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ABSTRACT

This study is on controllability of impulsive differential systems with
perturbation. This work tries to assess the various phenomena and
specific properties of impulsive equations, especially problems
related to (i) controllability of the solution after perturbation on the
impulsive moments (ii) stability to solution of differential equation
with impulsive effects (iii) modelling and investigating the properties
of dynamic systems with impulsive effects which sharply changes
its states from x,to a desired state x;. It was observed that the
admissible control u(t) adopted in this work is appropriate and
rightly tailored to transform a given system from an initial state to a
final state and at finite time. However, inadequacies are apparent
especially control of impulsive differential system with perturbation
clearly shows that their solutions have different behaviours from
the solution of non-impulsive control differential system with
perturbation. This inadequacies have led to the emergence of
application of the admissible control u(t) so as to achieve the
desired result. Moreover, recommendations were made because of
the dynamic nature of the system. However, we recommend that the
work is open for further research especially to find out in particular
whether controllability of impulsive system with perturbation will be
naturally controllable (i.e. for non-autonomous impulsive optimal
control system). Another area of further research may include
impulsive differential system with variable moment of impulses.

Keywords: Control System, Perturbation, Differential Equation, Impulsive
Effects, Dynamic System
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CHAPTER ONE

INTRODUCTION
1.1 BACKGROUND OF THE STUDY
Suppose a hammer is used to strike a nail then the hammer will be
in contact with the nail for a very short period of time, indeed
almost instantaneously. A similar situation arises when a golfer
strikes a golf ball. In both cases, the force applied during this short
period of time builds up rapidly to a large value and then rapidly
decreases to zero.
Such short sharp forces are known as impulsive forces and are of
great interest in many engineering applications such as mechanics,
population dynamics, optimal control, ecology, chemistry, physics,
chemotherapy and so on.
Consequently the area of impulsive differential equation has been
developing at a rapid rate, despite being a new study area and has
gained wide recognition from various authors (Benchohra et al
2012; Wright 2018).
Impulsive equation can be fixed moment of impulse, which is
impulse occurring at a fixed time or variable moment of impulse,
which is impulses occurring at a random time.
One major difference between impulsive differential equation at a
fixed time and at variable times is the apparition of pulse
phenomenon, that is, the solution of the differential equation may

hit a given beating surface several times (Bajo, 1997).



Controllability deals with the question that if given a system of
differential equation, we can get a control that will steer the system
from an initial state x, to a final state x;and in finite time (Nieto and
Tisdel, 2010).

Mathematical control theory is an area of application — oriented
mathematics that deals with basic principles underlining the
analysis and design of control system. To control an object means
to influence its behavior so as to achieve a desired result.

In order to implement this influence, engineers build devices that
incorporated various mathematical techniques. These devices range
from watt’s steam engine, designed during England’s Industrial
Revolution to the sophisticated microprocessor controller found in
consumer items such as CD player and automobiles, in industrial
robots and airplane autopilots (Sofag, 1990).

Perturbation in this work is a term that models the disturbances on
a given system as a result of the impulsive effect experienced by the
system.

This disturbance changes the output of the system from linear
system to a non-linear system i.e. the disturbance that causes
impulsive effect will reduce the functional efficiency and
effectiveness of the system. For brevity sake, we shall denote
perturbation as f(t,u(t)).

An impulsive system is a special kind of system consisting of
differential system and difference system respectively that describe
continuous evolutions and discrete events occurring in

mathematical models of physical system (Boukhamla, 2018).



Problems involving differential equation with impulses that needs to

be investigated upon can be categorized into several groups which

includes;

(2)

(b)

The transfer of classical results from the theory of equations

without impulsive effects on the equation with impulses.

Studying the various phenomena and specific properties of

impulsive equations, especially problems related to;

(@)

Controllability of the solution after perturbation on the

impulsive moments.

Stability to solution of differential equations with

impulsive effect.

Modelling and investigating the properties of dynamic
systems with impulsive effect which sharply changes its

states.

Solving optimization problems using impulsive equations
to obtain the maximum yield of populations in limited

environment (Dishliev et al. 2012).

1.2 AIM AND OBJECTIVES OF THE STUDY

The aim of the work is to formulate and prove sufficient conditions

for the controllability of impulsive differential systems with

perturbation.

The objectives of this work are to:

i.

Obtain a solution of an impulsive control system with

perturbation, and



ii. Use an admissible control u=u(t) to transform a given
impulsive control differential systems from an initial state of x,

to a final state x;at a finite time.
1.3 SIGNIFICANCE OF THE STUDY

Topics involving controllability of impulsive differential equation is a
new innovation in mathematical research; in controllability of
impulsive differential systems with perturbation we choose an
arbitrary control u= u(t) that transforms a given system from an
initial state to a final state and at a finite time. This work also
provides a method of solving impulsive differential systems with
perturbation, which can further be extended in the areas of optimal

control problems.
1.4 SCOPE OF THE STUDY

This work investigates perturbations that may occur at a given time
t = tycalled the time points of moment of impact, the impulse is

deemed to be instantaneous.

To achieve our objective in this work, we review some existing

literatures.

1.5 DEFINITION OF TERMS
CONTROLLABILITY

A system is said to be controllable on J =[0,T], if given any initial
state x,, there exist a continuous control u(t)that steers the initial

state x,to desirable final state x; in finite time.



IMPULSIVE DIFFERENTIAL EQUATION
Each system is given by an ordinary differential equation coupled
with relations defining the jump condition. Assume that the law of

evolution of the process is described by a differential equation.

dx

- = f(Lx(®)
wherexel € R", f: RxQ — R" are the moment of the impulse effect
for the solution x(t) which occurs at t = r, (keN)
Denote I(t,x): Rx Q — Q, where (t,x) = (t,x + I(t,x)) is the mapping
of the solution before the impulse, x(Ty ). Then
x(T) is the impulse effect where AxT), = x(T;)-x(Ty, ) is the impulsive

differential equation.

CONVOLUTION: Is a useful concept that has many applications
in various fields of engineering. It is used to obtain the response of

a linear system to any input in terms of the impulse response.

Given two piecewise-continuous functions f(t) and g(t), the

convolution of f(t) and g(t), denoted by (f X g)(t), is defined as

Fxg® =[_ f@g(t—T1)dr
(1.1)

In the particular case when f(t) and g(t) are casual functions:

f@=9g@)=0@<0).g(t-1)=0(r>1)

and we have

(fFxg® =[" f@g(t—1)dr (1.2)



The notation f X g indicates that the convolution f X g is a function

of t; that is, it could also be written as (f X g)(t). The integral
ffooo f(t)g(t — 1)dt is called the convolution integral. We also observe

that commutative law is satisfied in convolution so that (f X g)(t) =

(g X f)(t)or for casual functions,

[ f@g(t=n)dr = [° f(t = 1)g(D)dr (1.3)
CLASSES OF IMPULSIVE DIFFERENTIAL EQUATIONS
There are three classes of impulsive differential equations:

Class 1: Equations with fixed moments of the impulsive effect.

For keN;

% =f(t,x()) t=#r,

Ax = Ik(x(t)) t=T, (1.4)

The impulse is fixed beforehand by defining the sequence 7y :

Ty<Ty.. (k€ Z). For te (1,,7,,,)the solution x(t)of equation (1.1) satisfies

the equation %z f(t,x), and for t=r,x(t)satisfies the relation
x(T) = x(Tg) + 1,(x(T))-

Class 2: Equation with state-depended moments of the impulsive

effect;
Z=f(fx) t# 1w } (1.5)
Ax = 1,(x) t= T,



where 7,: Q) = R and 1, <7y, (KeZ,€(2). The impulse occurs when the

mapping point (t,x) meets some hypersurface ox of the equation

t=T,x).
Consider
dx
& f(t,) £+ 7,
(1.6)
Ax = x%sgn(x) — x t =T,

where t > 0, xeRand 7,(x) = x + 6kfor | x| <3(k =0,1,2,3...)

Starting at appoint (0,x,) with |x| > 3, there is no impulsive effect

since the integral curve does not intersect the hypersurface o.

Class 3: Autonomous impulsive equations

£ _je) xeo
(1.7)

Ax = I, (x) X €0,
where ¢ is an (n — 1) — dimensional manifold contained in the phase
space Qc R"™. The impulse occurs when the solution x(t) meets the
manifold o.
TIME INVARIANT LINEAR SYSTEM
Consider the plot of the input t and the corresponding response
(output) of an arbitrary continuous system.
If the response pattern is retained but shifted wholesale through ¢,
when the input is similarly shifted through t,, then the system is

said to be time invariant. In other words, it does not matter when



we activate the system, we always obtain the same response for the
same input, the response will be the same at any point in time.
That is, a system is said to be time-invariant if:y(t) = L{x(t)} and
y(t +ty,) = L{x(t + t,)} where t, is a constant.

To see this analysis more clearly, consider the output in two
different ways. Firstly consider it as the response of the system
acting on the input y,;(t) = L{x(t)}and secondly consider it as a
dependent variable equated to an expression involving the input as
an independent variable, that is y,(t) = L{x(t)} where y,(t) = y,(t)

The time delay through to then results in y,(t—ty) =
L{x(t —ty)} and y,(t — ty) = L{x(t — ty)}. If the delay response is the
same as a delayed version of the original response, that is y;(t —
to) = y.(t —ty), the system L is time-invariant but if y;(t —t¢t,) #

y,(t —ty),, the system L is not time-invariant.



CHAPTER TWO
LITERATURE REVIEW

We review some woks done by some authors who have made

immense contribution to the study of impulsive differential systems.

Lakshmikantam et al. (1989) in a book titled “Theory of impulsive
differential equation” considers the following impulsive control

system.
x'(t) =Ax + Bu
x(tH) =1+ D*u(ty), k=1.23,..,m \

x(to) = %o (2.1)

A and B are nxn and nxr matrices respectively, also

0=ty <ty <ty <tz ....<t,.;<t,<t,q  =t, are the interval in

which the impulse may occur, for each k =1,2,.....,m.

D*u(t,) is an n x n diagonal matrix, I is an identity matrix on

R". But at a fixed t, and with a controlu = u(t), the system

was transformed from an initial state of x(0) = x,to a desired

final state of x; at a finite time, and gave the solution to the

system (2.1) as

x(6) = e Mocgpeell + DXu(tlto + J) Mscryeall + DFu(t)]eC)ds
(2.2)



for 0<t<Tand where [[s <[l + D*u(ty)lmodels the impulsive

regions of the solution and e4? is a fundamental matrix of the

homogeneous part of the system (2.1).
Leela et al (1993) also considered the system (2.1) and studied of
impulsive control relative to impulsive differential equations without
perturbation and obtained a result to demonstrate the importance
of employing impulsive controls to the system (2.1). They examined
the condition for controllability of the system (2.1) and without loss
of generality, it was assumed that the trial state of the system (2.1)
is the origin in R™. The control u = u(t) is said to be an impulsive
control if at t =t,, the impulses are regulated and the rest of the
given domain of definition u= u(t) is arbitrarily chosen. The solution
to the system (2.1) is given by (2.2). Suppose that the final time of
T > 0, then the controllability of the system (2.1) implies that

x(t) = e4T 1_[ [I + D*u(t;)]x,
0<tp<t

T
+j 1_[ [I + D*u(t,)]e¢=)Bu(s) ds
0 s<tp<1

(2.3)

George et al (2000) investigated the controllability of a system
having a transfer function G(s) with the response x(t).

Initially the quiescent state of the system to an input u(t) is
determined by the transformed relationship: X(t) = G(s)u(t).

They observed that if the input u(t) is taken to be the unit impulse
function 6(t), then the system response will be determined by

X(t) = G(s)L[8(D)] = G(s) (2.4)

10



Taking inverse laplace transform leads to the corresponding time
response h(t), which is called the impulse response of the system.
They concluded that since the impulse response is the inverse
Laplace transform of the transfer function, it follows that both the
impulse response and transfer function carry the same information
about the dynamics of the controllability of linear system of
equation.

Theoretically therefore, it is possible to determine the complete
information about the system by exciting it with an impulse and
measuring the response. For this reason, it is common practice in
engineering to regard the transfer function as being the Laplace
transform of the impulse, since this places greater emphasis on the
parameter of the system when considering system control design.

Bajo. I. (1997) Studied Pulse Accumulation in impulse differential
equation with variable times. He observed that in transient and
steady state response analysis, one part of the response known as
the transient (corresponding to the complementary function),
which reduces to zero as time increase, the other part, known as
steady state (corresponding to the particular integral), is the
response of the system when time tends to infinity, accumulates at
long-run.

Benchora et al. (2006) studied impulsive Differential equation and
included contemporary mathematics and its application. They
applied blood-flow model to illustrate Navier-stokes equation for
viscous flow.

Dishev et al. (2012) they studied specific Asymptotic properties of
solution of impulsive differential equation methods and application
using Lyapunov stability analysis.

11



Marvel (2017) studied in paper titled non — resonance impulsive
equation. He used first order method to solve periodic problems
which yielded resonance impulsive differential system.

Liing and Shen (2019) studied periodic boundary value problem for
the first order differential equation with impulse and established by
fixed point theorem that the solution is unique.

Jovita and Lauretta (2020) studied impulsive differential equation.
They examined the condition for controllability without
perturbation. Some conditions were derived which showed the
existence and solution from impulsive control system which led to
advances to difference equation.

Snesham (2019) studied  qualitative  investigation and
approximation method for impulsive equation. He observed that
obtaining a numerical solution of first order ordinary
differentialequations using Euler’s method, he was able to define
direction field that is contained in impulsive equation.

Nieto (1997) studied the existence of the solution for a non-linear
ordinary differential equation of first order with periodic boundary
values conditions that is subject to impulsive actions at a fixed
moment. He developed basic result for the linear situation and then
extended the result when the impulses are absent. He developed
equations and presented a periodic boundary value problem for first
order differential equation with impulses effects. He then considered

the system of the form

U@ + @) + t(u®),t =t teJ=[0T] j=12,..p \

U(0) =U(T)

ut) =v )+ 5 (U(y)).j=12.p (2.6)

12



When 1€ R,J =[0,T],T >0,0=t, <t; <t <tz <-.<tp; <t,=T,

I; € C(R,R),j=1,..p
f:]xR — Ris such that fis continuous at every point. He obtained
a result for a case when the impulse are present and also when the
impulses are absent and made a remark that these two results have
a different behavior to dynamic system and noted that when
impulses are absent, the system in (2.6) is a non-resonance
problem since the linear part of the system (2.6) is invertible.
Nieto and Tisdell (2010) studied the exact controllability of the
impulsive system and arbitrarily chosen admissible control u= u(t)
and showed that the impulsive system was controllable. It was also
noted that for a finite dimensional system such as (2.6), the system
is controllable.
Zanda K. M (2009) gave the condition for uniqueness of the solution
to the system (2.1). It was noted that in the case of impulses on a
given sets for a variable moment, the moments of impulses are
known initially. The impulse depends not only on the right part of
the system (2.1), but also on the initial condition x(t,) that defined
the set of impulses.
Hinpang et al (2016) studied the existence of a periodic solution for
impulsive control system with perturbation of infinite dimensional
system but the system itself is not controllable.
Fang and Sun (2012) studied the existence and uniqueness of

solution to complex valued non-linear impulsive differential system

13



and established by fixed point theorem that the solution is unique.
They also used the successive approximation method in obtaining
the solution of the complex value non-linear impulsive differential
system.

Bervabali (2014), in a paper titled “contribution to impulsive
equations” used method of upper and lower solution to obtain an
existence result for first order impulsive differential equation with
variable moments.

Boukhamla (2018) studied controllability of differential equations
under impulsive conditions and applied Hilbert uniqueness method
to obtain the impulsive control in the case when the initial state
space is a Hilbert space. He noted that the problem of controllability
is not all that simple and in general case there is no universal
method to get it explicitly.

On the other hand, he obtained necessary and sufficient conditions
for the null controllability of the impulsive system. The Hilbert
uniqueness method is a technique which exists in the continuous
case for finding a control that steers the solution to a given final
state.

Wei and Mi (2015) studied periodic boundary value problem for the
first order differential equation with impulse. Consider the system

of the form.

14



u(t) = g(t,u(t),u(@(t))),t#tj te] =[0,T], j=12,.p
pu(e) =T (u(ty)), k=12,.p,

Where g € (Jx R?,R),0 < t,t €], > (2.7)
ty <t; <t, <tg <-+.<tpy <t, =T,

I, € (R,R)

Au(ty) =u(ty), k=12,....p /

By using monotone interactive method they obtained the lower and
upper solution to the system (2.7).

Liang and Shan (2019) studied the existence and approximation of
solutions of the system (2.7). A new comparison result was
presented and the result obtained by Wei and Mi (2015) was
extended. The Banach fixed point theorem was used to prove for the
existence and uniqueness of the system (2.7).

The monotone interactive method and the method of upper and
lower solutions were used to obtain the solution to the system (2.7).
Lie et al (2015) studied impulsive differential equations; periodic
solution and application, by using Lyapunov stability method and
contraction mapping principle.

Some condition ensuring the existence and solution were derived,
which are given from impulsive control and impulsive perturbation
point view.

Randelovic et al (2020) discussed numerical solution of differential
equation. They considered an impulsive differential equation of the

form;

15



L= ftx), (t#t)

AU (x) = 0 = [, (xAU,(x)) = 0 (2.8)

xO == x(to) J

called stoke impulsive differential equation (SIDE), and developed
an algorithm based on well-known numerical methods, known as
algorithm for solving impulsive differential equations (ASIDE). They
called their method Algorithm for solving stoke-impulsive
differential equation (ASIDE).

With the above literature, we now extend the work done by Nieto
Xavi (1997) and include a non-linear function f(t,x(t)) to the
system (2.6).

This function models the perturbation which is a disturbance
caused by the impulse at a fixed moment. We consider a necessary
condition for the perturbed impulsive differential system to be

controllable.

16



CHAPTER THREE

METHODOLOGY
In this chapter, we consider impulsive control system with
perturbation.
For this case, we choose a control u(t) that steers the perturbed

system from an initial state x, to a final state x;in finite time.

3.1 CONTROLLABILITY WITH IMPULSIVE DIFFERENTIAL
EQUATION

Consider, the following control impulsive system with perturbation

given as follows;
x(t) = Ax(t) + Bu(®) + f(t,x(8)), t # ty, t €] = [t;, T]

x(tF) = x(te) e (x(t)) k = 1,2,3, r(3.1)

x(to) = Xo /

where A is an n Xn real matrix, f:JxR"™ - R"is a non-linear
continuous function, B is an operator defined on a set of admissible

control uand I:R" - R", k =1,2,....m, is called impulse.

Let J=[0,T]IcRT>0 and 0=t,<t; <t,<tz3<:.<ty_ 1 <t,<

tmn—1 = T be the time points at which the impulse occurred.

x(t;;) and x(t;)represents the right limit and the left limit

respectively of the state att = ¢t;, as usual, x (t;;) = lim,_;+ x(¢t). In this

work, we assume the moment to be fixed.

17



3.2 SOLUTION TO IMPULSIVE DIFFERENTIAL SYSTEMS WITH
PERTURBATION
To find the solution of the impulsive differential system given by:

x(t) = Ax(t) + Bu(t) + f(t, x(8)), ty # tx,t €] =[0,T]

x() =x(t,) + L(x(t)), k=12, ....m >

x(to) = Xo ] 32

We adopt the method of successive approximation to arrive at our
solution

LEMMA 3.1

If a linear time invariant system has impulse response sequence
{yéx}, and we wish to find the system response {y,} to an input
sequence {U,}, with the system initially quiescent state.

{Un} = {UOJ U1; U2, Un}

as
{Ux} = Uop{bk} + Ui{6p-1} + Up{6—2} + - Up{6k—n} (3.3)
where
0 (k #j) . ) )
Op_i = { . 1s the required solution
STl (k=) 1
Proof:
Let {yx} = X_o Ui{ybi—,} (3.4)

as the response of the system to the input sequence {U,} satisfying

(3.3)

18



By method of successive approximation, we have

{k} = Uolydp} + Ur{ydp—13 + - +Uj{y5k—j}

\
= Uo{y50;y51,y52; . YOp }
+U1{O,y50, e YOp1, }
+U2{0, 0,y6¢, ... Y0p_2, } >
+U,{0,0,0,...0,y8, ... y8; ...}

)

+ e ver e e e nDth position
From the expansion, we find that the httterm of the output

sequence is determined by

Vi = {20 Uy} (3-95)
That is
Wi} = {210 Ujyi—;} (3.6)

The expansion is called convolution sum.

THEOREM 3.1

[Glyn, (2019)] Iff(t) and g(t) are of exponential order o, piecewise
continuous on t >0 and have Laplace transforms F(s) and G(s)

respectively, then, for s > 0

L{J; 6(0g(t ~ Dt} = L{fg(0)} = F($)G(s) 3.7
Proof:

Let F(s)G(s) = L{f(t)}L{g(t)} = [fooo e‘sxf(x)dx] [fooo e‘syg(y)dy] where
we have used the dummy variables x and y, rather thatt, in the

integration to avoid confusion. This may now be expressed in the

form of double integral

19



P66 = [ [ e e pegdady = [[ e fegdrdy
0 0

Where R is the first quadrant in the (x,y) plane as shown below. On
making the substitution
x+y=ty=T1

The double integral is transformed into
F(s)G(s) = ﬂ e f(t—1)g(t)dtdr

Where Riis the semi-infinite region in the (t,t) plane bounded by the

lines t=0 and t=t, a shown below. This may be written as
F(s)G(s)= [, e™* [fot ft— r)g(r)] dt=["e™ [(g x )H(®)dt =

Lilg x )} ]
y¢  Figure 3.1 (a)

v

O Region R X

20



CHAPTER FOUR

ANALYSIS OF RESULTS AND APPLICATION
4.1 CONTROLLABILITY  OF [IMPULSIVE DIFFERENTIAL
SYSTEMS WITH PERTURBATION
At this point, we choose our control to be
u(t) = %eA(T‘t) [xl — ey, — fot e(T‘S)f(s,x(s))] ds (4.1)
Now we define the following operations
Let Yy:p c [0, T],R"xp c [0, T], R"be an operator defined by:
(W W) = e + fy A [u(s) + f(s,x(£)]ds
Vi, e T L (x( ) (4.2)

and w:p c [0,T],R"—pc [0,T],R™ be an operator that defines the
right hand side of (4.1)

[EI®): 36270 [x; — ety — [ e T f (5, x(s)) | ds (4-3)

Y eAT=tI L (x(ty))

Let w be an operator such that
w =yYxu):pcC[0,T]->pcC[OT]
has a fixed point for any initial condition x, and a final condition x;

Substituting (4.1) into (4.2) and integrating over the interval [0.T].
[wGOI(T) = [W(E), u()(T) — e“xg

" ] e u(s) + f(s,x(D)]ds + kZ ATt L (x( 1))

= eflx, + jteA(T‘S) [u(s)(T) + f(s,x(t))]ds + Z eAT-tI [ (x(ty))
0 k=1

21



t T

1
0 0
m m
_ 2 eAT=tOL (x(t)) + f(s,x(s))ds + 2 e ATt (x(ty))
k=1 k=1
v (T oAty (T
=eAtx0+_1f ds — Of ds
T J, T J

T
—% f [e4T=Df (z,u(t))dr]ds
0

m -
1 T T
—7 ATt (x(ty,)) j ds + U eAT=Df(r,u(t))dr|ds
] 0 0 ]

m -

1 T T
—7 ATt (x(ty,)) j ds + U eAT=9f (s, x(s0)ds
] 0 0 ]

m
+ ) AT (x( 1))
k=1

Let | fOT eAltsIfis,x(s)) ds]= m, then we have
eAtx, + % T —eATx, . T - % M.T
- 22 eATTIT (x,(6)) THMARL, eAT-tOT,

(x(t)) = x4

This shows that with the control of (4.1) the system (4.2) is
controllable.

We now consider a two dimensional system with

k=1, J=[0,T],
10 (g)h A= (3 2 B= ()

0= (1= () 1= et - (3 20)
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We now present a non-impulsive control differential equation with

perturbation of the form

BO-CE HED - (Ono- (2L T e

()= DEE) o) Gy b e

Since |Q| = Q then the rank of the 2 x 2 Matrix is 1
Therefore, Rank Q =1 <2
We conclude that the given system (4.4) is not controllable.
For the system (4.4) to be controllable, we first find the solution to
(4.4).
The characteristics equation of the system (4.4) is

|JA—IA| =0
IS0 Rl ()] Bl B

——> (1+1) (4-A)+6=0
—>+ 41— +6=0

—A?—-31+10=0

> (-1-)(4-2D)+6=0

=>4+ 1-414+224+6=0

—}?—-31+2=0

For A1= 1, we have
— 0 . -1 —
(_§ ;) (%) - (8) te ( 1—3 1 4E )
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=5 - 2 & 9(E)-0
Therefore, xO (f) = (1) et

For A>= 2, we have
— 1 . -1 —
S E)-0 (G2

34+ 2t -0 ()0

2
-3§1 + 287

X(l) (t) = (g) e2t
The fundamental matrix becomes

_ et zezt

Hence the solution to the system (4.4) becomes
x1(t)> _ (ef2e*h 0y
(xz ) (et 3eZt) (0)
f1 (36“‘5) — 2e2(=5) — 2¢(E=9) 4 Zez(t‘s)> [(U1(5)> N <f1(5;x(5)
0 \3et=5) —3p2(t=5) _ 2p(t=s) 4 3p2(t=5) u,(s) f>(s,x(s)
Clearly, by choosing a control u such that

_(w(®)) _ (3e7CTD — 2¢72(T=0) _ 2o=(T-1) 4 28—2(T—t)) \
o <u2(t)> - <3€_(_T_t) —36_2(T_t) — 26_(T_t) + ge_Z(T_t)

)]ds (4.7)

>(4.8)

[(0) B (et 2€2t) (0) _ f 1 (33(—T—s) —2e72(T=s) _ 2o(T=s) 4 Ze—Z(T—S)> (fl(s'x(s)>]
1 et3e2t/\0 0 \3p(-T=5) _3p=2(T=3) _ 2o(T-5) 1 3,-2(T-5) J\ £, (s, x(5) )

On substituting (4.8) into (4.7), we have
x1(t)> _ (et 2e?t) (0 )
(xz(t) (et BeZt)(O)
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[_|_f 1 (3e(t—s) _ ZeZ(t—S) _ ze(t—s) + zeZ(t—S)> (36(_T_S) _ ze—Z(T—S) _ ze—(T—S) + ze—Z(T—S)
0 3e(t—s) _3eZ(t—s) _ ze(t—s) + 362(t—s) 3e(T+s) _ 3e—Z(T—s) _ 28(T+5) + 36_2(T_S)

36_(T_S) _ Ze—Z(T—S) _ Ze—(T—S) + Ze—Z(T—S)
<3e—(-T—S> —32T=5) _ 2¢=(-T=9) 4 3e—2<T—S>)

[ f1<3e(T_t) — 2720 _ 2o(T-0) 4 2e—2<T—t>><f1(t,x(t)>] d (4.9)
0 \3e(-T=0) _3-2(-0) _ 20(-T-0) 4 3¢-27-0) ) \f, (¢, x(t)/] °°

[ (36“‘5) — 2279 — 20(t=9) ¢ Zez(t‘s)) <f1(5»x(5)>
0 \3p(t=5) _32(t=5) _ 20(t=5) 4 302(t=5) )\ £, (s, x(s)
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_ fl (3e(t—s) _ zez(t—s) _ Ze(t—s) + 282(1:—5)) (3e(T+s) _ Ze—Z(T—s) _ Ze—(T—s) + Ze—Z(T—s)>
0 3e(t—s) —382(t_s) _ ze(t—s) + 382(t_s) 38(T+S) _ 3e—Z(T—S) _ ze(T—S) + 3€_Z(T_S)

i <3€(T—S) _ Ze—Z(T—S) _ Ze(T—S) + ze—Z(T—S)>
3e(T—S) _ge—Z(T—S) _ Ze(T—S) + 3e—Z(T—S)

[f 1 (39(T+t) — 2720 — 20 4 Ze_Z(T_t)> (fl(t’x(t))] I
0 \3eT*0) — 3¢2(T=0) — 2o(T+0) 4 3¢=2(T=1) J\f5(¢, x(t)

[+f 1 (33“‘5) — 2e%(=5) — 2(t=9) 4 Zez(t‘s)) <f1(51x(5)>]
0 \3e(t=9) —3¢2(t=5) — 2(t=9) 4 32(t=5) J\f, (s, x(5)

Using the above computation reduces to

X1 (t)> 1
(xz(t) = (0) (4.11)
This shows that the system (4.4) can be steered from an initial state

of (4.10) to a desired state of (4.8) given the control u of (4.11).

Consider an impulsive differential system with perturbation and
using the previous examples.
Let x (t) - x (t7) = |x(x () be the impulse and denoted by

| (¢ (t)) = ((1) g), for k = 1. Then the system 4.4 becomes

1 () - 1(t) 1 (6 x(1))
(ﬁﬂi)) (5503 (iz(i)> “[()u] o+ (iz(tt,;(tt)ﬁ )
x () - x () =((1) g) . (4.12)
) = o) /

The solution of the non-impulsive differential system of (4.11) is
given by (4.7), to obtain solution of the system (4.9), we substitute

(4.7) into (3.4) to have
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<x1(t)> _ (et ZeZt) (0) N <3e(t—s) _ 262(1“—5) _ ze(t—s) + Zez(t—s)

x(t)

et362t 0 3e(t—s) _geZ(t—S) _ Ze(t—s) + 362(1“—5)

o)+ (i =

a

33(T+t1) — Ze_Z(T_tl) — Ze_(T_tl) + Ze_Z(T_tl) 1 0
33(T+t1) — Be_Z(T_tl) — Ze(T+t1) + Be_Z(T_tl) )(0 2)

This can be written as

<x1(t)>_ 1 (Be(t‘s) —2e%(t=5) — 2¢(t=9) 4 Zez(t_s)) [(ul(s)) + (71(5135(5)

X (t)

ds

!

0 \3e(t=9) _302(t-5) — 2¢(t=9) 4 32(t=9) ) [\uy(s)

(4.14)

3e(T+t1) — Ze_Z(T_tl) — 4.6_(T_t1) + 46_2(T_t1)
3e(T+t1) _ 36—2(T—t1) _ 4e(T+t1) + 66—2(T—t1) )

By choosing a control u such that

u _(ul(t)> _ <3e(T+t) — Ze—Z(T—t) — 2~ (T-1) + Ze—z(T_t)> \

u,(6)

3e(T+t) _ 36_2(T_t) _ 26(T+t) + 36—2(T—t)

(o) (Ge3e2) )

! (36(T+S) —2e72T=5) — 2¢(T=9) ¢ Ze‘Z(T‘S)) <f1(5»x(5)> d
0

-(

3e(T+s) —36_2(T_S) _ Ze(T+s) + 36_2(T_S)

f2(s,x(s)

3e(T+t1) — Ze_Z(T_tl) — 26_(T_t1) + Ze_Z(T_tl) 1 0
3e(T+t1) — 36_2(T_t1) — Ze(T+t1) + 36_2(T_t1) )( )

0 2
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> (4.13)

o)
>

S > (4.15)




Substituting (4.15) into (4.14), we have
(xl(t)> _ fl (3e(t—s) _2p2(t=5) _ 2(t=9) 4 Zez(t‘s))
x, (1)) 70 \3et=5) _3p2(t=5) _ 2p(t=5) 4 3p2(t-5)

<3e(T+t) _ Ze—Z(T—t) _ 26_(T_t) + Ze—Z(T—t)>
3e(T+t) _ 3€_Z(T_t) _ ze(T+t) + Be—Z(T—t)

(o) (6e3e2) ) )

—fl (3e(T+s) _ Ze—Z(T—s) — 2e(T-9) + Ze_Z(T_S))
0 3e(T+S) _36—2(T—s) _ 26(T+s) + 38_2(T_S)

ez (e v

3e(T+t1) — 26_2(T_t1) — 26_(T_t1) + Ze_Z(T_tl)
B <3e(T+t1) — 36_2(T_t1) — Ze(T+t1) + 36_2(T_t1) )

1 0
(0 2) ]
33(T+t1) — Ze_Z(T_tl) — Ze_(T_tl) + Ze_Z(T_tl) j
(33(T+t1) _ 38_2(T_t1) _ Ze(T+t1) + 38_2(T_t1) )

Continuing this computation, the above gives
X1 (t)> _(1
(xz (t) (2)
This shows that with the control as in (4.15), the system (4.12) can

be steered into system (4.16) which is the desirable state.

Hence, the system is controllable.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND RECOMMENDATION
5.1 SUMMARY
The investigation of an impulsive control differential system with
perturbation clearly shows that their solutions have different
behaviours from the solutions of non-impulsive control differential
system with perturbation. However, the controllability, of impulsive
control differential system was based on an arbitrary control choice
so as to generate the controllability of the system.
The control also takes care of the non-linear perturbation function
which is subject to further research.
5.2 CONCLUSION
System of the impulsive control differential equation for an
autonomous system and with perturbation is only controllable
depending on the control choice. In some cases, the non-linear
perturbation f(t,x(t)) will have to be generated on some certain

smooth conditions.

5.2 RECOMMENDATION

Since evolutions are subjected to dynamism and can take different
forms and shapes and avert the nature and state of the system in
which they affect the impulsive differential system, we however
recommend that this work is opened for further research especially
to find out in particular, whether controllability of impulsive control
system with perturbation will be naturally controllable (i.e. for non-

autonomous impulsive optimal control system).
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Another area of further research may include: impulsive differential

system with variable moment of impulses.

5.3 CONTRIBUTION TO KNOWLEDGE

We succeeded in presenting a necessary criterion for controllability
of impulsive differential systems with perturbation; we formulated a
control u(t) that transformed an impulsive differential system with

perturbation into a controllability system.
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