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ABSTRACT

This study focuses on determining the torsional-flexural critical buckling load of thin-walled
columns with open cross-sections. An equation for torsional-flexural buckling analysis was
formulated using the principles of the Ritz energy method. The analysis considers thin-walled
columns with open cross-sections of arbitrary slope. During buckling, deformation is assumed to
involve a combination of twisting and bending about the two principal axes of the cross-section. The
total potential energy functional is assumed as the sum of the strain energy functional U and the
potential energy due to the external compressive load V. The governing equations were found to
reduce to an algebraic eigenvalue—eigenvector problem. Buckling equations were obtained for singly
symmetric, doubly symmetric, and generally asymmetric column sections. The resulting buckling
modes correspond to torsional-flexural buckling. Generally, the critical buckling loads decrease as
the column length increases. The findings are in excellent agreement with Jerath (2020)’s solution.
For thin-walled columns with doubly symmetric open cross-sections and hinged (simply supported)
boundary conditions at x=0 and x=I, the governing differential equations, buckling modes, and
buckling loads are uncoupled. The torsional-flexural buckling equations for thin-walled columns
with open cross-sections result in a set of three uncoupled equations involving three displacement
variables: u, v, and 0, representing translational and rotational displacements, respectively. In the
case of thin-walled columns with singly symmetric open cross-sections under axial compressive
loading through the centroid, the buckling behavior is governed by a set of three homogeneous
differential equations, two of which are coupled.

Keywords: single symmetric columns, double symmetric columns, asymmetric column, flexural
torsional buckling mode, algebraic eigen vector problem.
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CHAPTER ONE
INTRODUCTION

1.1 Background Information

A thin-walled column is a structural member characterized by a slender geometry, where its length is
significantly greater than its cross-sectional dimensions. These columns are especially valued for their
ability to provide vertical support while minimizing material use and optimizing space. They are
commonly employed in aerospace, automotive, marine, and civil engineering applications due to their

high strength-to-weight ratio and structural efficiency.

Thin-walled structural elements are typically fabricated from isotropic materials such as steel and
aluminum or from anisotropic and orthotropic materials like laminated composites. Common cross-
sectional shapes include I, T, L, and C-shaped columns, which can be designed as either open or closed
sections, and as singly or doubly symmetric profiles, depending on performance and application

requirements.

One of the key advantages of thin-walled structures is their adaptability; they can be easily formed into
various shapes with high shape factors, reducing material consumption while maintaining structural
integrity. This flexibility, however, also introduces complexity. Thin-walled members are prone to
various failure modes, including local buckling, torsional buckling, and torsional-flexural buckling,
particularly under compressive loads. For example, composite plates within these members often exhibit

local buckling before reaching their ultimate load-carrying capacity.

For different applications, thin-walled elements can be relatively easily formed into open or closed,

singly or doubly symmetric cross-sections. They provide good strength and stiffness with a relatively
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small amount of material. Designers have been taking the advantage of this weight efficiency in various
applications where self-weight of the structure is a key design factor. Thin-wall columns are often
employed in various architectural and structural applications, such as in high-rise buildings, bridges, and
other structures where maximizing space efficiency is essential. These columns are typically made of
materials with high strength-to-weight ratios, such as steel, reinforced concrete, or composite materials.
The design of thin-wall columns involves considering their geometric properties, material properties,
and the loads they will be subjected to. Several other factors are also important in their design, e.g the
column's slenderness ratio (the ratio of its height to the least radius of gyration), the column's effective
length, and the magnitude and type of applied loads (e.g., axial compression, bending, or a
combination). Thin-wall columns are susceptible to buckling, which is the sudden lateral deflection or
failure of the column under compressive loads. The buckling behavior depends on the column's
slenderness ratio and boundary conditions. Proper analysis and design techniques, such as incorporating

bracing or using

The buckling behavior of thin-walled members is a major design consideration. Due to their low
torsional rigidity, members with open cross-sections are especially susceptible to torsional-flexural
buckling. This is further complicated by the frequent misalignment of the centroid and shear center,
which causes torsion and bending to interact, resulting in buckling at loads lower than the classical Euler

critical load (Donnell, 1934).

Rozylo and Debski (2020) investigated Z-shaped composite thin-walled members, demonstrating
improved structural performance through tailored cross-sectional design. Similarly, T-shaped thin-
walled structures have been analyzed for use in aircraft rib applications, further highlighting the

diversity of thin-walled component design in modern engineering.



The theoretical foundation for column buckling was laid by Leonhard Euler in 1744, who developed a
model for a column fixed at one end and free at the other. In current engineering practice, however, the
term “Euler column” commonly refers to a simply supported member, pinned at both ends (Jerath &
Lee, 2015). Euler’s classical analysis is based on several simplifying assumptions: the column is initially
straight, the axial load is applied through the centroid, the material is homogeneous and follows Hooke’s

Law, and plane cross-sections remain plane during deformation.

While static buckling theory is effective for analyzing elastic instability under ideal conditions, it may
be insufficient in real-world applications involving geometric imperfections, material nonlinearities, or
complex boundary conditions. In such cases, more advanced numerical methods or experimental

approaches are necessary to accurately predict behavior and ensure structural safety.

In open thin-walled sections, the structural response involve not torsion but also distortional effects.
Distortion alters the geometry of the cross-section, generating additional stresses and potentially
reducing the member’s load-bearing capacity. Despite these challenges, the continued advancement of
structural materials, design tools, and analytical techniques has significantly expanded the use of thin-
walled structures in high-performance applications where weight, efficiency, and space optimization

are critical design factors.

1.2 Problem Statement

Torsional-flexural buckling of thin-wall columns presents a significant challenge in the field of
structural engineering. Despite advancements in design methodologies and material technologies, the
complex behavior and failure mechanisms associated with thin-wall column buckling remain

incompletely understood. This knowledge gap hampers engineers' ability to effectively predict and
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prevent buckling failures in thin-wall column structures, thereby compromising their overall safety,
stability, and structural performance. Additionally, the instability of the cross section further complicates

the behavior of thin-walled structures.

While there have been notable strides in thin-walled structure research through experimental testing and
theoretical investigations, there is still a need for further research as several important questions
regarding torsional-flexural buckling remain partially answered or subject to controversy (Fang &

Winter, 1965).

1.3 Aim and Objectives
The main of this study is to derive simplified stability equation for torsional-flexural (FT) buckling
analysis of thin-walled columns of open sections. This research aims to achieve the following objectives:
1. To determine the total potential energy functional of a thin-walled column with open cross-
section undergoing torsional-flexural buckling.
i1. To obtain the differential equation for the torsional-flexural buckling analysis of thin-walled
columns with open cross-sections.
11i. To obtain elastic buckling equation using energy formulation for thin-walled columns with open

cross-sections.

1v. To solve numerical problems with the method developed herein
v. To write a Visual Basic program to solve the problems of thin-walled columns with open cross-
sections.

1.4 Justification of Study

The justifications of this study are;

1.4.1 Improved Safety and Reliability:



This study will help to enhance the safety and reliability of thin-wall column structures by developing a
deeper understanding of the torsional-flexural buckling phenomenon. By unraveling the underlying
failure mechanisms and accurately determining the load-carrying capacity, engineers can implement
more effective design strategies and preventive measures to mitigate buckling failures. This research
will contribute to minimizing the risk of premature column failure and ensure the structural integrity of
thin-wall column structures.

1.4.2 Advanced Design Guidelines:

The study will also provide insights that will contribute to the development of advanced design
guidelines for thin-wall column sections subjected to torsional-flexural buckling. By evaluating the
impact of various factors, such as column geometry, material properties, loading conditions, and support
conditions, the research will aid in formulating more accurate and reliable design recommendations.
This will enable engineers to optimize the design of thin-wall columns, leading to more robust and
efficient structures.

1.4.3 Practical Implementation and Innovation:

The research will bridge the gap between theoretical knowledge and practical implementation by
considering the feasibility and compatibility of torsional-flexural buckling prevention strategies with
existing design codes and industry standards. By addressing the practical aspects of implementation, the
study aims to provide engineers with practical solutions and innovations that can be readily applied in
real-world engineering projects. This will promote the safe and reliable utilization of thin-wall column
structures while meeting the requirements of construction industry regulations.

1.4.4 Advancement of Engineering Knowledge:

Another justification of this study is contribution to the overall advancement of engineering knowledge

in the field of torsional-flexural buckling of thin-wall columns. By conducting detailed investigations



and addressing key research questions, the study will fill the existing knowledge gaps and resolve
controversies surrounding torsional buckling behavior. The findings will expand the understanding of
the complex interaction between torsional and flexural modes of deformation, contributing to the

broader body of knowledge in structural engineering.

1.5 Scope of Study

This study is limited to the analysis of buckling behavior in thin-walled structural members with open
cross-sections, specifically focusing on torsional buckling, flexural buckling, and torsional-flexural
buckling modes. It involves the determination of the total potential energy and the derivation of the
differential equations governing the torsional-flexural buckling of thin-walled columns with open
sections. The study also includes the evaluation of critical buckling equations for thin-walled columns
with generally unsymmetrical, singly-symmetrical, and doubly-symmetrical open cross-sectional shapes.
Additionally, a Visual Basic program was developed for the computation of the critical buckling loads,
and the results obtained were validated to ensure accuracy and reliability. The scope is confined to thin-

walled structures with open sections and does not extend to closed-section or thick-walled members.



CHAPTER TWO

LITERATURE REVIEW
2.1 Introduction

This section reviews some research works, their findings, and recommendation by several researchers
concerning buckling, failure of compression members, torsional-flexural buckling etc. Hence these will

be discussed below:

2.2 Thin-Walled Sections

In recent years, there has been a growing trend in the use of very slender thin-walled cross-sections
members due to their high stiffness/weight ratio, as noted by Simao and Simoes da Silva (2004). Various
industries, including civil, mechanical, naval, and aerospace, have been seeking stronger and lighter
structural solutions to optimize effectiveness and cost, as highlighted by Andreassen (2012). As a result,
thin-walled structures such as cold-formed steel beams and columns, steel and concrete box girders, ship
hulls, trapezoidal steel sheeting, and other similar constructions have seen increased usage. These
structures typically have one dimension significantly smaller than the others. They are commonly
employed in civil, naval, space, offshore, and aerospace projects, serving as beams, columns, plates,

shells, sheeting, pipes, and more.

2.2.1 Types of Thin-Walled Sections
From the stand point of torsional resistance, thin-Walled Sections (TWS) in general, are classifiedinto

three types (Nwachukwu, K. C., Ezeh, Ozioko, Eiroboyi, & Nwachukwu, D. C., 2021)

(a) Open Thin-Wall (OTW); in which a cell shear flow circuit cannot be established in the cross

section. Examples are shown in Figure 2.1.



] | ————
(a) T- Section (b) Angle Section (c) Channel Section
——— | L——
( 1 ———— |
(d) I - Section (e) Z- Section (f) Hat Section

Figure 2.1: Examples of Thin-Walled Open Cross-Sections

(b) Closed Thin- walled (CTW); in which at least one cell shear flow circuit can be established inthe
cross-section. Closed TW sections are in turn classified into single cell or multi-cell,according to
whether one or several shear flow circuits, respectively can be identified. Examples of closed Thin-

Walled sections are shown in Figure 2.2.

(a) Single cell closed cross section (b) double cell closed cross-section

(c)  Triple cell closed cross-section

Figure 2.2: Examples of Thin- walled closed cross sections



(c) Hybrid Thin- Walled (HTW): This type of section contains a mixture of Closed Thin-walled

(CTW) and Open Thin-Walled (OTW) components. An example of HTW cross section is shown n

Figure 2.3.

Figure 2.3: An example of Hybrid Thin- walled cross section

Thin-walled closed cross-section, especially the box typed structures can also have different types of

arbitrary cross sections. Different types of arbitrary box cross- section are shown in Figure 2.4.

Doubly symmetric box section (b) Mono-symmetric box section (c) Asymmetric box
section

Figure 2.4: Different Types of Arbitrary Box Cross-Section

2.3 Buckling

Buckling can be defined as the sudden large lateral deformation of structure due to a slight increase of
axial compression load under which the structure had exhibited little, if any, deformation before the load
was increased. If a structure is subjected to a gradually increasing load, when the load reaches a critical
level, a member may suddenly change shape and the structure and component is said to have buckled

Baird et al. (2011).



Buckling is a common phenomenon observed in thin-walled structures, referring to the loss of stability
in a component due to lateral deflection when subjected to an axial force. The column's weakness causes
it to bend, leading to rapid and potentially hazardous failure. Whether a column buckles depends on its
length, strength, and other relevant factors. According to Baird et al. (2011), elastic buckling is more
likely to occur in long columns relative to their thickness, or when an applied compressive load exceeds

the critical allowable load of the thin-walled structure.

A standard thin-walled composite structure can be described in three major states: pre-buckling, critical
buckling, and post-buckling. The loading process and carrying capacity of the structure are determined
by buckling characteristics. The structure can still function even after buckling because the post-critical
equilibrium trend is stable, and the increasing compressive load increases the wall deflection (Rozylo et

al., 2020). Figure 2.5 below shows the state of each operation for a thin walled structure.

unstable equilibrium path
Wo=0

point of bifurcation

Woz0

stable equilibrium paths

- ideal structure
real structure

i We

Figure 2.5 Graph of load applied versus deflection (Rozylo et al. 2020)

Where P, P are the load and the critical buckling loads respectively. W,, and W, represent minimum

and maximum deflection respectively. The point in the diagram where stability changes from stable to
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unstable is called a bifurcation point. Buckling and carrying capacity determine the proper loading

process of the structure.

Structural components might fail in different ways. Material properties such as yield stress often govern
the failure mechanism of tension. For compression members, the failure mechanism is normally
associated with instability issues where members suffer from some kind of buckling phe- nomenon.
Various buckling phenomena associated with different structural components have been studied by a
vast number of researchers in the past decades. The history of buckling theory dates back to the middle
part of the 18" century, when Euler (1744) studied the buckling phenomenon of an incompressible,
axially-loaded simply supported thin strut, or elastic. He described the mechanics of the strut using a
mathematical technique that he had developed, known as ‘the calculus of variations’; the governing
differential equation for the strut for small deflections being expressed as:

E1d4W+Pd2W—O 2.1
dx* dx?2 '

2.4 Buckling modes for Structural members

In general, the buckling failure usually occurs in thin-walled open cross-sections due to a combination of
torsion and bending Jerath, (2020).The buckling mode represents the shape or pattern of the deformation
that occurs during buckling. It is characterized by the bending or lateral deflection of the structure as it
loses its ability to support the compressive load. Different structural elements can have various buckling
modes, depending on their shape, boundary conditions, and material properties. When structural
elements lack or have flexible intermediate restraints along their length, they are susceptible to buckling
under compressive loads. From the work of (Wei-Wen, Roger, and Weiwen, 2010), closed sections

typically do not experience torsional buckling due to their substantial torsional rigidity. Conversely, in
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the case of open thin-walled sections, three potential modes of buckling are contemplated (Yu Wei-Wen,

etal., 2010):
1. Flexural buckling
ii. Torsional buckling
iii. Torsional-flexural buckling

2.4.1 Flexural buckling

According to Yu Wei-Wen, et al., (2010), a slender axially loaded column may fail by overall flexural
buckling if the cross section of the column is a doubly symmetric shape (I-section), closed shape (square
or rectangular tube), closed cylindrical shape, or point-symmetric shape (Z-shape or cruciform). For

singly symmetric shapes, flexural buckling is one of the possible failure modes,

Flexural buckling is easily identifiable as the most prominent mode of buckling for thin-walled
structural members. When considering a pin-ended member that appears straight but possesses a minor
imperfection causing it to deviate from perfect alignment, this deviation amplifies under axial
compression. The critical point is reached, commonly for a steel member, when the combined axial and
flexural stresses reach the yield stress at some section of the member. In the case of an I-section member
that lacks restraint against transverse displacement, bending about the minor axis of the cross-section
results in greater displacements and flexural stresses compared to bending about the major axis.

Consequently, this member is said to buckle about its weak axis.

Flexural buckling in steel bridges is primarily a concern for trusses, where both chords and diagonals

experience compression, as well as for bracing members subjected to compression.
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In composite bridges, flexural buckling is typically a concern mainly for bracing members. However, in
integral bridges, where the composite deck is subjected to a moderate axial force, flexural buckling is
not the dominant mode of concern. Instead, the axial stresses and the interaction of buckling resistances
become important factors that need to be considered when evaluating the buckling behavior of the

bottom flange.

2.4.2 Torsional buckling

St Venant (1855) presented the first reliable work on the twisting response of structures. Doubly
symmetric sections can experience torsional buckling, which involves twist only about their longitudinal
axis. In cases like a cruciform section, the buckling load may be lower than that for flexural buckling,

especially if the member is short.

Monosymmetric sections and asymmetric sections are susceptible to both torsional and flexural buckling
modes, and sometimes these modes may occur at a lower load than flexural buckling about the minor
axis. In bridges, these buckling modes are relevant primarily to angle and channel bracing members.

Hendy and Murphy (2007) gave a comprehensive discussion on torsional modes.

2.4.3 Torsional-flexural Buckling

The earliest theoretical investigation of the torsional-flexural buckling problem was presented in Euler’s
1759 work on column buckling, which gave the first analytical method to predict the reduced strengths
of slender columns, and by Saint Venant’s 1855 memoir on uniform torsion, which gave the first reliable
description of twisting response of members to torsion (Trahair 1993). However, it was not until 1899
that the first published discussions of torsional-flexural buckling were made by Prandtl (1899) and

Michell (1899), who considered the lateral buckling of beams with narrow rectangular cross-sections.
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Subsequent work by Wagner (1929) and later work by Bleich (1952) and also by Timoshenko and Gere
(1961) led to the development of a general theory of torsional-flexural buckling. They provided the
classical energy equation for calculating the elastic flexural-torisonal buckling loads of thin-walled
beams. Galambos (1963) introduced inelastic behavior of the torsional-flexural buckling; similar
research was also presented by Lee (1960), White (1956), Wittrick (1952), and Horne (1950). All of
these researches were done using the classical method, which provided exact solutions, yet it is limited
by the necessity to make extensive calculations by hand. This situation changed dramatically with the

advent of digital computers in the 1960’s.

Researchers used numerical approaches that worked well with computers. There were many publications
on various numerical approaches, such as Rayleigh Ritz method by (Wang, C. M., Wang, L., and Ang,
K. K, 1994), the finite difference method by Bleich (1952), Assadi and Roeder (1985), and Chajes
(1993), and the finite integral method by Trahair (1968), Anderson and Trahair (1972), and Kitipornchai
and Trahair (1975). The finite element method was introduced by Barsoum and Gallagher (1970), in
which they derived the stiffness equations for torsional-flexural instabilities of one-dimensional
members with constant cross sections. During the later research, Powell and Klingner (1970) presented a
lateral buckling analysis of an I-section beam, Hancock and Trahair (1978) considered the lateral
buckling analysis of a monosymmetric cross-section beam with continuous restraints, Sallstrom (1996),
Bradford and Ronagh (1997), and (Papangelis, Trahair, and Hancock, 1998). calculated the torsional-
flexural buckling loads of beams, beam-columns, and plane frames, and Bazeos and Xykis (2002)

presented research using the finite element method to analyze three dimensional trusses and frames.

More recent research on the theory of torsional-flexural buckling has been presented by Tong and Zhang
(2003a) and (2003b) with their investigations of a new theory to clarify the inconsistencies of existing

theories of the torsional-flexural buckling of thin-walled members. Ezeh (2010) investigated the
14



Behavior of Axially Compressed Multi-Cell Doubly Symmetric Thin-Walled Column using Vlasov’s

Theory.

Torkamani and Erin (2009) studied the elastic torsional-flexural buckling analysis of plane structures by
considering second variation of the total potential energy of beam-column element and finite element
method. Many of the developments of the torsional-flexural buckling theory have been made by
extensions of the previously accepted theories, as expressed either by the differential equations of elastic
bending and torsion or by energy equation for buckling. The classical energy equations for calculating
the elastic torsional-flexural buckling load of thin-walled beams are usually assumed to be independent
of the prebuckling deflections. Iyengar (1988) presented a work on torsional-flexural buckling of open
section using equilibrium method. The torsional-flexural equations for column were derived for the
hinged-hinged, clamped-clamped boundary conditions respectively. These equations were then used to
obtain the critical buckling load for column sections with different ends conditions and buckling of

unsymmetric section.

2.5 Experimental Studies

Since the 1960s, a large number of experimental investigations have also been conducted for cold-
formed thin-walled steel columns with various types of cross-sections such as hat sections, channel
sections, I-sections and box sections. Although the majority of the test data are associated with pure
global buckling, some results highlighted the importance of the interaction between global and local
buckling modes. In particular, Becque and Rasmussen (2009) approached an I-section column problem

both experimentally and numerically for stainless steel specimens.
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2.6 Formulas for Calculating Cross Section Properties

According to Canadian Institute of Steel Construction (CISC), Structural engineers occasionally need to
determine the section properties of steel shapes not found in the current edition of the Handbook of Steel
Construction (CISC 2000). Let us look at the formulas for calculating the torsional section properties of
structural steel shapes of open sections. The section properties considered are the St. Venant torsional

constant, J, the warping torsional constant, Cw.

2.6.1 Doubly-Symmetric Wide-Flange Shapes (W-Shapes and I-Beams)

In the determination of the formulas, the flange-to-web fillets are neglected. Galambos(1968) gave the
formula for calculating the St. Venant torsional constant, J for an I-section. The torsional
constant or torsion coefficient is a geometrical property of a bar's cross-section. It is involved in the
relationship between angle oftwistand applied torque along the axis of the bar, for a
homogeneous linear elastic bar. More so, Galambos (1968), Picard and Beaulieu (1991) in their separate

works determined the formula for calculating the warping torsional constant, L.
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Figure 2.6: I - cross section showing sectional dimensions

The St. Venant torsional constant, J is given as:
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1 3 '+3
J =5 (2bt} +d't}) (Galambos 1968) 2.2

The warping torsional constant is given as:

1
I, = 52 (d'2b3tf) (Galambos 1968, Picard and Beaulieu 1991) 2.3
Where:

2.6.2 Channel Sections

Structural Stability Research Council, SSRC (1998) gave the formula for calculating the St. Venant
torsional constant for a channel cross section. In a similar way, Galambos (1968) and SSRC (1998) in
separate works obtained the formula for calculating the warping torsional constant. Furthermore,
Galambos (1968) and Seaburg and Carter (1997) in their separate works obtained the formula for

calculating the shear center location from the centroid.

4—(9—»
, y'

—_—

d
"0" is the centroid location

et 42

—

tr v

Figure 2.7: Channel cross section showing sectional dimensions

The formula for St. Venant torsional constant is given as:
! 2b't2 +d'td 2.5
] = §( t} +d'ty) :

The warping torsional constant is given as:
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The shear constanta, is used for determining the maximum shear stress in the cross

section due to an applied shear force. The shear center location from centroid, xo is given as:

t
x0=x+b’a—7w 2.7
Where:
tw
b=d—-—— 2.9
2
1
a=—— 2.10
2 + dﬂ
3b'ts

2.6.3 Angle Section
CISC (2002) gave the formula to calculate the St. Venant torsional constant for angle section. Similarly,
Bleich (1952) and Picard and Beaulieu (1991) in their separate works determined the formulas for

calculating the warping torsional constant.

A
v

d
"0" is the centroid location

A
S

Figure 2.8: Angle cross section showing sectional dimensions
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The formula for calculating the St. Venant torsional constant is given as;
1
Ji =§(b’ +d"t3 2.11

The formula for calculating the warping torsional constant is given as:

t3

13 13
Iw—36(b +d") 2.12
Where:

d =d ‘ 2.13
= 5 _
b'=b ‘ 2.14
- > _

2.6.4 T-Sections
CISC (2002) gave the formula for calculating the St. Venant torsional constant, J for a T-section. More
so, Bleich (1952) and Picard and Beaulieu (1991) in their separate works determined the formula for

calculating the warping torsional constant, L.

P
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tr | |

tW
— > «—

Figure 2.9: T- cross section showing sectional dimensions

The St. Venant torsional constant, J is given as:
~ et ae 2.15
J= §( t? +d'ty) :

The warping torsional constant is given as:

b3t} d’e?

L. =
© 144 36

2.16
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t
d=d-=2L 2.17

2.7 Methods of Analysis of Thin-Walled Column

Numerous researchers have conducted analyses on thin-walled box columns and related subjects,
utilizing various approaches. However, none of them have used the potential energy method based on
Rayleigh-Ritz approach to determine the critical buckling load of thin-wall column of open sections. For
example, (Nwachukwu, Ezeh, Thomas, Okafor, and Okodugha, 2017) derived the governing equation for the
Total Potential Energy Functional (TPEF) for a Doubly Symmetric Single (DSS) cell thin-walled Box
Column. (Krolak, Kowal-Michalska, Mania, and Swinlarski, 2009) presented a comprehensive analysis
encompassing theory, numerical simulations, and experiments to study the stability and ultimate load of
multi-cell thin-walled columns with rectangular and square cross-sections under axial compression.
Shanmugam, Richard Liew, and Lee, (1989) proposed a numerical method to investigate the ultimate
strength behavior of thin-walled steel box columns subjected to axial loads and biaxial end moments.
Ezeh (2010) formulated a theoretical approach based on Vlasov's theory, as modified by Varbanov, to
analyze the flexural, torsional-flexural, and torsional-flexural-distortional buckling modes of thin-walled
closed columns. Chidolue and Osadebe (2012) also utilized Vlasov's theory to perform torsional-
distortional analysis on thin-walled box girder bridges. Chidolue and Aginam (2012) studied the
influence of the shape factor on the torsional-flexural-distortional behavior of thin-walled box girder
structures, again using Vlasov's theory. Additionally, Ezeh (2009) examined the buckling behavior of
axially compressed multi-cell doubly symmetric thin-walled columns, employing Vlasov's theory. The
works of Osadebe and Chidolue (2012a), Osadebe and Chidolue (2012b), Osadebe and Ezeh (2009a),

and Osadebe and Ezeh (2009b) were also based on Vlasov's method as their analytical framework.
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According to Andreassen (2012), there are so many methods recommended for analysis for thin-wall
structure. These methods include; (i) finite element method, (ii) finite strip method, (iii) generalized

beam theory.

2.7.1 Finite Element Method

This approach presents a way to obtain an approximate solution for a problem that is governed by a set
of differential equations. The method involves dividing or discretizing the member into smaller parts,
referred to as elements. When dealing with thin-walled members, shell finite elements (SFEM) are
typically employed. The displacement field is estimated by combining polynomial shape functions, with
each function corresponding to a nodal displacement or rotation. Hughes (2000) gave detailed
information concerning this method. It is important to note that this advanced numerical method

involves a large number of degrees of freedom.

2.7.2 Finite Strip Method

This approach can be considered as a specialized version of the finite element procedure, and a
comparison between the finite element and finite strip methods can be found in Cheung (1976). It is
suitable for structures with regular geometric plans and simple loading and boundary conditions. In this
method, the member is discretized into strips, which requires the use of simple interpolation polynomials
in the transverse direction and continuously differentiable smooth series functions (such as Fourier
series) in the longitudinal direction. The strips are rectangular finite elements that span the entire length
and involve a smaller number of degrees of freedom compared to equivalent SFEM analyses Cheung

and Tham (1998). This simplification offers a powerful advantage over the finite element method.
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2.7.3 Generalized Beam Theory

This method possesses a distinctive characteristic whereby the deformed configuration of the member is
discretized into various modes of cross-section deformation. These modes can be categorized as global,
local (plate), or distortional modes Schardt (1994). Once the modes are determined through cross-
section analysis, they are multiplied by an approximate axial amplitude shape function during member
analysis, resulting in a conventional axial element interpolation and discretization. The method has been
integrated into the freely available software packages GBTUL (Bebiano, Silvestre, and Camotim, 2008) for
open cross sections, although it currently lacks the capability to handle closed cross sections. This
theory, which is not as widely known as the finite element method and the finite strip method, extends
the classical theory by incorporating multiple distortional modes. Consequently, it enables
computational analysis of complex distortional problems with fewer degrees of freedom compared to
equivalent SFEM analyses. The inclusion of this extension, along with the corresponding longitudinal
finite element discretization utilizing an approximated axial amplitude shape function, facilitates faster

analysis of intricate dynamic and stability-related issues.

In the field of stability analysis for thin-walled columns of open section, there has been a lack of
utilization of the Total potential energy method based on Raleigh-Ritz method. Therefore, it is
imperative to advance the current knowledge by developing a specific and unique Total Potential Energy
Functional (TPEF) that corresponds to different boundary conditions of singly symmetric section (SSS),
doubly symmetric sections (DSS) and generally asymmetric section (ASC) in accordance with the

Raleigh-Ritz method. This research relies on the principles of the Raleigh-Ritz energy theory.

2.8 Energy Methods
Energy methods are methods of engineering analysis based on linear elastic behavior and conservation

of energy. That is, the work done by external forces equals the energy stored in the structure under load.
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Thus, the total potential energy of a system is the summation of the Strain energy of the system and the

work done by externally applied forces, Henry (2015).

This is expressed mathematically in Equation (2.18) below:

T=U+V (2.18)

Where U = the average strain energy of the system

V"= Work done by externally applied forces
According to Njoku (2018), the use of energy methods become imperative to obtain approximate
solutions when it is not possible or very cumbersome to obtain the exact solution of a problem due to the
complexity of the problem. The column solution methods based on the energy methods include the

Rayleigh, Ritz, and Galarkin-Vlasov (Njoku, 2018).

2.8.1 The Principle of Conservation Of Energy

The fundamental concept of the conservation of energy, as observed and extensively discussed by
Reddy (1993) and further elaborated upon by Njoku (2018), emphasizes that within a conservative
system wherein no dissipation of energy occurs during the loading process, the amount of work exerted

on a body becomes equivalent to the strain energy accumulated by that very body.

2.8.1.1 Strain energy equation of a body

Strain energy is defined as the energy stored in a body due to deformation. The strain energy per unit
volume is known as strain energy density and is the area under the stress-strain curve to the point of
inelastic deformation. When the applied force is released, the whole system returns to its original shape.

It is usually denoted by U.

The strain energy formula is given as (Ibearugbulem, Ezeh, Ettu, 2014),
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U=Fo/2 2.19

Where,

d = compression,

F = force applied.

When stress o is proportional to strain €, the strain energy formula is given by,

U=1/2Vo ¢ 2.20

Where,

o = stress

€ = strain

V = volume of body

Regarding Young’s modulus E, the strain energy formula is given as,

U=c6?/2ExV 2.21

Where,

o = stress,

E = Young’s modulus,

V = volume of body.
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2.9 Boundary conditions of a column
There are different types of support conditions that a given column could have. These supports or
boundaries are as follows: simply-supported, clamped, and free. Shown below in Figure 2.2. is a

representation of the boundary conditions.

s

(c) Free (b) Simply-Supported (a) Clamped (Fixed)
Figure 2.10  Boundary Condition
A column has two ends, and each end could have any of the above listed boundary types. The solution

of the column equation requires that the boundary conditions are satisfied.

2.10 Results from Previous Researchers
Past researchers expressed their results in terms of dimensionless parameters. These values for Various

researchers are presented for various cases.

2.10.1 Energy formulation for flexural — torsional buckling of thin-walled column with open
cross- section

Ike (2018) presented a solution to the problem of flexural — torsional buckling analysis of thin-walled

column with open cross-section using energy methods. Thin-walled column with open cross-section of

arbitrary slope was considered. The deformation occurring during elastic buckling involves a

combination of twisting and bending about two axes of the cross-section. To analyze this phenomenon,

the total potential energy functional was formulated by summing the strain energy and the potential

energy of the J(z) and v(z), and one rotational displacement, 6(z).
The values obtained for thin-wall column of different open sections were presented for three cases.
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Case 1 Elastic buckling solutions for simply supported thin-walled columns

For thin-walled columns simply supported at the ends z =0 and z = 1, the translational displacements in

the x and y coordinate directions, and the bending moment about these axes vanish.

The critical buckling load is found as the lowest buckling load and is given as

P23 P22

(PYYCT - P)(Pxxcr - P)(Pecr - P) - (Pyycr - P) 7 - (Pxxcr - P) lg =0 2.22

where , P is the axial compressive load, Py,,_, Py, are the critical flexural buckling loads, i, is the polar

radius of gyration of the thin-walled column cross-section with respect to the shear centre. and Pg_ is

the critical torsional buckling load, .
Case 2 Thin-walled column with doubly-symmetric open cross-section

For thin-walled columns with doubly-symmetric open cross-sections, the geometrical centre coincides

with the shear centre, and xo = 0, yo = 0. The critical buckling equation simplifies to become:
(PVYCr - P)(Pxxcr - P)(Pacr - P) =0 2.23
The three roots are the three critical buckling loads, given by:

2
o m E\
XXcr l'2

"
Il
T

2.24

Where i is the second moment of inertia, and E is the Young’s modulus of the column material

n?E
_ _ yy
P =Py, =—= 2.25
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1 m2E,,,
P=py, = E((;1 e ) 2.27

Where G is the shear modulus or modulus of rigidity of the column material, and I is the St Venant

torsion constant or the torsional moment of inertia.
The lowest value of P would govern the buckling behavior of the thin-walled column.

Case 3 Thin walled column with singly-symmetric open cross-section

According to Ike (2018), for thin-walled columns with singly-symmetric open crosssections, one of the
centroidal coordinates will be zero since the shear centre will lie on one of the axes of the cross-section.
When the y axis is the axis of symmetry, the shear centre will lie on the y axis, and xo = 0, and the

buckling equations become:

P%y§
(Prver = P) Py = P) (Poey = P) = (Pxy = P) =57 =0 2.28
This gives:
Poxey =P =0 2.29
Or
P =P, ”25"" 2.30
And
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PZ 2
(PJ’YCT - P)(Pecr - P) - lglo =0 2.31

Where y, is the centroidal coordinates of the open cross-section of the thin-walled column

Equation (2.31) is a quadratic equation in P. It has two buckling values corresponding to the two roots
(zeros) of the quadratic equation. The equation represents the torsional-flexural buckling equation.
When the x axis is the only axis of symmetry, the shear centre will be found on the x axis, yo = 0, and

the characteristic buckling equation becomes:

P?x?

(Pryer = P)(Pexe, = P)(Po, = P) = (Byy,, = P)—= =0 2.32
o
P2x?
(PJ’J’cr - P) (Pxxcr - P)(PQCT - P) - i2 =0 2.33
o

Where X, is the centroidal coordinates of the open cross-section of the thin-walled column

The buckling equations become:

m?E

P=p, = l_zyy 2.34
P2x2
(Pxxcr - P)(Pecr - P) - i2 > = 0 2.35
o

The governing torsional-flexural buckling load (Prr) is the smaller root of the torsional-flexural buckling

equation, and is obtained as:

1 2
PFT = % Pecr + PXXcr - (Pecr - PXXCr) - 4aPeCrPXXCr 236
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Where,

Lo

X 2
x=1— {—"} 2.37

If the x axis is the only axis of symmetry, and

1 2
PFT = E{PGCT + Pyycr - \/(PBCT - Pyycr) B 4BPGCTPyycr} 238
Where,
2
B=1- {y_o} 2.39
Lo
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Table 2.1 Summary Of The Literature Review

Reference Methodology Objective
Nwachukwu et al. | The study formulated the Total | To develop the TPEF for
(2017)Formulation of the Total | Potential Energy Functional | thin-walled box columns,

Potential Energy Functional for a
Thin-Walled Box Column
Applicable to Raleigh-Ritz Method

(TPEF), facilitating the application
of the Rayleigh-Ritz Method
(RRM) wusing polynomial shape
functions.

enabling efficient
application of the RRM for
stability analysis.

Nwachukwu et al.
(2021)Formulation of the Total
Potential ~ Energy  Functional
Relevant to the Stability Analysis
of a Doubly Symmetric Single-Cell
Thin-Walled Box Column

Building on the 2017 study,
polynomial shape functions were

generated for various boundary
conditions. Subsequently, TPEFs
were  formulated for  these

conditions in doubly symmetric
single-cell box columns.

To establish specific TPEFs
for DSS thin-walled box
columns, supporting RRM-

based stability analysis
using polynomial shape
functions.

Krolak et al. (2009)Stability and
Load-Carrying Capacity of Multi-

Conducted theoretical, numerical,
and experimental investigations on

To analyze the stability and
ultimate load-carrying

Cell Thin-Walled Columns of | the local and global stability of | capacity of multi-cell thin-

Rectangular Cross-Sections multi-cell orthotropic and isotropic | walled columns under axial
rectangular columns. compression.

Ezeh (2010)Buckling Behavior of | Developed a theoretical approach | To achieve better

Axially Compressed Multi-Cell
Doubly Symmetric Thin-Walled
Columns Using Vlasov’s Theory

using Vlasov’s theory (as modified
by Varbanov) to analyze various
buckling modes including flexural,
torsional-flexural, and distortional.

understanding and distinct
separation of distortional
buckling modes from other
instability behaviors.

Chidolue & Osadebe | Derived differential equations for | To formulate and apply

(2012)Torsional-Flexural torsional-distortional behavior | governing equations  for

Behavior of Thin-Walled | based on Vlasov’s theory and | torsional-distortional

Monosymmetric Box-Girder | applied them to analyze single-cell | behavior in  thin-walled

Structures monosymmetric box-girders. monosymmetric box-
girders.

Chidolue & Aginam | Analyzed the effects of sectorial | To 1identify and explain

(2012)Effects of Shape Factor on
the Torsional-Flexural-
Distortional Behavior of Thin-
Walled Box-Girder Structures

properties using single and double-
cell monosymmetric box girders
with equivalent enclosed areas and
thicknesses.

distortional stress patterns
and deformations resulting
from shape factor influences
and sectorial area laws.

Ike (2018)Energy Formulation for
Flexural-Torsional Buckling of
Thin-Walled Columns with Open
Cross-Sections

Used the energy method to
formulate the flexural-torsional
buckling problem for columns with
open cross-sections. Derived the
TPEF and applied Euler-Lagrange
equations to minimize it.

To analyze flexural-
torsional buckling in thin-

walled open-section
columns  using  energy
principles and variational
methods.
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2.11 Research Gap

Upon an extensive review of existing literature focused on the torsional-flexural buckling of thin-wall
structures, a critical research gap emerges. Notably, there is a conspicuous absence of studies utilizing
the potential energy method based on the Rayleigh-Ritz approach to ascertain the critical buckling load

in thin-wall columns of open sections.

The potential energy method, specifically employing the Rayleigh-Ritz approach, stands as a promising
avenue that has remained unexplored in the current body of research. This method provides a unique

perspective, emphasizing energy considerations in the analysis of structural stability.

Despite the method's potential advantages, including its ability to offer comprehensive insights into the
behavior of thin-wall structures under various conditions, none of the reviewed studies incorporated this
approach. This absence underscores a significant void in the investigation of critical buckling load

determination, particularly in the specific context of thin-wall columns with open sections.

The identification of this research gap serves as the cornerstone for the present study. By introducing the
potential energy method within the Rayleigh-Ritz framework to solve the problem of torsional-flexural
buckling, this research aims to address the noted deficiency and contribute novel insights to the

understanding of critical buckling phenomena in thin-wall structures.
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CHAPTER THREE

METHODOLOGY

3.1 Determination of the Total Potential Energy Functional for Thin-Walled Column with Open
Cross-Section undergoing Torsional-flexural Buckling

The total potential energy functional ([]) for the thin-walled column with open cross-section under

torsional-flexural buckling is the sum of the strain energy functional U and the potential energy due to

the external compressive load V

nmn=u-Vv 3.1

The shear centre of the cross-section is chosen as the origin. The x and y coordinate axes are assumed to

be coincident with the principal axes of the open cross-section, and the z coordinate axis is the

longitudinal axis of the thin-walled column through the shear centre.

This analysis comprises column buckling under the following cases:

1. Pure flexural buckling
11. Pure torsional buckling
1il. Flexure - torsional buckling

Consider a colur%n with arbitrary cross section as shown on Figure 3.1.
A
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Figure 3.1: Column under axial load



The displacement field include the displacements along x, y and z direction designated as u, v and w.
Strain energy and external work for each case shall be treated independently first. The positions of O
and S stand for the centroid and shear center respectively.

The displacement of the shear center along y-axis and z- axis are denoted as v and w respectively. On
the other hand, the displacement of the centroid along y-axis and z-axisare denoted as v*. w*. The
linear space between the shear center and the centroid remains constant after the translational
displacement. Thus, the length of OS is the same as

w=w-—(y,—y).0 3.2

vV'=v+(zy—2).0 3.3

Where @ is rotation of the cross-section about the shear center O, y, and z, represent the coordinates of

the shear center O

3.1.1 Total Potential Energy Functional for Thin-Walled Column of Open Cross-Sectionin
Flexural Buckling
External work in this case is the product of force and the distance travelled by the force. After buckling,

the column takes the shape shown on Figure 3.2 below

L2

Figure 3.2: A column compressed through A and buckled
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Due to the axial load, the column buckled and support C moved to a new position, B. The new length of
the column is the length of the arc, L,. The load movement (the distance travelled by
the load) is A. Let a portion of the column be considered. This portion is defined by points D and E as

shown on Figure 3.3. Let this portion be represented on Figure 3.3.

dx

Figure 3.3: Portion of the buckled column between points D and E
From Pythagoras theorem,
2

d *
(dL,)? = (dx)* + (% dx) . That is:

*

dw*\? ]
(dL,)? = (dx)? [1 + (E) l That is:

dL, = d 1+(dw*)2 3.4
2 = X dx .

Employing Binomial theorem, Equation 3.4 becomes:

dL, = d +1(dw*)2d 3.5
2 = ax 2\ dx X )

Let the difference between dL; and dx be dA;. That is:
dA, = dL, — dx 3.6

Substituting Equation 3.5 into Equation 3.6 gives:

dn, = (dw*)z d 3.7
z=2ax ) '
The total change in length of the column after buckling is obtained by integrating Equation 3.7. That is:
34



b= [ (2 a 38
27 2), \dx x '

If the buckling occurred in the y direction, the change in length shall be obtained by modifying Equation

3.8 appropriately as:

A —1fL(dv*)2d 3.9
y_ZO dx X :

Total buckling is obtained by adding the buckling in both y and z directions. That is adding Equations

3.8 and 3.9 gives:
A 1.]»L (dv*)z s (dW*)Z
2), [\dx dx

The indefinite summation product of axial stress and buckling caused by it within the domain (cross

dx 3.10

section area of the column) gives the external work:

szf o, A dA 3.11
A

From Kirchhoff's assumptions of zero shear strains:

_d v 3.12
Vo =70, T ax T '
_dwy v, 3.13
Yoy = dy dx '
Solving Equations 3.12 and 3.13 gives:
dw
u, = —ZE 3.14
dv
u, = —ya 3.15

Normal strain in x direction is the first derivative of Equations 3.14 and 3.15 with respect to x:

d*w
Ex Z = _Zﬁ 3.16
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d?v

Yw 3.17

ExZ = —

Adding Equations 3.16 and 3.17 gives the normal strain along x-axis as:

d2 d*v
Ex = — de ydx2 3.18

From Hooke's law, stress is mathematically defined as:

d?w d?v
3.19

oy =Eg, = —E(de2 +yw

Strain energy is defined as the product of stress, strain and volume of matter. Thus, average strain

energy is:

1 b2 tz
= —fj f Oy Exdx dydz 3.20

Substituting Equations 3.18 and 3.19 into Equation 3.20 gives:

by rty 2172
jfb j (de2+yd )dxdydz

That is:
E by rtz d*w d*v  (d*v 2
== +2 s +y? (== |dxdyd
sz,,ft 2 Va2 Y (de) rayaz
That is:
U E] I —dZW 2 + 21 —dZW d*v +1 d*v 2 d 3.21
= — * — sy '
2 7\ dx? Y2 dx?2  dx? Y \dx? x
Where:
L =f f z?dy dz 3.22
by t1
b, ty
L, =J j y2dy dz 3.23
b, Jt
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= f f yzdydz =0 3.24
b, Jt

Substituting Equation 3.24 into Equation 3.21 gives:

U—Efl dzwz+1 dzvzd 3.25
2 Z\ dx? Y\ dx? x 4oa

Substituting Equation 3.1 into Equation 3.11 gives:

= ff o]0 (5

Where A is cross sectional area

dx dA 3.25b

That is:

ﬂ jldv*z dv;)

Substituting Equations 3.2 and 3.3 into Equation 3.26 gives:

oy Lldlv + (2o — 2).01\*  (d[w — (yo — ¥). 0]\’
3 L[ (= s

That is:

do  do\* /dw do  do\®
ff fl + Zy.— Ix Za) +(E—y0.a+y.a)ldx dA

That is:

_axﬂ ]L [dv2 dvdp . dvdd =, doy? , de? 2 [
=72 ), ) s T T arar TR ] T

dw d@ dwdo | dg1? dei®  , [doy’
et ma Y ﬂ] ‘Zyoy-[a] Ty [E] )dx aa

dx dA 3.26

That is:
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A R R B e R o

dor?
+ [3’02 - 2y0y + yz] [a] >dx dA

That is:

-l (& 5 v aggm e n g g

der”
+ [yo? = 2y0y + y? + 2% — 224z + Z2]. [E] >dx dA

If a column section is symmetrical about two axes, the shear center coincides with the centroid, and we

have y, =z, =0.

That is:
L
o, dv1? [ ] dv dp dw do
== — ———_24
V=3 O(A axl TAa| Tz Ol m 2 A — 0l
2 2 dg)*
+[Iy—2y0><0+y +IZ—ZZOXO+Z].[E] dx
That is:
V_axA L[ ] [ ] [ N +I +I][ ] ) dw do
2, dx Yol + 207 Yoix dx
dvdo p 3.27
zo.- ==~ | dx :
Where:
1y=Jy2dA 3.28

A
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I, = f 22 dA 3.29
A

O=ﬂydA=ﬂsz 3.30
A A

Since the case of pure flexural buckling is considered, the torsional work is ignored. Thus, Equation 3.27

becomes:
p=A dv2+[dw]2 d 3.31
2 dx dx x '

Modifying Equation 3.27 gives:

V—G"A ' [ [ ] += [A +Azg? + 1, +1][ ] -2 dw do
2 ), dx Yo' +A4z" dx] Y% dx dx
o dvd® d 3.32
o dx ) .
2 2
dW Iy [d® dw d@ dvd@
__f < 212 - yO'EE”ZO'EE) dx 3.33

N, is the external force in x direction.

Ignoring the torsional work in Equation 3.33 since pure flexural buckling is considered gives:

v=&”[d [ ”dx 3.34
2 J, |ld dx

Where:

Iy = Ayo® + Azp* + 1, + 1, 3.35
N, =0, A 3.36

Total potential energy is the algebraic summation of strain energy and external work:

H=uv-v 3.37
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Substituting Equation 3.25 and 3.34 into Equation 3.37 gives:
L i 2 ax + 2 [ (22 2 dx — fL<dW>2 dx — fL(dv>2d 3.38
2 dxz) T2 dxz) 72 o \dx T o \dx o

3.1.2 Total Potential Energy Functional for Thin-Walled Column of Open Cross-Section In

Torsional Buckling

This case has two sub cases. Case A is a case where ends are allowed to warp, and sub case B, where

ends are prevented from warping.

3.1.2.1 Case A: End Free to Warp

Assume the ends of the column in Figure 3.1 are allowed to warp. In this case, one end is restrained
from warping while the other is allowed to warp.

This is illustrated on Figure 3.4:

After warping, the flanges normal to the z-axis of the column experienced displacements vi1 and v;, as shown in
Figure 3.4. Similarly, the flanges normal to the y-axis underwent displacements w; and w;, also illustrated in

Figure 3.4. These movements sustained angle & at the center of the cross section. From similar triangles:

o tan ¢ 3.39
(t) (&)

Wi _ Wy _

(b_l) = _(bz) tan ¢ 3.40
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Before warping After warping

Section A -A

Figure 3.4: One end of column warped

For small deformations,

¢ =tan¢ 3.41
Substituting Equation 3.41 into Equations 3.39 and 3.40 gives:

vi=t; ¢ 3.42
w; =b; ¢ 3.43
Equations 3.42 and 3.43 are rewritten as:

v=2z¢ 3.44

w=yd 3.45

From Kirchhoff's assumptions of zero shear strains:
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B duy dv _

=—24+__"-0 3.46
Vay dy dx
Solving Equation 3.46 gives:

-y 3.47
B .
Substituting Equation 3.42 into Equation 3.47 gives:

d¢
U, = -yt Ix 3.48
Similarly if the warping of the flanges moves in z direction,

d¢
u, = —zb; I 3.49
Axial displacement is the summation of Equations 3.48 and 3.49. That is:

d¢ d¢ d¢

u=1u,+u, =_ytia_2bia=_(yti+2bi)a 3.50

Normal strain in x direction is the first derivative of Equations 3.50 with respect to x:

_ d*¢
&g =—(yt; + zbl-)W 3.51

The twist (shear strain around x-axis) is obtained by adding the first derivatives of w and v with respect
to x. That is the summation of the first derivatives of Equations 3.44 and 3.45 with respect to x. That is:
Vs = Ezx T Eyx 3.52

Where y is shear strain around x-axis

The first derivatives of Equation 3.44 and 3.45 with respect to x are:

_dv_ do 353
v T T P x '
_dw do 354

E;ZJC - dx = y E
Substituting Equations 3.53 and 3.54 into Equation 3.52 gives:
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d¢
Ys = (y+z)a 3.55

From Hooke's law, normal and shear stresses are mathematically defined as:

d*¢

o, =Ee, =—E(yt; + Zbi)w 3.56
d¢
T, =Gy =Gy + Z)E 3.57

Where 1, is shear stress
Strain energy is defined as the product of stress, strain and volume of matter. Thus, average strain

energy is:
1 bz tz
U, = E,f f (Ox&x + T5Ys) dxdydz 3.58
b1 tl

Substituting equations 3.51, 3.52, 3.55 and 3.56 into equation 3.58 gives:

1 bz tz
=32/l ]
2 b1 tl

E d2¢ 2 b2 tz
U= —] <—> dx] (yt; + zb;)? dydz
2 ) \dx? b ' '

d2p\’ A2
E(yt; + zb;)? (d_xq;)> +G(y +2)* (%) ] dx dydz 3.59

1 7t
G [(dp\* [Pz (*
+ —f <—) dxf (v + 2)? dydz 3.60
2 ) \dx b, Jt,
El, [ (d?¢\° GJ ( /dp\>
_Ely [(2°9 o (22 3.61
V= <dx2> a5 f(dx) dx

Where: the warping torsional constant I,, and St. Venant torsional constant J are defined as:

by rt
Iw = f (y t; + Zbl')z dde 3.62
by Yt
by rt
] = (v + 2)?dydz 3.63
b, Jt,
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From Equation 3.15:

u dv
— =—— . That is:
y dx
u\? dv\?
) =(%) 3.64
y dx
Substituting Equation 3.64 into Equation 3.27 gives:
1 [k k2 u\2
%4 =—f f N (—) dxdz 3.65
Y2, ty “\y

Rearranging Equation 3.48 gives:

u do
- =—t;— 3.66
y Ydx
Substituting Equation 3.66 into Equation 3.65 gives:

N (Lt d\> 1 (LN, (dop\? _
v, =E.f0 ft N, t;? (E) dxdzzzfo A_C(E) dx .That is:

1

N1, (L /dep\?
V, =—=— (—) d 3.67
yTon ), \ax)
Where:
NI, t2

=] N, t;2dz 3.68
A, ‘

1

Where: A. is the area of the cross section.
I, is the polar moment of inertia of the cross-section about the longitudinal axis passing through the
shear center O.

Adding equation 3.61 and 3.67 gives the total potential energy:

El, [ (d®¢\° N1, (L dp\>
I1 —T (W) dx—EA—c . (E) dx 3.69
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3.1.2.2 Case B: Ends Prevented from Warp
This is a case where only twisting is applied with ends prevented from warping. Consider, for instance if

the column in Figure 3.1 is assumed to be circular bar as shown on Figure 3.5.

dx o

Figure 3.5: Small length of a circular shaft undergoing twisting

After twisting, point b of the shaft moved through an angle & to a new position, c. This caused shearing
of the shaft through angle y as shown on Figure 3.5. Since, the deformation is small, the angles (twist

and shear strain) are defined as:

d = sindg =5 = 2C 3.70
¢ =sind¢p = Pyt .

) bc bc
Yxy = SINYyy =w = Ix 3.71
From Equations 3.70 and 3.71, it is gathered that:

d¢
ny = TE 3.72
Now, consider r to be y. This makes Equation 3.72 to be:

d¢
Vxy = ya 3.73

On the other hand let r be z. This then makes Equation 3.72 to become:
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d¢
Yxz = Za 3.74

From Hooke's law, shear stress is mathematically defined as:
Tey = GVxy 3.75
Substituting Equation 3.73 into Equation 3.75 gives:

d
=G.y. df 3.76

Where G is shear modulus
Strain energy is defined as the product of stress, strain and volume of matter. Thus, average strain

energy is:

1
Uyy = E,[f U Tyy - Vay dy] dx dz 3.77

Substituting Equations 3.73 and 3.76 into Equation 3.77 gives:

=[5 [0 (62) axae] [[ 2] whavss
=[5 [ (42) e[ @] [[ 2] mhacss

GJ [ (dg\’
xy = 7J (E) dx 3.78
Where J is the St. Venant torsional constant defined as:

Ji =ffy2 dydz 3.79

The total potential energy of a column subject to torsional buckling is obtained by adding equations 3.69

and 3.78:

_ d’¢ d¢ G]
H—T (dx2> dx—7—f f 3.80
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3.1.3 Total Potential Energy Functional for Thin-Walled Column of Open Cross-Section in

Torsional-flexural Buckling

The strain energy for this case is obtained by adding Equations 3.25, 3.61 and 3.78:
EL, ( (d*w\” EL, ( (d?v)® El, [ [(d?p\° G [ /dd\>
=2z [ (22 (22 2 [(52) e+ = [ (3D) 81
U > (dx2> dx + > Tx? dx + > ez & + > f I dx 3.8
Where:

I, = ff z2 dA 3.82
A

I, = ﬂ y? dA 3.83
A

Iw = ff (y t; + Zbi)z dA 3.84
A

]=ﬂA (y+2)* dA 3.85

Subtracting Equation 3.33 from Equation 3.81 gives the total potential energy functional:

H—Efl d?w 2+1 d?v 2+1 d%¢ 2+G](dq,’>)2 Nx(dv)z Nx(dw>2 NI, (d(a)Z
2 ) % \dx? Y\ dx? @\ dx? E \dx E \dx E \dx EA "\dx

2yoN, dw d® 2zyN, dv d@
Where:
Iy = Ayo2 + A202 + Iy +1, 3.87

Equation 3.86 can be written in non-dimensional coordinate, R (where: R = x/L) as:
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E

M= —
213

. d?w 2+I d?v 2+I d?¢ 2+G]L2 (dd))z N, L? (dv)z N, L? (dw>2
Z\ dR? Y\ dR? “\dR? E \dR E \dR E \dR

N, I, L2 (d®)2+2y0NxL2 dw d® 2zoN,L* dv d
EA "\dR

dR 3.88

E  "dR’dR E 'dR'dR

3.2 Determination of the Differential Equation for the Flexural Torsional Buckling Analysis of
Thin-Walled Columns with Open Cross-Sections

The differential equations shall be obtained by minimizing the total potential energy functional with

respect to the displacement functions. v, w and ¢.

Minimizing Equation 3.88 with respect to v gives:

dIl E d*v L? I N, L? N, L? d*v
— =0=— 2L —— + L.T012 + L..[012 _[ _N_O] 2 _ X" g2 2~
=0 2Lg,fx(ydmn[m+(,)[O]+EGJ 2l - = j0p - 2
2 N LZ dZ@
X X
+ 2y0 0 - ZO E .W) dR
That is:
E d*v. N, L?d*v N, L? d?@
—J 21, -2 —2zy.—.— |dR =
213 ), dR* E dR? E dR?
That is:
LE (d*v\ d*v d*e 0 289
N2\dR*)  dRz “°'dRz ~ '
Minimizing Equation 3.88 with respect to w gives:
dIl E d*w L? Iy N, L?>d*w  N,L?
—=0=5> 2 —— 24+ —|G] = Ny—|(0)2 —2= ——=—0]?
dw 0 2L3fx (Iy[O] +2l dR* [0 + E [G] xA]( ) E dR? E (0]
N,L? d?@ N, L2
+2y0.T.W— Zg . E .0 |dR
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That is:

E d*w N,L? d*w N,L? d?¢
T8 0+2,—+0+0+2 O+2y0.T.——O dR =0
X

2 dR* E dR? dR?
That is:
o+212‘7l4w+0+0+21V oL dow _ 042y, 2 o
dR* E dR? "dR?
That is:
21, d'w +2 Nl d*w + 2y, N"—dez—(a =0
dR* E dR? E dR?
That is:
LE d4w d*w d*@
N, 2ar* T agz TYo g =0
Minimizing Equation 3.88 with respect to ¢ gives:
4 2 2
z—gzozz%fx <1y[012+12[01 +21a,3}fL [G] lej ZR(Z NEL [0]2 —
+ 2y, .N"LZ .dz—w — 2z, .N"LZ ﬂ) R
E dR? E dR?
That is:
— <0+0+21wd +2—[G] Y 0+ 2y,. NP dfw
213 ), dR* *AldR? E dR?
=0
That is:
4 2 2 g2 2 g2
21, ZRQ‘)* + 2—[6] in(; ZRQZ) + 2y, %%— 27, %% =
That is:
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3.90

N, L? d*v

E "dR?
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I,E d*¢ [G] I,1d%0 d?w d2v

LYty — 2y =0 3.91
N.ZdR* | |n, alarz TV qrz T % ggr?

Solving Equations 3.89. 3.90 and 3.91 simultaneously gave the following relations:

®=g,.v 3.92
V= g3 W 3.94

Where: g, g,and g5 are constants that will be determined later.

Substituting Equations 3.93 and 3.94 into Equation 3.88 gives:

E d?w\* L (dPw\* L(@PW\® GILEdwn\t N2 rdwy’
“:ﬁf \agrz) 95" \grz) 192" gpz) + 7 92 (d_R) g 93 (d_R>
NP (d_W)Z_NxLZIO Z(d_W)Z 2. 92YoN, L (d_W)Z
E \dR EA 7% \dR E "\dR
2. 9,937oN, L? (dw>2 iR
E "\dR
That is:
E 2w\’
1= TR (W) (I, + L. g5 + 1,. 92%)
(d_w>2 GJL? ; 2_1\fo2 4 _NxLZ _NxLZIO 0 +2.g2y0NxL2
dR E 92 E 73 E EA 72 E
_2-9293ZONxL2> dR
E
That is:
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E

d?w\’
- () (et b+ 002)

+( )(G] 2 1 fo + 2.
dR Nx-gz g Agz 920

N, L?
- 2.g2g320). £ dR 3.95
Equation 3.95 can be written as:
_E d"w 21 + (dw)z Nrl” dR 3.96
—213) |[\drz) " "\dr/ " E '
Where:
Ir =1, + 1. g3* + 1. 92° 3.97
GJ I
NT:N<N 92" — g3 —1—Z 92 +2923’0—29293Zo) 3.98

Equation 3.96 can be written as:
d?w\? N (dw>2 NpL?
dR? dR/) " El;

Minimizing Equation 3.99 with respect to w gives the governing Equation of the thin-walled open cross

_ElL
T 213

dR 3.99

section column undergoing torsional-flexural buckling as:

dIl EITf d4W d*w NpL?
dw

dR =0 3.100
dR* " dR?’ EITl

For Equation 3.100 to be true, its integrand must be zero. That is:

d‘w d’w NpL*

. = 101
dr* TRz EL 310

3.3 Determination of Buckling Load Formulas

The ready solution for Equation 3.101 is given by (Timoshenko & Gere, 1961) as:
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w = a; +ayR + az cos BR + a, sin BR 3.102

Equation 3.102 can be written in short form as:

w = hB, 3.103
Where:

B, = [aya,a3a,]" 3.104
h =[1 R cos BR sin BR] 3.105

Substituting Equation 3.103 into Equations 3.93 and 3.94 respectively gave:

® = g,.hB, = hB; 3.106
v =g;.hB, = hB; 3.107
Rearranging Equations 3106 and 3.107 gives:

B; = g,.B, 3.108

Bl = g3'BZ 3109

Substituting Equation 3.103 into Equation 3.95 gives:

E d2n\’
= ﬁf (W) B, (I + 1. 52 + L. 922)
dh ? G.] Io N L2
+ (E) BZZ- (N_x-gzz - g32 —-1- Z.gzz + 2.g2y0 — 2_g2g320> XT dR
That is:
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E

d2h\’
= 213 ( ) (I;-B2* + 1. g5*By” + 1y 92°B2*)

dR?

dh\* /G] 1
+ (ﬁ) (N_x-gzszz - 932322 - Bz2 - ZO-QZZBZZ + 2-92322}’0

) N, L?
—2.9,93B; ZO).T dR 3.110

Substituting Equations 3.108 and 3.109 into Equation 3.10 gives:

E d2h\> , , ,
H:ﬁ (W) (IZ'BZ +Iy-Bl +1w.B3 )
dh\* /G] Iy )
That is:
E d2h\> , , ,
H:ﬁf (W) (Iy-Bi® + 1. By" + 1, B3®)
dhy? X , (6] Iy ., N, L2
+<ﬁ> <_Bl —By" + N_x'_Z]'B3 —2-B1Bszo+2.BzB3y0>. 5 dR
That is:
5|6
N=—1 =) (I,-B,* + 1,.B,*> + I,. B5*
2L3 0 dRZ (y V4 w )
dnly ., e G,
_<E> (Bl +BZ + Z_N_x:lB3 +2'BlB3ZO
N, L2
- 2-3233)’0)- dR 3111

In a symbolized form, Equation 3.111 is written as:
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E
= —[kRR.(Iy.Bl2 +1,.B,* +1,.B5°)

213
2 2 Mo GI] 2 N, L2
- kR (Bl + B2 + |—— _] .B3 + Z.BlB3Z0 - 2.BzB3y0) . 3112
A N, E
Rewriting Equation 3.112 gives:
E L? N,.L? I N, L?
M= ﬁ<3121ykm + B,%L kg + B3*1, kgp + B3ZEG]kR — B;? ’; .ZOkR — B, =k
) N, L2 N, L2 N, L2
— B, TRR + 2B,B3y, 'TkR — 2B, B3z, 'TkR 3.113

Rewriting Equation 3.113 by collecting like terms (B together, B> together and B3 together) gives:

E 5 N, L? ) N, L? ) L? N, L* I,
H:ﬁ Bl kaRR_TkR +B2 IZkRR_TkR +B3 IkaR‘l‘EG]kR_TZkR
N, L?
E
N, L?
- 2313320 . E kR 3.114‘
dh)\?
Where, ki = (d—R) dR
d2n\?
ke = (G) R
3.3.1 Case of General Unsymmetrical Open Section
Minimizing Equation 3.114 with respect to By gives:
dll E N, L? N, L?
d_Blzﬁ ZBl kaRR _TkR _ZB3ZO. E kR =0
That is:
N, L? N, L?
Bl kaRR - TkR - B3Z0 . kR =0 3.115
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Minimizing Equation 3.114 with respect to B> gives:

dll  E L2 N, 12
d_BZ = ﬁ 2B2 IZkRR - kR + ZB3yO . E kR = O
That is:
LZ 2
BZ [IZkRR -= le + B3y0 . X kR = O 3116

Minimizing Equation 3.114 with respect to B3 gives:

dil E 12 N2 ] N, L2 N, L2
dB 2L3 2B3 I kRR + — G]kR E ZkR 2B2y0 . E kR - 2B120 . kR = 0
3

That is:

12 N L% I, N, L2 N, L2
B3 IkaR'l'EG]kR_ E ZkR +Bzy0.TkR—B1ZO.T

kp =0 3.117

Rearranging Equations 3.115 gives:

EL k
—ﬂ —~ Nx] — B3z, .N, =0 3.118
R

Rearranging Equations 3.116 gives:

El, kpr

B, [ —% — Nx] + B3yy . Ny = 0 3.119
I? ky

Rearranging Equations 3.117 gives:

Ely krr

Bs| 2 kg

+GJ — N,. A]+Bzy0N —Byzy N, =0 3.120

For pure flexural buckling case, the flexural critical buckling load is defined from Equations 3.118,
3.119 and 3.120 as:

NL?  kgg
EI kg

3.121

Where: I can be either I, I, or I, as the case may be.
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Rearranging Equation 3.121 gives:

_EI kg

Ne=7 % 3.122

Equation 3.122 is rewritten for various second moments of area as seen in Equation 3.118, 3.119 and

3.120:
cy = %-% 3.123
cz = %-% 3.124
cw = %-% 3.125

Substituting Equations 3.123, 3.124 and 3.125 into Equations 3.118, 3.119 and 3.120 respectively gives:

By[N.y — Ny] = B3zy .N, =0 3.126

B,[N.; — Ny] + B3yy.N, = 0 3.127
Iy

B, [(Nw +GJ) — Nx.z] + B,Yo .Ny — +B12z5 . N, =0 3.128

Rewriting Equation 3.128 gives:

I
B3[N¢—Nx.]ZO+BzyO.Nx—Ble.Nx =0 3.129
Where:
A
Ny = (Now + G - 3.130
0
El, kep.

0 ="Ti T Iy=1,,= [y.hi2 + IZ.bi2 = warping constant
R

I, is the second moment of area about (around) y axis and Iy is the second moment of area about
(around) z axis.

Equations 3.126, 3.127 and 3.128 can be put in matrix forms as:
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Ngy — N, 0 —2y . N,

B,
O NCZ - Nx yo Nx IO BZ — 0 3131
—Zo. Ny Yo- Ny [Ny — Nx']z Bs

For non-trivial solution, the determinant of Equation 3.131 must be zero. That is:

N¢y — Ny 0 —Zp - Ny
0 Ne=Ne yo-ls =0 3.132

—Zo. Ny Yo- Ny [Ng — Ny. ]ZO
Equation 3.132 is rewritten as:

a;; 0 as3][By

0 ay, axl||B|=0 3.133
az; Az aszllBs
Where:
ayq = N¢y — Ny 3.134
a3 = —Zy . Ny 3.135
A, = Ng, — Ny, 3.136
A3 = Yo - Ny 3.137
az1 = —Zy. Ny 3.138
aszz = Yo-Nx 3.139
asz = [Np — Nx-]%) 3.140
Solving Equation 3.133 gives:
anle? Bl +an|, 2[=0 3.141
31 a32

Solving Equation 3.141 gives:
ay1[azz. azs — az3. azy] + ag3[0.az; — azs.a31] =0 3.142

Simplifying Equation 3.142 gives:
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A11033.A33 — A11033. 035 — Aq3.03.a317 = 0 3.143
Substituting Equations 3.134 to 3.140 into Equation 3.143 gives:

Iy
(Ncy - Nx)(ch - Nx)- ([N(z) - Nx-]Z) - (Ncy - Nx)(yo -Nx)- (yO-Nx)

— (=29 .N,). (N, — N,).(=2.N,) = 0 3.144

Expanding Equation 3.144 gives:

Iy Iy Iy Iy Iy Iy Iy
—ZN,E + ZNxZNCy + ZNXZNCZ = NaNeyNe + ZNxZNq, = NaNeyNo — = NeeNez N
Iy
+ ZNCyNCZNQ, — Y02 Ney . Ny + ¥02 N> — Npzo? N2 4292 N> =0
That is:
IO 3 2 3 2 3 10 2 10 2 IO 2 2 2 2 2
—ZNx +v02.N,2 + 2,2 .N, +ZNx Ncy+ZNx NCZ+ZN,C Np — Y02 Ney . Ny> — Nepzp? N,
Iy Iy Iy Iy
- ZNchchz - ZNchyN(Z) - ZNchzNQS + ZNcchzNQ =0
That is:

Iy Iy
<y02 + 242 — Z) N3+ (Z [Ney + Nz + No| — v02 Ny — ZOZ.NCZ) N, 2

Iy

I
- NCZNQ) N, + ZONCyNCZN@ =0 3.145

Iy Iy
- (Z NeyNez + - NeyNo +

Multiplying Equation 3.145 by A/lp gives:
2 2 A 3 2 2 A 2
<[y0 + 2, ]E_ 1) N2+ (Ncy + Ngp + Ny — [y0% Ney + 2o .NCZ]E> N,

— (NeyN¢z + NeyNg + Ni;Ny)Ny + Ny Ne,Ng = 0 3.146

Rearranging Equation 3.146 gives:
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A A
(1 — [yo? + 242] I—) N3+ ([yOZ.NCy + ZOZ.NCZ]I— — [Ney + N, + N®]> .N,?
0 0

+ (NeyNez + NeyNg + NeyNg)Ny — NeyNe,Ng = 0 3.147

Rewriting Equation 3.147 gives:

D;.N,®> + D,.N,* + D3.N, + D, = 0 3.148
Where:
A
Dy =1—[yo*+ ZOZ]I_ 3.149
0
2 2 A
D, = [3’0 N¢y + 2 -ch]I__Ncy_ch_N(z) 3.150
0
D; = Ncchz + NcyN(Z) + NNy 3.151
Dy = —NgyN;Ng 3.152

3.3.1.1 Visual Basic Iterative Program for Determining the Roots of Polynomials In The Case of
General Unsymmetrical Open Section

An iterative program is written in Visual Basic language to determine the roots of polynomials as the

one presented on Equation 3.148.

The program is presented as:

Private Sub mnustart Click()

N = InputBox("WHAT IS THE Degree of Polynomial"): N=N * 1

ReDimA(N, N), B(N, N), A1(N, N), BI(N, N), C(N, N), Eig(N)

ReDimD(N + 1), T(N + 1), L(N)

"ROOT OF THE CHARACTERISTIC EQUATION BEGINS HERE

For X=1ToN+1

D(X) = InputBox([X], "ENTER D"): D(X) = D(X) * 1
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Next X

Z=N-1:X=2

Textl.Text = Textl.Text + CStr(D(1) & "L" & N)

For X=2ToN

Textl.Text = Textl.Text + (" +"& D(X) & "L" & Z)

Z=7-1

Next X

Textl.Text = Textl.Text + (" + "& D(X))

Textl.Text = Textl.Text + (" ") &vbCrLf: Textl.Text = Textl.Text + (" ") &vbCrLf
Textl.Text = Textl.Text + (" ") &vbCrLf: Textl.Text = Textl.Text + (" ") &vbCrLf
ForJ=1ToN+1

Textl.Text = Textl.Text+ (" D(" & J & ")=" & D(J)) &vbCrLf

Next J

Textl.Text = Textl.Text + (" ") &vbCrLf: Textl.Text = Textl.Text + (" ") &vbCrLf
Textl.Text = Textl.Text + (" ") &vbCrLf: Textl.Text = Textl.Text + (" ") &vbCrLf
F=0:FP=0:LL=-5:M=N:Z=0:CC=1

For X=1ToN

ForY=1ToN+1

F=F+D(Y)*LL"M

M=M-1

NextY

If F <0 Or Abs(F) <0.001 Then FF =0 Else FF = 1

KH = FF
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7000 If Z =100 Then L(X) =L(X - 1): GoTo 9000
LL=LL+0.1

ForY=1ToN+1

F=F+D(Y)* LL"M

M=M-1

Next Y

Z=7+1

If F <0 Or Abs(F) <0.001 Then FF =0 Else FF = 1
If Abs(F) < 0.001 Then GoTo 8000
M=N:F=0:FP=0

If FF = KH Then GoTo 7000

8000 L(X)=LL

9000

F=0:FP=0: M=N:Z=0: LL=LL+0.1

Next X

1000 Textl.Text = Textl.Text + (" ") &vbCrLf: Textl.Text = Textl.Text+ (" ") &vbCrLf
Textl.Text = Textl.Text + (" ") &vbCrLf: Textl.Text = Textl.Text + (" ") &vbCrLf
M=N:F=0:FP=0

ForJ=1ToN

For X =1 To 30

ForY=1ToN+1

F=F+D(Y)*L(J)"M

IfY =N+ 1 Then GoTo 20000
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FP=FP+M*D(Y)*L(J)"(M-1)
20000M =M -1
Next Y
If FP = 0 Then GoTo 30000
LJ)=L{J)-F/FP
30000M=N:F=0: FP=0
Next X
M=N:F=0:FP=0
Textl.Text = Textl.Text+ (" R(" & J&")="& L({J)) &vbCrLf
Next J
End Sub
This program only returns real roots. It does not return imaginary roots (complex number roots).
It displays the root as “R(i) = n”. Where: “R” is the root, “i” is the number (term) of the root and “n” is

the value of the root.

These roots are the buckling loads, Nx.

3.3.2 Case of Single Symmetrical Open Section
In this case it is assumed that the axis of symmetry is y axis. Hence, zo = 0. Substituting for zo equals

zero into Equation 3.132 gives:

Ny, — N, 0 0
0 ch - Nx Yo -Nx

Iy
0 yO-Nx [N(D _Nx-]z

=0 3.158

Equation 3.158 can be written as two independent equations as:

Ney — Ny =0 3.159
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ch_Nx yO-Nx

Iy
yO-Nx [N(Z)_Nx-]z

=0 3.160

The determinant of Equation 3.160 is:
2 A1y 2
[1 — Yo I_] Nx - [ch + N(Z)]Nx + NQ)NCZ =0 3.161
0

Equation 3.161 is rewritten as:

D;N,>+D,N, +D; =0 3.162
Where:
A
D, =1—y,2— 3.163
Iy
D, = —[N,, + Ny] 3.164
D; = NgN,, 3.165

Using formula for the roots of quadratic equation, it is obtained that:

-D, + /DZZ — 4D, D,

N, = 3.166
x 2D,

Substituting Equations 3.163, 3.164 and 3.165 into Equation 3.166 gives:

A

[N, + Ng] £ \/NCZZ + 2N,,. Ng + Ng? — 4NgN,, + 4y,? ENQ)NCZ

N, = 7
2 (1 - E)
That is:
A

[ch + N(D] i \/chz + N(Z)Z + ZN(DNCZ (ZyOZE - 1)

N, = 3.167

2(1-927)

Simplifying Equation 3.167 gives:
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_ (ch +N(Z) ioc)
x A
— 2
2(1-q 10)

Where:

3.168

0

A
x= \/NJ + Ny + 2NgN,, (2y021— - 1) 3.169

Alternatively, the program written earlier in section 3.3.1 can be employed to solve the quadratic

equation presented on Equation 3.162.

3.3.3 Case of Double Symmetrical Open Section

In this case it is the axes of symmetry are y axis and z axis. Hence, yo = 0 and zo = 0. Substituting for yo

=0 and zo = 0 into Equation 3.132 gives:

Ngy — Ny 0 0
0 Nez = Ny 0 =0 3.170
| .
0 0 [Ny — Nx.]ZO

Equation 3.170 can be written as three independent equations as:

Ncy —N,y=0 3.171
N,,—N,=0 3.172
Ny —N, =0 3.173

The least of Nx from Equations 3.171, 3.172 and 3.173 is the critical buckling load.

3.4 Numerical problems

The cross sections of column under consideration are as shown in Figure3.6.

i
N, ey | ey
AN (@) x
—N L]
L L L
il | » X

Figure 3.6a: Open cross section column under axial load
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O is the centroid of section

___7L.____t _____ i___

B is the shear center of the section

Yo
_4*
|
|
|
|
O | -
@ B? >y
Zo =0 i Ois the centroid of section
|
I ! B is the shear center of the section
A 4

Figure 3.6c: Section s-s (a single symmetrical open section),
Symmetrical about y axis

Yo=0
— T —1
Zn = 0 O ® o
B Ty
O is the centroid of section
' ' Bis the shear center of the section
Zvwy

Both O and B fall at the centroid

Figure 3.6d: Section s-s (a double symmetrical open section),
symmetrical about both y axis andP? axis



3.4.1 A Steel Unequal Angle with no Axis of Symmetry

The buckling of general unsymmetric unequal angle section with hinged ends as shown on Figure (3.6b)
is the problem to be solved here. The requirements for the shape functions are that they must satisfy the
geometric boundary conditions. The properties of the channel are tabulated as obtained from Steel
Designer’s Manual (7" Ed., 2012).

Section Designation is 200 x 150 x 12; Torsional index = X; Warping torsional constant = I,; St. Venant

torsional constant = J.

D (mm) (B (mm) |t (mm)|M (kg/m) |A Cy C,
I, (cm*)|Iy (cm?) |1 (cm®)
(cm?) (cm) |(cm)
200 150 12 32 40.8 (803 1650 494 6.08 |3.61

For pinned ends at x =0, x =L,

The ends of the column are free to warp and they can rotate about the x and y axes, but they cannot
rotate about the z axis. The ends cannot deflect in the x and y directions also.

The geometric boundary conditions for this column are:

v=0 (x=0,L);w=0 (x=0,L);6=0 (x=0,L)

The function that satisfies these boundary conditions is:

v =B, SinnR; w = B, SinnR; ® = B; SinnR

Dy .N,> +D,N, + D3 =0

Where:
, 4 A
D; =1-y I_;DZ =_[NCZ+N(Z)];D3 =N®NCZ;N®=(NC3/Z+G])I_
0 0

For the given shape function:
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1

d*h)’ g 1 n
N el — 4 ) — A —

0
[ [dh? g 1 n?
kR:,f[d_R] dRznszosandRznzxzz—
0 0

2
k
ZRR _ 42
kr
Hence:
El, EI, El, El, A
NCyZ:T[ZL_z; NCy:T[ZF;NCZ:T[ZL_z; (D:(TL'ZF-FG])E

The warping torsional constant, [ofor an angle section, according to Bleich (1952) and Picard and

Beaulieu (1991)is:

t3
— 13 13
I“’__36(d +b'?)

Where:

' =d—Y and b =b->
—eT an —P73

Therefore,

I, = e (200 12)3 + (150 6)3 = 493,793,664

® " 36 2 2) ) T

That 1S:

1, = 493,793,664mm®

I, = 803cm* = 8,030,000mm*

I, = 1650cm* = 16,500,000mm*
A = 40.8cm? = 4,080mm?

Yo = ¢y = 6.08cm = 60.8mm
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Zyg =€, = 3.61lcm = 36.1mm

Iy = Ayo® + Az* + 1, + 1,

That is:

I, = 4080mm? * (60.8mm)? + 4080mm? * (36.1mm)? + 16,500,000mm* + 8,030,000mm*
= 44,929,388 mm*

That is:

I, = 44,929,388 mm*

The St. Venant torsional constant, J for an angle section, according to Bleich (1952) and Picard and

Beaulieu (1991) is:
£3
J==5@ +b")
3
123 12 12
J=—=((200 - =) + (150 - =) ) = 194,688mm*

The modulus of elasticity, E of steel is 210 GPa (210, 000 N/mm?)

The shear modulus (the coefficient of elasticity for a shearing or torsion force), G of steel is 77GPa (77,

000 N/mm?).
EL, kgg
V=T g

_ 210,000 N/mm? x 16,500,000mm*

x 72 = 34,198,179.25 N
¢y (1000mm)? &

_ EIZ kRR

“ =T Ty

210,000 N/mm? x 8,030,000mm*
cz (1000mm)?2

x % = 16,643,113.90 N

Elw kRR

=T Ty
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210,000 N/mm? x 493,793,664mm°® ,
o = 10002 x 2 = 1,023,445,105.08 Nmm
A
No = (Ney + G -
0

y 4,080mm?
44,929,388 mm*

Ny = (1,023,445,105.08 Nmm? + 77,000 N/mm? X 194,688mm*)

That is:
Ny = 1,454,256.13 N
That is:

Ny = 1,454.26 kN
A
Dy =1-1[yo® + z°] -
Iy

4,080mm? B
44,929,388 mm*

D; =1 —[(60.8mm)? + (36.1mm)?] x 0.55

2 2 A
D, = [y0% Ny + 2o .NCZ]E—NCy—NCZ—N@

4,080mm?

= . 2 X . . 2 X . X
D, = [(60.8mm)? x 34,198,179.25N + (36.1mm)? X 16,643,113.90 N] 44,929,388 mm*

— 34,198,179.25N — 16,643,113.90 N — 1,454,256.13N

4,080mm?
44,929,388 mm*

D, = [3696.64mm? x 34,198,179.25N + 1303.21mm? X 16,643,113.90 N] x

— 34,198,179.25N — 16,643,113.90 N — 1,454,256.13 N
D, = —38,846,001.64 N

D, = —38,846.001 kN

D3 = NgyNgy + Ney Ny + Nz Ny
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Dy = 34,198,179.25N X 16,643,113.90 N + 34,198,179.25N x 1,454,256.13 N
+16,643,113.90 N x 1,454,256.13 N

D; = 643,100,454,920,246.00N?

D; = 643,100,454.920kN?

Dy = —N¢yN;Np

D, = —34,198,179.25N x 16,643,113.90 N x 1,454,256.13 N

D, = —827,710,518,330,083,000,000.00N3

D, = —827,710,518,330.083kN3

Di.N* 4+ Dy. N2+ D3.N, + Dy =0

0.55N,> + —38,846.001 kKN x N,* + 643,100,454.920kN? x N,930 — 827,710,518,330.083kN?
=0

N,* —70,629.09kN.N,? 4+ 1,169,273,554kN?. N,, — 1,504,930,000,000kN?3 = 0

Solving for the roots of this cubic equation gave only one real root as 1403.72kN

3.4.2 A Steel Channel With Only One Axis of Symmetry
The buckling of single symmetric channel section with hinged ends as shown on Figure (3.6¢) is the
problem to be solved here. The requirements for the shape functions are that they must satisfy the

geometric boundary conditions. The properties of the channel are tabulated as obtained from Steel

Designer’s Manual (71 Ed., 2012).
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Section Designation is 180 x 75 x 20 Channel

d (mm) |b (mm) [tw(mm) te Yo Zo
A (cm?) |I, (em*) |Iy (cm®)
(mm) (cm) | (cm)
180 75 6.0 10.5 [25.9 1370 146 2.87 0

For pinned ends at x =0, x =L,

The geometric boundary conditions for this column are:
v=0 (x=0,L);w=0 (x=0,L);6=0 (x=0,L)
The function that satisfies these boundary conditions are:
v =B, SinnR; w =B, SinnR; ® = B; SinnR

Dy .N,> +D,N, + D3 =0

Where:

, A
Dy =1-y, A
0

D, = —[N, + N(z)]
A
D = NoNez 3 No = (Ney, + ) -
0

For the given shape function:

4

d*h)’ il o, R
kRR:fW dRznme nRdR =1 x§=7
0 0

2

1 1
dhy? , , , 1 @
kR:_[[ﬁ] dR=7tjCos mTRdR =1 X§=7
0 0

kRR 2
TS
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Vo = 2.87cm = 28.7mm

zyg = 0cm = Omm

I, = 1370cm* = 13,700,000mm*

I, = 146cm* = 1,460,000mm*

A = 25.9cm? = 2,590mm?

Iy = Ayo®* + Az* + 1, + 1,

I, = 25.9cm? X (2.87cm)? + 25.9cm? x (0cm)? + 1370cm* + 146cm*

=1729.336 cm* = 17,293,360 mm*

The warping torsional constant is given by Galambos (1968) and SSRC(1998) in separate works as:

1-3a a? d't, .
+—(1+ = 7,269,217,776.70mm
6 2\ 6bt

I, = d'zb'%fl
The St. Venant torsional constant for a channel cross section is given by SSRC (1998) as:
1 143 143 4
J= §(2b t? +d'ty) = 67,770mm

The modulus of elasticity, E of steel is 210 GPa (210, 000 N/mm?2)

The shear modulus (the coefficient of elasticity for a shearing or torsion force), G of steel is 77GPa (77,

000 N/mm?2)

Ney = m2 ol _ 2, 210,000 N/mm? X 7,269 217,776.70mm _ ;¢ 23 760 goNmm?
cw =T 12 T (1000mm)? S ' ’ - o

That is:

N, = 15,066.30 Nm? = 15.07 kNm?2

L EL, , 210,000 N/mm? x 1,460,000mm*
y =T L_Z =1m° X (1000mm)? = 3,026,020.71N

Nc

That is:
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N, = 3,026.02 kN

,EL, 210,000 N/mm? x 13,700,000mm*
Ne, = — = 1° 10002 = 28,394,851.86N

That is:

N,, = 28,394.85 kN

A
Iy

LEl,

Nq):(n 7+G])

N ( 2 5 210,000 N/mm? x 7,269,217,776.70mm®
g =|\T

+77,000 N/mm? x 67,770mm*
(1000mm)? /mm mm )

y 2,590mm?
17,293,360 mm*

= 3,037,993,005.76N
That is:
Ny = 3,037,993.01kN

D, =1 24 =1—(2.87cm)? 25.9cm? = 0.876637192
1= 27V T M 1729336 cmt

D, = —[N,, + Ny] = —[28,394.85 kN + 3,037,993.01kN] = —3,066,387.86 kN
D; = NgN,, = 3,037,993.01kN x 28,394.85 kN = 86,263,361,356.01kN?
Dy .N,> +D,N, + D3 =0

D; .N,2 4+ D,N, + D3 =0

—D, + /DZZ — 4D, D,

N. =
x 2D,

4D,D; = 4 X 0.876637192 X 86,263,361,356.01kN? = 302,486,683,318.89kN?

302,486,683,318.89
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N = 3,066,387.86 kN + ,/(3,066,387.86 kN)2 — 302,486,683,318.89kN?
x 2 % 0.876637192

N,q = 3,469,536.55 kN
N,, = 28,361.88 kN
For a section of single symmetry, the lesser of N¢y, Nx1 and Ny is the critical buckling load. In this case,

Ny is lesser. Thus, the critical buckling load is:

N, = 3,026.02 kN

3.4.3 A Steel Stanchion With Double Axes of Symmetry

Buckling of double symmetrical H-section with hinged ends of open cross section (L=1) in Figure
(3.6b). The requirements for the shape functions are that they must satisfy the geometric boundary
conditions. The properties of the channel are tabulated as obtained from Steel Designer’s Manual
(Seventh Edition).

Section Designation = 203 x 203x46 universal column

d (mm) |b (mm) [tw(mm) te Yo 70
A (ecm?) |I, (em*) |Iy (em*)
(mm) (cm) | (cm)
203.2 |203.6 |7.2 11 58.7 1550  |4570 0 0

For pinned ends at x =0, x =L,

The geometric boundary conditions for this column are:
v=0 (x=0,L);w=0 (x=0,L); =0 (x=0,L)
The function that satisfies these boundary conditions are:
v =B, SinnR; w = B, SinnR; ® = B; SinnR

For the given shape function:

74



1

d*h)’ g 1 n
N el — 4 ) — A —

0
[ [dh? g 1 n?
kR:,f[d_R] dRznszosandRznzxzz—
0 0

2
kﬂ:nz
kg
Vo = 0mm
zZyg = 0mm

A = 58.7cm? = 5,870mm?

I, = 1550cm* = 15,500,000mm*

I, = 4570cm* = 45,700,000mm*

Iy = Ayo® + Az* + 1, + 1,

I, = 58.7cm? x (0cm)? + 58.7cm? x (0cm)? + 45,700,000mm* + 15,500,000mm*

= 61,200,000.00mm*

The formula for calculating the warping torsional constant, I,for an I-section or H-section is given by

Galambos(1968), Picard and Beaulieu (1991) in their separate works as:
1 2
lo =57 (d'“b3t;) = 142,896,480,083.35mm®

The formula for calculating the St. Venant torsional constant, J for an [-section or H-section is given by

St. Venant torsional constant, J for an I-sectionis given by Galambos(1968) as:
1 3 143 4
J=3 (2bt} +d'ty) = 204,573.82mm

The modulus of elasticity, E of steel is 210 GPa (210, 000 N/mm?)
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The shear modulus (the coefficient of elasticity for a shearing or torsion force), G of steel is 77GPa (77,

000 N/mm?)
N, Ely kee _ 5 210,000 N/mm” x 45,700,000mm? 94,718,590 N = 94,718.59 kN
= —,— = X = , , = , .
YT T, (1000mm)?
That is:

N, = 94,718.59 kN

v _Els kan _ ;210,000 N/mm?x 15500000mm* _ ol
=2 e (1000mm)? T oaney T oane

That is:

N,, = 32,125.56 kN

_Ely kga __, 210,000 N/mm? x 142,896,480,083.35mm®
=T G T (1000mm)?

= 296,169,663,024.38Nmm?
That is:

N., = 296,169,663.024kNmm2
A

Ny = (N¢o + G])I—
0

y 5,870mm?
61,200,000.00mm*

Ny = (296,169,663,024.38Nmm? + 77,000 N/mm? x 204,573.82mm*)

= 29,917,990 N = 29,917.99 kN
That is:
Ny = 29,917.99 kN
Ny = 94,718.59 kN; N, = 32,125.56 kN; Ny = 29,917.99 kN
The least of N¢z, Ney and Ny gives the critical buckling load. That is:

N, = 29,917.99 kN
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CHAPTER 4
RESULTS AND DISCUSSIONS
4.1 Presentation of results

The results obtained in this study are presented in this chapter.

4.1.1 Total Potential Energy Functional for Thin-Wall Column of Open Cross-Sectionin

Total potential energy functional of thin-walled column for flexural buckling

no Bl [ (2w ED j N"jL(dv)zd 41
- 2 axz) T2 dx2 dx dx 2 J, \dx x '

Total potential energy functional of thin-walled column for torsional buckling where the ends is

free to warp

El, [ (d*¢\° N1, (X/dp\?
H—T <W> dX—EA—C . (E) dx 4.2

Total potential energy functional of thin-walled column for torsional buckling where the ends are

prevented from warping

2\ 2
() e el () [ ()

2 dx? 7A_C
Total potential energy functional of thin-walled column for torsional-flexural buckling
1 d?w 2+1 d?v 2+1 d%¢ 2+G]L2 <d¢)2 N, L2 (dv) N, L2 (dW)
“\ dR? Y\ dR? “\dR? E \dR E \dR E \dR

Ny IoL? (az@)Z 2yoN, L2 dw d® 2zyN,L* dv do
EA "\dR E "dR’dR E 'dR dR

E
213

1=
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4.1.2 Governing differential equations
The general governing Equation of the thin-walled open cross section column undergoing torsional-
flexural buckling as derived in this work is presented as:

d*w d*w NpL?

. = 4,
dr* TRz EL >

4.1.3 Flexural critical buckling load

The general flexural critical buckling load equations derived in this work is presented as:

_EI kg

=_ 2R 46
T I2 ke

The flexural critical buckling load derived in this work for various second moments of area are

El, k
_ Lbly Kpgp
cy —_ F.E 4‘.7
El, kggr
cz — L—zzk— 48
R
El, kgg
cw — L—Zwk— 49
R
ly =1, = Iy.hl-2 +1,.b;* = warping constant 4.10

I, 1s the second moment of area about (around) y axis and Iy is the second moment of area about

(around) z axis

4.1.4 Buckling load formula for unsymmetrical open section of thin-walled column

The buckling load formula for unsymmetrical open thin-walled column section derived in this work is presented
as:

D;.N,> +D,.N,®> + D3.N, + D, = 0 411

Where:

78



A
Dl = 1 - [yoz + ZOZ]I_ 4‘.12
0

2 2 A
D, = [y02 Ney + 292 Ny - Ny — Nez — Ny 413
0
D3 = NgyN,, + NoyNg + NNy 4.14
Dy = —N,,N.,Ny 4.15

4.1.5 Buckling load formula for single symmetrical open section of thin-walled column

The buckling load formula for single symmetrical is presented as:

_ (ch +N® ioc)
x A
_y24
2(1- 10)

Where:

4.16

A
x= \/NJ + Ny + 2NgN,, (2y021— - 1) 4.17
0

A
Ny = (N¢o + G])I—
0

4.1.6 Buckling load formula for double symmetrical open section of thin-walled column

The buckling load formula for double symmetrical are presented as:

Ney — Ny =0 4.18
N, — N, =0 419
Ny — N, =0 4.20

The least of Nx from Equations 4.18, 4.19 and 4.20 is the critical buckling load.
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4.1.7 Results from numerical example
4.1.7.1 General unsymmetric unequal angle section
The results of numerical analysis for example case 1 is presented on tables 4.1 and Figure 4.1

Table 4.1 Critical buckling load of general unsymmetric unequal angle section with hinged ends

L (m) N &IN)
1 1454.256134
1.25 1420.798386
1.5 1402.623806
1.75 1391.665108
2 1384.552491
2.25 1379.676105
2.5 1376.188054
2.75 1373.607291
3 1371.644409
3.25 1370.116826
3.5 1358.621543
3.75 1183.510322
4 1040.194619
4.25 921.4180707
4.5 821.882168
4.75 737.6449375
5 665.7245561
1600
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Figure 4.1: Graph of Critical buckling against the length of column for general unsymmetric

unequal angle section.
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4.1.7.2 Single symmetric channel section
The results of numerical analysis for example case 2 are presented on Tables 4.2 and Figure 4.2

Table 4.2 Critical buckling load of single symmetric channel section with hinged ends

L (m) Nx(KN)
1 3026.02
1.25 1936.65
1.5 1344.9
1.75 988.09
2 756.51
2.25 597.73
2.5 484.16
2.75 400.13
3 336.22
3.25 286.49
3.5 247.02
3.75 215.18
4 189.13
4.25 167.53
4.5 149.43
4.75 134.12
5 121.04
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o
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Figure 4.2: Graph of Critical buckling against the length of column for single symmetric

channel section
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4.1.7.3 Double symmetrical section
The results of numerical analysis for example case 3 are presented on Tables 4.3 and Figure 4.3

Table 4.3 Critical buckling load of double symmetrical section with hinged ends

L (m) Nx(KN)
1 29917.99
1.25 19691.43
1.5 14136.26
1.75 10489.98
2 8031.39
2.25 6345.79
2.5 5140.09
2.75 4248.01
3 3569.51
3.25 3041.47
3.5 2622.49
3.75 2284.48
4 2007.85
4.25 1778.58
4.5 1586.45
4.75 1423.85
5 1285.02
35000
Z 30000
E 25000
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Figure 4.3: Graph of Critical buckling against the length of column for double symmetrical section

4.1.7.4 Comparison of Results with those of Jerath (2020)

The results obtained in this present study are compared with other existing theories to determine
its efficacy. The results of Example case 1 to 3 are compared with the results obtained from Jerath
(2020. The percentagedifference in results obtained in this study with respect to the corresponding
results obtained by the other theories is calculated as follows:

value obtained using present study — value obtained using model under comparison

Dif ference = x100%

value obtained using model under comparison

82



Table 4.4 Comparison of critical buckling load for general unsymmetric unequal angle section with

hinged ends

L (m) | Nx (kN) Present Study Nx (kN) % diff.

Jerath

1.00 1454.256134 1462.53 +0.57%
1.25 1420.798386 1412.59 -0.58%
1.50 1402.623806 1394.21 -0.60%
1.75 1391.665108 1403.50 +0.85%
2.00 1384.552491 1391.18 +0.48%
2.25 1379.676105 1365.88 -1.00%
2.50 1376.188054 1362.34 -1.00%
2.75 1373.607291 1366.87 -0.49%
3.00 1371.644409 1375.79 +0.30%
3.25 1370.116826 1383.82 +1.00%
3.50 1358.621543 1345.03 -1.00%
3.75 1183.510322 1175.89 -0.64%
4.00 1040.194619 1048.18 +0.77%
4.25 921.4180707 912.21 -1.00%
4.50 821.882168 829.10 +0.88%
4.75 737.6449375 730.27 -1.00%
5.00 665.7245561 658.07 -1.15%

Table 4.5 Comparison of critical buckling load for single symmetric channel section with hinged ends

L (m) | Nx (kN) Present Study | Nx (kN) Jerath | % diff.
1 3026.02 3005.83 0.67
1.25 | 1936.65 1920.00 0.86
1.5 1344.90 1355.00 -0.75
1.75 1988.09 980.00 0.82
2 756.51 749.00 0.99
225 [597.73 592.00 0.96
2.5 484.16 480.00 0.86
2.75 1400.13 396.00 1.03
3 336.22 333.00 0.96
3.25 ]286.49 284.00 0.87
3.5 247.02 249.00 -0.80
3.75 ]215.18 213.00 1.01
4 189.13 191.00 -0.99
425 |167.53 166.00 0.91
4.5 149.43 150.80 -0.92
4.75 | 134.12 133.00 0.84
5 121.04 120.00 0.86
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Table 4.6 Comparison of critical buckling load for double symmetrical section with hinged ends

L (m) | Nx (kN) Present Study | Nx (kN) Jerath | % diff.
1 29917.99 29750.00 0.56
1.25 119691.43 19800.00 -0.55
1.5 14136.26 14020.00 0.82
1.75 | 10489.98 10580.00 -0.86
2 8031.39 7960.00 0.89
2.25 |6345.79 6290.00 0.88
2.5 5140.09 5185.00 -0.87
2.75 |4248.01 4285.00 -0.87
3 3569.51 3530.00 1.11
3.25 [3041.47 3010.00 1.04
3.5 2622.49 2645.00 -0.86
3.75 [2284.48 2305.00 -0.90
4 2007.85 1989.00 0.94
425 | 1778.58 1755.00 1.33
4.5 1586.45 1600.00 -0.85
4.75 | 1423.83 1435.00 -0.78
5 1285.02 1270.00 1.17

4.2 Discussion of Results
The results of the numerical examples carried out in Chapter three were presented. In general, the
equations were found to be reduced to a system of algebraic eigenvalue eigenvector problem. The
buckling equations were found for single symmetric, double symmetric and general asymmetric column
sections. The buckling modes were found as flexural torsional buckling modes. For single symmetric
sections, it was found that the buckling behavior is described by a system of three homogeneous
differential equations, two of which are uncoupled. If the thin-walled column in this case is hinged at
both ends z = 0 and z = |, the solution of the one uncoupled buckling equation gives the expression for
the critical buckling load in the direction of the axis of symmetry. For general asymmetric sectioned
column the buckling mode was found to be a cubic polynomial. In the case of double symmetric
sections, it was found that the buckling modes are uncoupled and double symmetric columns could fail

by pure flexural buckling about the axes of symmetry or pure torsional buckling.
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Generally, from Figures 4.1 to 4.2, the critical buckling loads decreased as the length of the column

increased.

The results obtained in this present study are compared with other existing research to determine
their efficacy. The results of Example cases 1 to 3 were compared with the corresponding
solutions of the same problem presented by Jerath (2020) using differential equations method.
The results were found to be the same.

The result was further compared with the solution obtained by Iyengar (1988 solution, which
utilized the equilibrium of the deformed shape approach. Both solutions were found to be the

same.
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CHAPTER FIVE
CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

The research has introduced a clear and uncomplicated method for determining the critical buckling load
of thin-walled columns with open cross-sections. The specific objectives outlined at the outset have been

systematically addressed and achieved through analysis and computational methods.

Firstly, the total potential energy functional of a thin-walled column undergoing torsional-flexural
buckling was derived. This foundational step provided the basis for formulating the governing equations

that describe the stability conditions of such columns under combined bending and torsional loads.

Secondly, the differential equation governing the torsional-flexural buckling behavior of thin-walled
columns with open cross-sections was derived. This equation encapsulates the complex interplay

between bending and torsion, crucial for predicting critical buckling loads and modes.

Thirdly, an elastic buckling equation using energy formulation was derived. This equation provides a
direct means to determine the critical buckling load of thin-walled columns, essential for structural

design and assessment.

Fourthly, numerical methods were employed to solve practical problems related to torsional-flexural
buckling. The developed methods were validated through comparisons with established theoretical
results, demonstrating their accuracy and reliability in predicting buckling behavior under various

loading conditions.
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Finally, a Visual Basic program was developed to facilitate the practical application of the theoretical
formulations. This program allows engineers and researchers to efficiently analyze and design thin-

walled columns with open cross-sections, considering torsional-flexural buckling effects.

5.2 Recommendations

This work has demonstrated how to obtain the critical buckling load of thin-walled column of open
sections.

This method will be a very useful method in the analysis of torsional-flexural buckling of thin-walled
column of open cross section subjected to compressive loading. It is recommended that

1. this method be applied to the solution of thin-walled column of open cross section as it will reduce the
complexity involved in the analysis of such column.

2. The method could be further explored by using it to obtain the critical buckling load of a prismatic
column under a concentrated load.

3. Also, with the simplicity of this method it is recommended that this method be followed in the

analysis of column of any boundary condition.

5.3 Contributions to knowledge

This work has made great strides in the analysis of thin-walled column of open cross section,

contributing immensely to the body of knowledge in the analysis of thin-walled column. The following

are the contributions to knowledge by this work:

1. It has provided a simple approach to obtaining the buckling load of a hinged thin-walled column of
open cross section

2. Tt has provided a simple analytical method for the analysis of thin-walled column which lends itself
to simple mathematical computations, making it very easy to use for both manual computation and

also in computer aided computation.
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