139.4)
cy ‘1
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4.4 THE DYNAMIC BUCKLING LOAD, A, OF THE COLUMN

As in (3.1) the dynamic buckling load A, is now obtained from the

maximization, % = 0. This is easily done from (4.138.1).

Therefore,
de (de di ) -0
du,  \dA'dugp/) —

(dlU +d2U2+d3U3 )=0

dUa
This implies that,

d(ds)-Ug d(Uz)

=0
dUg +ds dUg

d(dl).ua +d, d(Ug) +d(dz).UE d(Uug) n

dUg dUg dUg 2 qu,

That is,

d(d,) dA d(dy) dA o d dA 3 )
Ua( - dUa)+d1 o 2o UZ 4 2Uady + 20 UG +3d5UZ = 0

Then, from (4.142),

Where U,pis the value of U, at buckling and solving (4.143) yields,

Uap = s {~d, + (d% — 3d,d i}
aD_3d3 2—(2 13)

(4.140)

(4.141)

(4.142)

(4.143)

(4.144)

The negative root sign in (4.144) is considered because the positive root sign

is of no physical significance.

Therefore,

1

Uap = s {~dz — (d3 - 3d1d5)z]

3ds

In what follows, first simplify the terms in (4.145),

1

(@ - 3dids)s = [243(2) (L)) = (1)
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But,

1 1
_dz - (d% - 3d1d3)5 = —(d% - 3d1d3)5)

1+ Ll
(a3-3d,d3)?

|
_ ’3C 5c% <C_3 _ ’36 5¢2 | c
T "_153(1 B ﬁ) ll ’ ﬂ(li 5¢3 )} T 6_153(1 - 3C12C3) [1 - 2 5c2 >%J

It can be recalled that,

_2c5-cics _ —c3 (. 26f
dy = 22519 = (1 6163) (4.147)

It follows from (4.144) that,

1
H (4.148)
]

That is,
— fl Cc2 1\ -
2 \2
5¢5
3 2 1/3(5163(1— )
c 5¢ 3c1c3
Up = |—= (1 e )J > L (4.149)
3C3 3C1C3 2¢3 I
L c1C3 )
But,
1
2 1
g 1 {4BD,}? _ i{ 64B3D3 462 }2 _
3cs V3 |3(13581+431)B3D3(1+D5)} | T 3 l4058B3D5(1+Ds)(1+431))
462
3
160D2 166 __1660Dg __ 166D

(4.150)

9J15BD; (11Ds)(1+431)  9y15B (1+Ds)(1+A31) R T 9/158 9\/1—5[;17

=]
wm.-nl»dmw
\/

Where,

1

p3\?2
D3

D, = ——2
6 7 J@+Ds)(1+431)

5c2

3C1C3

Simplifying 1 — yields,
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5¢; 1 > (_323?22[)2)2

3ciC3 3(4BD,) {135[3(1+A11;f3D3(1+D5}
i P 5120a%DZB* 462
B 994 "1620B*B(1 + D5)(1 + A3,)D;D;
2
1024 (%) D2
72962D,D5(1 + Ds)(1 + Az;) 7
That is,
_q_ 5
D7 o 1 3C1C3
It follows that;
1 C2 =1 (_32;;2[)2) =1+ 32aB?D, _
— S =12 /= =
5 3cy¢3D 1358(1+A31)B3D3(1+D5
P N

32( % |p,
Bz

27V56,/D1D3D,(1+Ds)(1+A431)

(1 _ 2—622> —1- 2 ()

135B8(1+A31)B3D3(1+D
(4‘BD1){ B( 31) 3( 5}

402
1 204-86!234D22 4602
994 ' (4BD1)(1353(1 + A31)B3D3(1 + D;)

1+

2

2
2048D2 (%)
_ =D
121562D,D5(1 + A3)(1 + Ds) ~ °

Thus, simplifying (4.150)

1
Uyp = 16‘906l ID; {1;D3}] _ 166D6Dio (4.151)
91562 o 91542
Where,
~(1-D
Do = [D; {—D9 8}]
Therefore,
160DgD
Usp = > io
9V1582
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To determine the dynamic buckling load, 1, needs evaluating (4.138) at

buckling and get,

€ =dUyp+d, U2 + d3U2S, + - (4.152)
Multiplying equation (4.152) by 3 and get

3¢ = 3d,Uyp+3d,UZ, + 3d3U2, + -+

= 3(d Uap+d,UZp)+Uqp (3d3UZp) ... (4.153)

But from (4.143),

3d;UZp, = —dy — 2d,Uqp (4.154)
Substituting (4.154) for 3d;UZ, in (4.153) yields,

3¢ = 3(d Uap+d,U%p) + Ugp(—dy — 2d,Ugp) + -+

= 2d,Uqp + d3U2p = 2d,Ugp (1 + dzz%) (4.155)

On substituting for d;,d, in equation (4.155) and obtain

2 Uq
3¢ = ZUap (1-2e) (4.156)

2
2cq

On substituting for ¢y, c; and U,p in equation (4.156) yields

160DgD1g
A——— (—32a32D2)
9V1552 362 ) )160DgD
3e = B 1— 360 { 6 10}]

4BD, 2(4BD;)>2 9\/1—%%

= T 2 T || = T Ny
9V15D, BZB (D16) 9V15p2 9V15D, BZB 27V15D16

[ 16(%)02%[’10]
___80DgDyg ll +( aD, )(169D6D10>l — _80DsD1o [1 + £ ‘ (4.157)

This implies that,

1 16 = | D,D.D
, 8(16m* — 81pm? + 1)2D,D;o(16m* — 81p,m? + 1) 1+ <ﬁ%> pee
€ = 1
9VI5D, Bz. 81 ,m2am, 27V15D76
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That is,

3 [ 16( 5 DzDeDm—I
_ (16m*-8Apm2+1)2D,Ds B2

it |
| ]

3€e

1 2
9VTED, B2 (Lpm? ) 27V15D10(1n)

Therefore,

]—1
16<E>D2D6D10

27V15D%6(Ap)

[
3
(16m* — 81p,m? + 1)z = 27\/ED1(ADe)m2m! 1+ (4.158)

|

4.5 RESULTS FROM ANALYTIC PROCEDURES

A simple computer simulation using Matlab software, gives the values of the
dynamic buckling load, Ap, at different values of € and & using equation
(4.158).

ae Ap for 6=0 A, for &6 = A, for & =

0.01 0.03
0.01 1.87913 1.87789 1.87548
0.02 1.81858 1.81736 1.81496
0.03 1.77694 1.77571 1.77332
0.04 1.74427 1.74306 1.74068
0.05 1.71702 1.71582 1.71345
0.06 1.69344 1.69225 1.68989
0.07 1.67257 1.67138 1.66903
0.08 1.65376 1.65257 1.65023
0.09 1.63659 1.63541 1.63307
0.1 1.62076 1.61959 1.61726

Figure 4.1 Table of imperfection parameters a,;e and dynamic buckling
Ap loads obtained at different damping coefficients & using equation
(4.158).
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Ap 1.9 -

1.85 -

== AD for §=0

A_D for§=0.01

A D" for5=10".03

1.8 -

1.75 -

1.7 A

1.65 -

1.6 -

Dynamic Buckling Load

1.55 A

15 -

1-45 T T T T T T T T T 1
001 002 003 004 005 006 007 008 0.09 0.1 al

Imperfection Parameter

Figure 4.2: The graph of dynamic buckling load 1, against imperfection

parametersa, €, at various values of damping é using equation (4.158).

A Ap for 4, for 2, for
a.e = 0.01 a,e = 0.03 a.e = 0.05
0.01 1.87789 1.87789 1.87789
0.02 1.87667 1.87667 1.87667
0.03 1.87548 1.87548 1.87548
0.04 1.87431 1.87431 1.87431
0.05 1.87316 1.87316 1.87316
0.06 1.87204 1.87204 1.87204
0.07 1.87093 1.87093 1.87093
0.08 1.86985 1.86985 1.86985
0.09 1.86878 1.86878 1.86878
0.1 1.86773 1.86773 1.86773

Figure 4.3. Table of damping & with dynamic buckling loads 1)at various
imperfection parameters a,c using equation (4.158).
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Ap 188 -
A_(D)fora_(1)e=
1.878 | m ——A(D)fora (1)
ok == A_(D )fora_(1)e=0.03
1.876 - -
'g |/
S 1874 - e A_(D )fora_(1)e=0.05
0 k!
£
~ 1.872 - ok
[*] |
g L
© 1.87 - b
€ oA
®© 1.868 - N\
>
a
1.866 -
1.864 -
1.862 T T T T T T T T T 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 o)
Damping Parameter

Figure 4.4: Graphical plot of relationship between damping parameter 6
and dynamic buckling load 4, for m=1, a =1, f =1 and some values of
a,€ from equation (4.158).

4.6 COMPUTATIONAL PROCEDURE BY BLOCK UNIFICATION METHOD (BUM)
Assume the following boundary conditions for the governing equation.

Up = Qoo , Uy = Aon, Up = X105 Uy = Pin (4.159)
And the vector of unknownu is given by:

U= (Ug, ooy Uy—1) ULy ooy U1y UGy weey UN, Uy oo, U)T (4.160)
This makes atotalof (N— 1)+ (N —-1)+ (N + 1) + (N + 1) = 4N unknowns variables.

On the other hand, we have two formulae in equation (3.51) which for n = 0(5)N —5

make a total of % formulas.

Also, there are six formulae in equation (3.52) and taking n = 0(5)N —5 gives %

formulae. In equation (3.53) and (3.54) similarly, there are % each. Therefore, the

total number of equations is 4N.

Hence, we have systems with 4N equations and 4N unknowns whose solutions
provide a set of approximate values of BVP in equation (3.44).

Now, the equation (3.51), (3.52), (3.53) and (3.54) in the form of equation (3.44) to
form a block and solved simultaneously using codes written in Matlab software.

Let consider equation (3.6),
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.
W + 260 W ypxx T2 (D)W xxt @ —awz—ﬁw3=—26/1f(t)27(g, t>0,0<X<m

Subject to the initial conditions,
d(x,0)=0=w:x0)=00<x<m

And appropriate boundary conditions,
W=0y=0atx=0,7

Where,

f) =1.

Here, the problem on semi-discretizing the time variable, becomes

Wm+1—20m+Wm—1 Wm+1~Wm—1 don _ dw?
(At)? + 25( At ) + dx* Zlf(t) dx?
1,.M—-1

Where,

= fm,

0<x<1,

m =

(4.161)

At =20 = L+mAt,m =01, ..M, ®=][w),..0n0)]T, on() ~ o ty),

M
9 = [91(x), .. gm(0)]"
And,

d’w
dx?

Im(X) = g(x, t) = 2Aef(t) — — w + aw? + w3 =0
This is expressed in the form:

w®=f(x, 0,0, 0" 0" =Av+g

(4.162)

Where, A is a (M — 1)X(M — 1) matrix arising from the discretizing system, and g is a

vector of constants.

4.7 NUMERICAL RESULTS

A simple computer programme, written in Matlab software, gives the values

of the dynamic buckling load, Ap, at different values of € and § using equation
(3.51), (3.52), (3.53) and (3.54) in the form of equation (3.44) to form a block and

solved simultaneously.
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Assuming h = 0.05 and k = 10.

X Ap € w U,
0.1 0.9 001 0.021 4.85x10%°
0.2 0.8 002 0031 856 x101°
0.3 07 003 0.041 128 x10°
0.4 0.5 005 0046 139x10°
0.5 04 006 0.051 1058 x 107
0.6 0.3 007 0061 19x10°
0.7 0.2 008 0075 21x108
0.8 0.1 009 0.085 246 x 10

Figure 4.5: The values of dynamic buckling load 1, against, imperfection

factor w and maximum displacement U, at various values of damping §.

Figure 4.7: The graph of dynamic buckling load 1, against amplitude of

imperfection ¢, at various values of damping coefficients §.
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Figure 4.8: The graph of dynamic buckling load 1, against amplitude of

loading A, at various values of damping §.
4.8 DISCUSSION OF RESULTS

Equation (4.158) gives an implicit formula for determining the dynamic
buckling load Ap. The results of analysis show that the dynamic buckling load
decreases with increased imperfection amplitude and damping. The result is
also asymptotic and valid as the small parameters 8§ and € become increasing

small relative to unity.

The analysis of Equation (3.44) and (3.51) - (3.54) with appropriate boundary
conditions enable numerical analysis on equation (3.6). This also show that
the dynamic buckling load decreases with increased imperfection amplitude

and damping.
4.9 ANALYSIS OF THE RESULT

The analysis of the result of the nonlinear elastic model column structure
trapped by a step load and lying on a quadratic-cubic foundation is hereby
presented. The results show that the dynamic buckling load decreases with
increased imperfection amplitude and vice-versa. This is equivalent to saying
that, the nearer the structure is to a perfect nature, the more stable it is for a
step load. Besides, we clearly observe that, within the limit of accuracy
retained in this work, there is no marked difference in the values of A, for the

different cases of §.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND RECOMMENDATIONS

5.1 SUMMARY

The dynamic buckling of a viscously damped but finite column lying on the
quadratic cubic foundation that is trapped by a step load using perturbation
and Block Unification Methods (BUM) have been judiciously carried out. The
effect of light damping and imperfections have been highlighted and

discussed.

Graphical plots help to elucidate the results and all results obtained are of

course asymptotic and valid within the limit.
5.2 CONCLUSION

The results obtained indicate that the dynamic buckling load decreases with
increased imperfection, and decreases with increased in damping. More so, it
was shown that the results obtained are strictly asymptotic and valid in the

limit as the small parameters become increasingly small relative to unity.
5.3 RECOMMENDATION

Analysis in this work can be applied in problems related to cylindrical shells,
toroidal shells, plates and other engineering structures with a quadratic-cubic
nonlinear elastic foundation that are trapped by step loading, impulsive

loading or periodic loading.
5.4 CONTRIBUTION TO KNOWLEDGE

We analytically and numerically solved the governing equation (nonlinear
fourth order partial differential equations), which in most cases are usually
approached by numerical analysis using Finite Element Method. Thus,
similar nonlinear problems can now be solved through perturbation and

Block Unification Methods.

We have improved upon perturbation problems generally by being able to
devise a perturbation scheme that solves a two-small parameter problem in a

dynamic system.
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