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ABSTRACT

TheStability Analysis of Thick Laminated Anisotropic Plate using Third Order Energy
Functional is presented. Fourteen different boundary conditions were considered in this
research work thus SSSS, CCCC, SSCC, CCSS, CSSS, SSSC, SCSC, CSCS, SSSC, CCCS,
CSSC, SCCS, CCSC and SSCS. The shape functions for all the fourteen plates were derived
by considering the deflection and second derivative of deflection at the simple support edge
while the deflection and first derivative of deflection were considered at the clamped support.
The integral values of the differentiated shape functions, (K — values )of the various
boundary conditions were obtained. From these, the stiffness coefficients, k; of the various
boundary conditions were generated. Resolving from the first principle and by considering the
relationship between the in-plane displacement and out of plane displacement, the strain and
the stress functions for thick laminated laminated plate were obtained. The total potential
energy was formulated by adding the work done by external load to the strain energy equation.
Differentiating the total potential energy with respect to the deflection w, gave rise to the
governing equation. Four compatible equations were formulated also by differentiating the
total potential equation with respect to the two middle-layer in-plane displacements, (—uo, and -
Vo) and two shear rotations, (@yand @).. Numerical analysis for the different plate laminas
were conducted, considering different angles of arrangement The third order stiffnesses were
formulated for thick laminated anisotropic plate and the results from this present work were
compared with those from Ventsel & Krauthermmer (2001) The comparison showed
acceptable percentage difference of 0.01% & 2% level of significance in statistics. The
derived buckling loads for all the plates studied in this work, were compared with those from
Reddy, Megson and Chajes (Previous Researchers) and the percentage differences obtained
were within the range of 0.01% to 0.9%.. It is concluded that this method can be adopted in

solving a laminated thick anisotropic plate using 3" order energy functional

Key words: Boundary Condition, Stability Analysis, Critical Buckling Load, Polynomial Series, Third
Order Strain Energy, Shape Functions, Third Order Energy Functional
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CHAPTER ONE
INTRODUCTION
1.1 Background Information

Plate is an indispensable structural element which has been in use for a long period of time.
Plates are used in many engineering applications such as in the building floors, satellites,
construction of aircraft, ships, vehicles, bridges, shear walls, computer hard-disk drives, flat
part of a table, manhole covering and panels, and other complex structures (Birman, 2011 and
Volmir, 1974). There are properties that made plate element very unique and the variations in
these properties plays important roles in classifying the plate. The impact of the use of this
material cannot be over emphasized as it is seen in our everyday life. Due to the importance
and wide application of this structural material, several researches have been carried out with
the aim of maximizing its potentials for wider structural applications. Steel rectangular plates
are widely used in buildings, bridges, automobiles, and ships. Rectangular plate has width,
comparable to size of their lengths and so is considered as two dimensional plane element
unlike beams and columns. A plate shows different material properties round about its shape

and that include the poission’s ratio, Young elastic modulus of elasticity and flexural rigidity.

1.1.1 Stability Analysis.

The buckling analysis, most times is referred to as stability study. Buckling analysis of
anisotropic rectangular plate has been a center of focus for many researchers over the ages.
Many exact solutions for isotropic plates have been developed, unlike in the case of
anisotropic cases. Under compression, rectangular plate tends to buckle out of their plane. The
buckled shape depends on the force or load effect and the pattern of the support adopted. In
both cases, the plate element continues to carry loads in stable manner. Before now, the
stability of rectangular plates has received the attention of many researchers for several
centuries, its study has left much to be treated. The main purpose of stability analysis of a
rectangular plate is to determine the critical buckling loads and the corresponding buckled
configuration of equilibrium and the smallest value of the load producing the buckling is
called the critical buckling load. The plate leading from the stable to unstable configurations of

equilibrium always passes through the neutral state of equilibrium which can thus be



considered as a border state (lyengar, 1988). Buckling of a rectangular plate is of great
importance in the initiation of a deflection pattern, which if loads are further increased above
their critical values, rapidly leads to a very large lateral deflection. The plate leading from the
stable to unstable configuration of equilibrium always passes through the neutral state of
equilibrium. It also leads to large bending stresses which may cause complete failure of the

plate.

1.1.2 Laminated Plate

The thicker the plate higher the critical buckling load needed to cause buckling effect. Figure
1.1 shows an example of When two or more plates are combined together to form a laminate,
it is referred to as laminated plate. Each of the component is referred to as a lamina. The
characteristics of a plate is simply the individual featuresof the various laminas.a laminated

plate.

Lamina
>~ Laminate

Figure 1.1 A Laminated Plate

Both the thin and the thick plate, whether isotropic or anisotropic, have the tendency to
undergo lamination. Reissner and Stavsky (1961) formulated the laminated plate problem
considering the stress function and the transverse deflection regulated by two coupled
differential equations and got the solutions for an infinite two-layer plate subjected to different
types of transverse and in-plane static loadings. The same formulation was used for a more
general class of laminated plates. Dong, et al. (1962). Whitney and Leissa (1969) developed

the general governing equations of laminated rectangular plates in terms of displacements
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including inertia terms and thermal stresses. In the analysis, closed form solutions to the linear
differential equations, excluding external shear tractions, thermal effects as well as in-plane
and rotary inertias, were obtained for static deflection, vibration and buckling of
antisymmetric, cross-ply and angle-ply plates with all edges simply supported. Later
investigations by Dong, et al. (1962); Azzi and Tsai (1965) and Whitney and Leissa (1969)
confirmed that there exists coupling between transverse bending and in-plane stretching if

laminates are layered up unsymmetrical about the middle plane.

1.1.3 Plate Orientation and Different Boundary Conditions.

The buckling of a typical rectangular plate a shown Figure 1.2 was considered in this work .
These sides can either be Fixed, Clamped or Simply Supported. The naming of a plate is done
considering the support conditions at the various edges. For example, a rectangular plate of
SCCS means that the first edge is Simple, the second and third edges are Clamped supports
and lastly the fourth edge is Fixed support. Usually a plate is named in an anti-clockwise

fashion.
Yy
* Ist edee
a 2nd edee 4™ edee
v 3 edge
<l > X
b

Figure 1.2 Boundary Orientation of a Rectangular Plate



Typical illustrations of supporting conditions of different plate members are: simple support
edge, clamped edge, free edge, point support and elastic support. Table 1.1 shows the different
supporting conditions a plate can possess at its edges (Szilard, 2004). The naming of the
various plate sides, was done in the anti-clockwise direction.

Table 1.1 Symbols and Descriptions

Different Boundary Orientation

Plate Name Plate Diagram Plate Symbol

Simple-Simple-Simple-

Simple SSSS
AhAAAAAAA
< >
Clamped-Clamped-Clamped- pi < cccce
4.
Clamped > >
< >
VYVVYYVYVYYVYY
AAAAAAA
Clamped-Simple-Simple-
Simple CSSS

AAAAAA
Clamped-Simple-Clamped-

Simple CSCS

VYVVYYYVYY

AAAAAAALA

4—
Clamped-Clamped-Simple- Pl
<«
Simple :—_ CCSS
‘-




hAAAAAA
Clamped-Clamped-Clamped- E CCCS
Simple 3
‘.
VYVVVYYVYVYY
Simple-Simple-Simple- >
> SSSC
Clamped <
>
>
AAAAAA
Clamped-Simple-Clamped-
Simple SCSC
VVYVVYVYVYYY
Simple-Clamped-Clamped- P S
<+ >
Clamped < : SCCC
3 >
“Yvyvvvvvy
.
Simple-Simple-Simple- «
Clamped ¢ SSSC
>
AAAAAA A>
Clamped-Simple-Simple- :
Clamped > CSSC
>




Simple-Clamped- Clamped- >
Simple i sccs
4.
4.
4.
VYVYYVYYVYY
.
Simple-Clamped-Clamped- bl > SCCS
<
Simple > <
4.
< »
|
AAAAAAAA
<+ »
Clamped-Clamped-Simple - Pl >
4.
»
Clamped b > CCsC
< »
SSCS
Simple -Simple-Clamped-
Simple
YYVYVVVYVYY

1.1.4 Third Order Energy Functional

Just like in the case of Ritz and Galerkin methods respectively, when the order of the
polynomial deflection function is of two or four (fourth power polynomial) then fourth order
(differentiable up to four times) energy functional can be admissible. But the situation changes
when the order of polynomial is up to 3 for the analysis of laminated thick anisotropic plates.



Before now only second and fourth order energy functional have been used in the plate.
buckling analyses, even though not in laminated situation of thick anisotropic plate.. Third
order energy functional has not yet been employed for the this class of plate element. A
laminated thick anisotropic plate problem may arise where the order of polynomial deflection
is three (3). In this case the researcher shall be forced to use the second order energy functional
(as fourth order energy functional cannot be used). Third order energy functional, remains the

best option for this case where the order of polynomial deflection is 3.

1.2 Problem Statement

The buckling analysis of thick plate has not been given full attention, not minding the recent
increase in the use of laminated composite members in structural works. Thorough research
conducted in the course of this research work, shows that the reason behind this development
is traceable to the complexity associated with the analysis of thick plate members. The
analysis of isotropic plate members, where all material properties, like Poisson’s ratio,
Young’s elastic modulus of elasticity and flexural rigidity are the same in every direction, is
usually less cumbersome compared to the situation where there is no uniformity in those
listed material properties. This is the case of anisotropic plate members. Where as isotropic
plates have three engineering properties, of great interest anisotropic plates have five

properties which produce more complex equations in the analysis.

Considering a thick anisotropic plate as a thin isotropic plate underestimates the stresses in
the plate and most times this leads to serious error. Previous researchers have looked into
various aspect of thick plate analysis: Stability analysis (Fazzolari and Carrera, 2011; Tran et
al.,, 2017; Bouazza et al., 2016; Sahoo and Singh, 2015; Nali, Carrera and Lecca ,
2011;Ibearugbulem, Ibeabuchi and Njoku, 2014; Avalos and Larondo, 1995; Kim, Thai and
Lee, 2009; Wang, Xiang and Chakrabarty, 2001; Yang and He, 2018; etc).. The values of the
buckling load of thick rectangular plate can be generated by integration of Euler- Bernoulli
equation of forces. The complexities involved in derivations of these real displacement values,
make the analysis seem extremely difficult. Few researchers who have done work on
laminated plates considered thin Isotropic plate condition. Others who attempted laminated
thick anisotropic plate condition tried the case where all the material properties are the same in
all directions. A plate problem may arise where the buckling analysis of thick laminated
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anisotropic plate with say three polynomial shape function is the only solution. This is mostly
in construction of bridges and helipads. And so provision of well detailed third order

approach to this effect, will give much confidence in the analysis.

Also before now, the analysis of laminated thick anisotropic plate is usually done using,
second order or fourth order. Third order has not yet been employed. When a case of third
polynomial deflections of laminated thick plate arises, second other will be adopted. But if
there is third order energy functional, the researcher will be left with better option and for less
rigour will definitely choose third order functional. In view of this opinion, this research work
tends to fill existing Literature with well detail approach.

1.3 Aim and Objectives

The aim of this work is Stability Analysis of Thick Laminated Anisotropic Plate, using Third
Order Energy Functional. The objectives of the study are to;

(i) Derive strain equation of a thick laminated anisotropis plate.

(i) Formulate the stress equation of the thick laminated anisotropic plate.

(iii) Determine Stress-Strain relation for a lamina of a thick laminated plate
and translate from Local coordinate to Global coordinate system.

(iv) Obtain the Strain Energy, Total Potential Energy functional and
Governing equation of equilibrium by minimizing the Total Potential Energy
for a thick rectangular laminated anisotropic plate

(v) Carry out the numerical analysis of thick laminated Anisotropic plate
considering different edge/boundary conditions.

1.4 Justification of The Study

The work coversna a very important aspect of structural engineering, which is useful structural

Engineering. If the governing Equation is derived from the the Total Potential energy, on



integrating that, the displacement, which satisfies the condition are obtained, one can

confidently accept the results as more exact function for any arbitrary

challenge. The concise computer program developed in this work, can go a long way to save
the stress of lengthy equations that will be needed in solving any Thick laminated palte

situation.

Q) The availability of easier and more accurate approach will increase both the product
and the demand for the thick laminated anisotropic plate
(i) More researchers will be moved to work on the laminated thin anisotropic for the

cases of third or any odd order polynomial function.
1.5 Scope of The Study.

This study deal on thick rectangular anisotropic plate. The major area of concentration is on
the stability analysis of a plate member with non-uniform material properties in different
directions. The study is limited to stability analysis of thick anisotropic laminated plates using
third order energy functional,with the plate having three laminas. Fourteen different boundary
conditions shall be considered for the analysis. The following angle of orientation: 0° and 90°

were considered . The laminated case is as shown in the Figure 1.1.



CHAPTER TWO
LITERATURE REVIEW

2.1 Structural Plate Element

According to Ibearugbulem et.al (2014) a plate is a solid which consists of two parallel plane
surfaces separated by a small dimension called its thickness. Therefore, structural plates are
plane elements with small thickness, compared to the planar dimensions, bounded either by
straight or curved edges or boundaries. There are two types of loads applied to the namely
transverse load and in —plane loads. They are loaded with forces that are normal to the center
of the plate and distributed uniformly over either face of the plate (usually the top face). When
a plate element is loaded with a force normal to its surface, it is considered as Transverse
loading but when applied on the edges or boundary it is referred to as In —plane loading.
Perpendicular load on the mid plane of a plate produces plate bending. When a plate is loaded

beyond its bearing bearing capacity, it fails by buckling.

a) Tranverse Loading b) In-plane Loading

Figure 2.1: Loads on a plane

2.2 Classification of Plates

Considering t as the thickness of the plate with a and b as the in-plane dimensions, plates may
be classified into three groups, with respect to their various ratios and taking the member to be
a rectangular plate. (Ventsel and Krauthammer, (2001); Reddy, (2004)and Ugural,(1999)),
Considering these ratios, a plate can be Thick Plate, Membrane plate or Thin Plate. Membrane
plates, carry the lateral loads by axial tensile forces acting on the plate. These forces have the
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capacity to balance lateral loads applied to the plate membrane, due to their ability to produce
projection on a vertical axis.
Thin plate is further divided into two different classes.

i. The Stiff Plates and

ii. Flexible plates.

2.2.1 Stiff Plates: Stiff plates are flexural rigid thin plates. Their loads are carried in two
dimensions, mostly by twisting moments internal bending moments and transverse shear
forces. For such a plate, the middle plane deformation and the membrane forces are negligible
in Kirchhoff’s linear buckling analysis. Theory of thin plates assumes, points of the plate lying
initially on a normal to the center plane of the plate remains on the normal to the center
surface of the plate after bending. The normal stresses in the direction transverse to the plate

can be ignored. (Timoshenko &woinowsky-Krieger, 1987)

2.2.2 Flexible Plates: When a plate ratio of deflection to its thickness is greater than or equal
to 0.3, it causes lateral deflections which is accompanied by the stretching of the middle
surface. This type of plates are referred to as “flexible plates”. These plates represent a
combination of stiff plates and membranes. Flexible plates carry external loads by the
combined action of shear forces, internal moments and membrane (axial) forces. Usually the
membrane action predominates, when the magnitude of the maximum deflection is

considerably greater than the plate’s thickness.

2.2.3 Isotropic Plates

A structural plate element can be Isotropic or Anisotropic element. The isotropic case is
characterized with uniformity in its material properties, like Young Elastic modulus of
elasticity, Poisson’s ratio and flexural rigidity, in all directions. The exact solution for the
bending problem of fully clamped isotropic rectangular plates was obtained using the
generalized integral transform technique, (An and Gu, 2011).

The results (values) for the transverse deflections and bending moments of the structural
plates element (isotropic) under uniform loads were compared with the real solutions as
detailed by Timoshenko & Woinowsky krieger (1959) and found to be in the same while the

results of the transverse shear forces of the isotropic rectangular plates under influence of
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uniform loads corresponded to those, already in existence. Xu and Zhou (2010), proposed a
method for determining the stress and displacement distribution of transversely loaded
isotropic rectangular plates with continuously varying thickness and simply supported at four
edges in which based on the three-dimensional elasticity theory, in their work on the three
dimensional elasticity solution of transversely loaded isotropic rectangular plates with variable
thickness. The general expressions for the displacements and stresses of the plates under static
loads which exactly satisfies the governing differential equations and the edge conditions of
the plate were derived. The double Fourier sinusoidal series expansions to the upper and lower
surface of the plate, was used to determine the unknown coefficients in the solution. The use of
software gave results from a 3-D finite element simulation with a high level of correlation,

confirming the exactness and effectiveness of the method.

2.2.4 Thick Anisotropic Plate
While the plate whose ratio of the small dimension to its thickness ( a/t) is greater that 20 is
considered as thin, the case where the ratio is less than or equal to 20, is considered as thick
plate. These facts were considered while deriving the governing equations and natural
boundary conditions of an anisotropic laminated plate. Both the Ritz method of plate analysis
and Galerkin approach are based on energy principles. The Ritz method of analysis came up
with a more convenient approach for the derivation of the approximate solutions to edge value
(boundary result) challenges. The method also was found to be very suitable in resolving the
bending, buckling, and free vibration problems in plate element. Due to the fact that in the
equations of equilibrium, or equations of motion for the case of dynamic challenges, are
mainly satisfied approximately, the both the Ritz method of analysis and Galerkin methods are
considered to a great extent as approximate solutions. The secret of deriving convergence to an
exact solution for both the Ritz and Galerkin methods is simply by making suitable set of
functions to represent the displacements. To great extent, both the Ritz and Galerkin methods
often provide useful tools for obtaining solutions to complex boundary value problems.

When anisotropic materials are stressed in one of the principal directions, the lateral
deformations in the other principal directions could be smaller or larger than the deformation
in the direction of the applied stress depending on the material properties. For a general

anisotropic material, the matrix of material constants contains twenty one (21) independent
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material constants, because of symmetry. This means that all the strains are coupled to all the

stresses. Some materials such as wood, plywood, delta wood, and fiber-reinforced plastics,

etc., fall into this category. These materials possess natural anisotropy. Besides the plates

made of anisotropic materials, a number of manufactured plates made of isotropic materials
also may fall into the category of anisotropic plates: examples include corrugated and stiffened
plates, etc (Ventsel and Krauthammer, 2001). Such type of anisotropy is referred to as
structural anisotropy. When an anisotropic material has three mutually perpendicular planes of
symmetry with respect to its elastic properties, it is called orthotropic (i.e., orthogonally
anisotropic). Practical applications of orthotropic plates in civil, marine, and aerospace
engineering are numerous and include decks of contemporary steel bridges, composite-beam

grid works, plates reinforced with closely spaced flexible ribs, and reinforced concrete plates.

2.3 Buckling of composite plate

The mode of buckling most of the time depends on, the loading pattern on the plate, the
dimensions of the plate and the type of support, that is given to the structure . Buckling loads
are usually lower than those that are likely to cause failure on the plate member and the
simplest kind of buckling comes up whenever compressive loads are introduced on plates that
are simply supported in opposing boundaries and the unloaded edges are free, as shown in

Figure 2.2.

Z

Figure 2.2: A plate with in-plane load

13



A plate member built in this way most times acts in the same way like the plate that has fixed
edges. Here the critical load can be derived or obtained by applying the Euler theory. On
attaining the critical load, the plate is unable to carry any further load. Plates of different
shapes are often subjected to normal compressive and shearing loads acting in the middle
plane of the plate (in-plane loads), when being applied in construction work like naval and
aeronautical structures. This actually can give rise to buckling under certain conditions, as a
result of the load. Buckling or elastic instability of plates is of great practical importance.

Szilard (2004) explained this state of stable equilibrium, adopting the simple analogy which

considered the various states of equilibrium of a rigid sphere. He concluded that "if the sphere
is supported on a large concave bowl, its equilibrium is said to be stable”. Szilard (2004)
added by recording that "If we try to stress the equilibrium condition by introducing a small
displacement dx, the sphere, after some oscillations, comes back to its former shape.
In a situation where the plate is displaced from this equilibrium position by a small lateral
load, the initial configuration of equilibrium is said to be unstable, the displacement goes on
still further even when the acting force / load is withdrawn. Before now, many researchers
have conducted several research works both on the buckling of plates and the conditions of
composite plate elements using different approaches.

Hu & Lin (1995), carried out research on the buckling resistance of laminated plates element
which loaded symmetrically. This they did using material system which was subjected to
uniaxial compression. Their work was conducted using plates of different material properties.
These includes thickness, aspect ratios, central circular cutouts and different edge orientations.
Because of the differences in the properties mentioned, the optimal fiber arrangements,
together with the related optimal buckling loads of symmetrically laminated plates were also
examined.

Taking into account the needfulness of buckling analysis of composite structures in various
industrial applications, Darvizeh et al. (2004), carried out a comparative research on the
buckling characteristics of composite plates. These they did using mathematical modeling
developed in their work, for the case of generally laminated plate elements. The study also was
done by adopting the Rayleigh-Ritz method and generalized differential quadrature rule
(GDQR). Considering both the higher-order shear deformation theory and Ritz displacement
functions, relating to an arbitrary edge support, Xie et al. (2005) carried out investigation on

the buckling of laminated composite plates which are resting on the internal supports. They
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also investigated the buckling load under the influence of biaxial compressive load, taking into
consideration the effect of angle of lamination, end conditions, aspect ratio of the plate, and the
support, that is, the internal supports on critical buckling load.

In addition to the stability of plate element, Ni et al. (2005) studied on the buckling analysis
for rectangular laminated composite plates with biaxial compressive load acting on them. They
adopted higher-order shear deformation theory and a special displacement function, which
could express an arbitrary boundary support. This was finally brought into the method
adopted by Rayleigh-Ritz, and then the buckling modes were derived.

Zhong and Gu (2007) worked on stability of plates and also the exact solution for buckling of
simply supported plate element. The plate element was considered to be supported
symmetrically by cross-ply composite rectangular plates, under a linear boundary load. This
was formulated for moderately thick laminated plates, considering the first-order shear
deformation theory. Buckling loads of cross-ply rectangular plate elements were obtained for
different aspect ratios. In this work also, investigation was carried out to determine the effects
of load intensity variation and lay up configuration on the buckling load, followed by the
verification of their, results with the aid of the computer code ABAQUS.

Also on unified higher-order models obtained within the frame work of the Carrera Unified
formulation, lbrahim et al. (2012), carried out a buckling analysis of composite thin wall
beams. They adopted refined theory in their work and the buckling characteristics of flat
panels and laminated composite beam were brought into study to completely demonstrate the
efficacy of the work. It is however noted that shape functional, was assumed in their work.
Kshirsagar and Bhaskar (2008), illustrated more accurate free vibration analysis. Their work
was on the clamped unsymmetric cross-ply/Antisymmetric angle-ply/Functional graded
rectangular plates, adopting superposition of truncated infinite series. The approach was used
to analyze the case of all round clamped rectangular plate elements with different boundary
conditions. Thin rectangular plate was considered to posses both the bottom Elastic modulus
and the top Elastic modulus. Based on higher order zigzag theory, Singh and Chakrabarti
(2012), developed stability analysis of laminated composite plates using an efficient C° FE
model. Buckling of laminated composite plates were solved using finite element model, in
their work. They also considered different features such as edge conditions, ply arrangement,
the aspect ratio of the plate and the thickness of the plate element, with the thickness ratio,

ranging from 5 to 100. With the use of finite element method, Osman et al. (2017), illustrated
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the buckling analysis of thin laminated composite plates, and considering various
combinations of boundary conditions and aspect ratios the governing differential equation of
rectangular plate was formulated. Their work appeared to be in line with other results from
other sources, making the finite element method more reliable.

2.4 Existing works on stability of plates

The new version of differential quadratic method was used by Wang et al. (2006) to derive
buckling loads of thin rectangular plates for the case of non-uniform distributed in-plane
loading. Two different approaches were adopted by them in computing the results.

Firstly, by solving a problem in plane stress elasticity to derive the in-plane stress distribution
Secondly, by solving the buckling problem under the influence of the loads obtained in the
first step. Yu and Schafer (2007) carried out an analysis on the effect of longitudinal stress
gradients on the elastic buckling of thin isolated plate and two groups of thin rectangular
plates. These includes a plate that is resting simply on all four boundaries or edges and also a
plate element that is simply supported on the three edges with one longitudinal edge free. Here
also the opposite longitudinal edge is restrained against any form of rotation.

Many researchers before now have done a lot of works on the buckling analysis of plates.
Kobayashi and Sonala (1990) worked on the buckling of rectangular plate considering tapered
thickness. This was done using the power series, employing coordinate transformation. The
work gave an accurate buckling load parameter with rapid convergence, and they considered
that the buckling load depends on the plate thickness variation to a very large extent. Usami
(1993) generated a formular for effective-width of the plate element. This was used to predict
the strength variations of various plate assembled members in combined compression and
bending cases. He determined the ultimate strength of simply supported, initially imperfect
steel plates in compression and bending. This he handled using an elastic-plastic large-
displacement finite element approach. Not long after this, Ye (1994) adopted iterative
boundary element and finite element approach to study the nonlinear behaviour of rectangular
thin plates, with initial imperfections. The researcher detailed the imperfection in double
Fourier series and iterative boundary element and finite element approach were adopted, in his
work. Using the Spline function in both the iterative element and finite element method, the

imperfection was expressed by double Fourier series. Navin et al. (1995) used Rayleigh-Ritz
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solution together with a variational formulation and a first-order transverse shear deformation
theory to study the problem of buckling of arbitrary quadrilateral anisotropic plates with
different types of boundary conditions under combined in-plane loading. Several values were
gotten for isotropic, orthotropic and anisotropic plates with skewed geometries. Suemasu et al.
(1996) conducted an experimental investigation on the compressive buckling behavior of
orthotropic plate with a free edge delamination considering Rayleigh-Ritz approximation
approach. Values of the buckling load of the geometrically admissible buckling mode
obtained, shows that low local delamination buckling can occur at small load value when the
lamination is closer to the surface and its size appears bigger when compared with that of the
plate.

Xiang et al. (1996) conducted further work in this area by applying the first-order shear
deformation plate theory in the analysis of elastic buckling of symmetric cross-multiple
laminated rectangular plates with two parallel boundary. The researchers got the buckling load
factors by using a generalized Levy solution in solving the differential equations that govern
the buckling tendency of the laminates plates. Yao et al. (1997) studied the buckling strength
of different categories of rectangular plates under combined pressure and thrust. They
examined the influence of plate continuity and stiffeners on its buckling plastic collapse
behavior and also examined the influence of loading sequence of pressure and thrust loads.
They derived a semi-empirical formula to evaluate the elastic buckling strength of different
range of rectangular plate. Their works considered the plates under the influence of both the
lateral pressure and transverse thrust with the influence of plate continuity and stiffeners under
consideration. The method of load control procedure with direct iterations was adopted for the
continuation. The Rayleigh—Ritz kernel particle method for the post-buckling analysis of shear
deformable laminated plates was presented and here, the parameter continuation and the arc-
length continuation procedures were used for the solution of the resulting nonlinear algebraic
equations. Before this, the nonlinear deformations of a long rectangular elastic plate clamped
along its boundaries and subjected to in-plane biaxial compression has been resolved by other
researchers. The perturbation technique combined with Rayleigh—Ritz method, was used for
the local and global post-buckling analysis of stiffened rectangular plates. Capitalizing on the
advantage of this development, a mixed load—displacement control approach was developed to

allow the continuation through limit and turning points on a balanced scale. In the course of
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the work, different types of continuation algorithms were formulated based on the finite
element approach.

(Sun and Harik, 2013) used strip method to analyse the buckling of stiffened anti symmetric
laminated plates This they did by reducing the system of three equations of equilibrium
governing the buckling response of anti-symmetric laminated composite rectangular plates to a
single eighth-order partial differential equation in order to formulate the critical value of the
in-plane loads. The application of differential quadrature and harmonic differential quadrature
in buckling analysis of thin rectangular isotropic plates were compared by Omar (2004). From
the work, it was discovered that not only that Harmonic Differential Quadrature approach
gives more accurate values in terms of results but also needs less grid points than the
Differential Quadrature approach. Next to this was Azhari et al. (2004), who developed a
numerical approach, applicable both for the post-buckling analysis of skew and trapezoidal
plates, considering the virtual work pattern together with the natural coordinates. The
researchers in their work detailed how the post-buckling equilibrium path is controlled by the
Hookean strains. Their work also gave account of how the total potential energy generated, is
dependent on the compressive strain rather than stress. From the work carried out by Weaver
(2005), the derivation of the general buckling loads equation for the case of long rectangular
plates element with flexural anisotropic condition and simply supported boundary, adopting
the finite element analysis, was made possible to minimize the difficulties associated with the
derivation using bounded non-dimensional quantities. Azhari and Bradford (2005) did
extensive work on the use of bubble functions for the post-local buckling of plate assemblies
using the approach of finite strip. Their work shows that the use of bubble functions improves
greatly the convergence of the method with previous researchers. The two different refined
plate theories were adopted for stability analysis of both the isotropic and orthotropic plate
elements. The use of shear correction factor was neglected since the theory takes account of
transverse shear effects and parabolic distribution of the transverse shear strains through the
entire thickness of the plate element. The governing equation was derived using the principle
of virtual displacements.

Ahmed (2008) used numerical iteration approach to analyze the geometrical non-linear
vibrations of clamped circular plates with different ranges of thickness by taking the effect of
large amplitude motion. Taking the maximum thickness to be at the middle of the plate and

twice the value of thickness at the boundary, he observed that as the ratio increases, the
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nonlinear frequency  increases also and this modifies the corresponding mode shape.
Namiranian et al. (2009) carried out a study on the compression of plate and buckling behavior
of fused fabric composite. The study was done using a special designed clamp according to
Dahlberg’s test approach. It was discovered that the buckling behaviour of fused fabric
composite against lay-up interlining direction is in line with interlining buckling
characteristics. The work shows that fusible interlining lay-up angle have great effect on the
buckling parameters. Using Navier Method in a closed form solution, Seung-Eock et al. (2009
derived the values of a simply supported rectangular plate subjected to in-plane loading. Xu
and Zhou (2010) carried out a research work on the three dimensional elasticity solution of
transversely isotropic rectangular plates with variable thickness. In their work, they proposed a
method for deriving the stress and displacement distribution of transversely isotropic
rectangular plates element having continuous varying thickness and simply supported at four
boundaries. Considering the three-dimensional elastic theory, the general expressions for the
displacements and stresses of the plates under static loads, that satisfies the governing
equations and the boundary conditions of the plate are derived. Adopting the double Fourier
sinusoidal series expansions both the upper and lower case of the plate element, the unknown
coefficients in the solution are approximately determined. Using the two variable refined plate
theories, Piscopo (2010) studied the refined for buckling analysis of rectangular plates under
uniaxial and biaxial compression. His work considered for the case of one and two orthogonal
directions. His results were compared with that of other researchers who adopted the classical
thin plate theory, just to show the feasibility of his research.

Rakesh (2010) also adopting the principle of finite element procedure, modeled the elastic
buckling of thin plate element together with cold-formed steel members in shear. From his
work, a shear buckling energy solution and rotational springs were obtained. This rotational
springs is of great importance in quantifying the influence of cross-section connectivity on the
shear buckling stress. Ferreira et al. (2011) did a research work on the stability analysis of
isotropic laminated plates. This was based on third-order shear deformation theory of Reddy
using collocation with radial basis function to determine the buckling loads values of elastic
plate members. This is the reason for parabolic distribution of the transverse strains through
the thickness of the plate. Similar to this study, Tajdari. (2011) used finite element approach to
work on the effects of plate-support conditions, aspect ratio, and hole-size on the mechanical

buckling strength of the perforated plates. Here the plate is assumed to be subjected to linearly
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varying loading conditions. The study showed that the increase in the hole-size does not
necessarily bring reduction on the mechanical buckling strength of the perforated plates. In
addition that the mechanical buckling strength of the plate increases on clamped boundary
condition more than on the place with simply supported boundary condition. The edge with the
free boundary conditions improves the mechanical buckling strength of the perforated plate
more effectively compared to boundary with the fixed support condition. Ali (2011) used
equilibrium method to study the critical buckling load of thin plate. He also gave full detail of
a finite element model for a simply supported and simply supported - simply supported — fixed
— free rectangular plate. ABAQUS (V. 6.7) software was used for the study.

Sayyad and Ghugal (2012) in their study used the theory of exponential shear deformation
to obtain the buckling analysis of thick isotropic plate member under the influence of both
uniaxial and biaxial in-plane loads. This explains the parabolic distribution of the transverse
shear strains across the thickness and satisfies the zero fraction boundary conditions on top and
bottom areas of the plate without using shear correction factor. The principles of virtual work
was finally adopted to derive the governing equation, together with the boundary conditions.
Sandeep et al. (2012) using finite element approach, solved the buckling challenge of plate,
using eight node quadrilateral element and plate kinematics. This they based on first order
shear deformation approach and the study reveals that the buckling strength of the square plate
is highly influenced by partial edge compression, as compared to plate subjected to uniform
edge compression, but with increase in aspect ratio, influence of partial edge compression on
plate buckling load decreases. Luiz et al. (2013) in their research work, used constructed
design to optimize the geometry of simple supported, rectangular thin perforated plates
subjected to the elastic buckling. They used three different centered whole shape like elliptical
rectangle to get the critical buckling load. Bhaskara and Kameswara (2013) used the classical
plate theory to derive the governing equation for annular plate with elastically restrained
boundary support system to derive the critical buckling load parameters for ax symmetric and

asymmetric buckling modes.

The investigation of the different loading patterns of the core plate high-mode buckling
phenomenon was carried out by An-Chien et al. (2013) using cyclic loading test and finite
element analysis. The values gotten from their research shows that the proposed buckling-

restrained braces (BRBs) can sustain large cyclic strain reversals and cumulative plastic
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deformations in excess of 400 times the yield strain. In their conclusion, finite element
analysis can be used to predict accurately the high-mode buckling wavelength. Srinivasa et al.
(2012) carried out similar but on buckling of laminated composite skew plates. This was
conducted using finite element method. From their results, it’s deduced that the critical
buckling load factor increases with skew angle and the variation of critical buckling load factor
with the number of layer is not appreciable. Ibearugbulam and Ezeh (2013) adopting as a
shape function Taylor-Mclaurin's series carried out the analysis of the instability of axially
compressed Clamped-Clamped-Clamped-Clamped thin rectangular plate. Taylor-Maclaurin
series was truncated at the fifth term, in deriving the shape function and this satisfied all the
edge conditions of the plate. This later resulted into the critical buckling load of the plate shape
functions they derived and the values were finally substituted into the total potential energy.
Sayyad and Ghugal (2014) carried out research on buckling and free exponential shear
deformation theory. Their work was also extended to vibration analysis of orthotropic plates.
They produced the critical buckling loads and natural frequencies of orthotropic plate
elements. Using present higher order shear deformation theory they obtained values, that were
found to be in agreement with those derived by other several existing 15 higher order theories.
This is applicable in the buckling and free vibration behavior of orthotropic plates. Using a

two-dimensional improved Fourier series method,

Yufei et al. (2014) investigated a series solution for the case of in-plane vibration analysis of
orthotropic rectangular plates. The study was narrowed down to elastically restrained
boundaries. In their work, in-plane displacements were represented as a double Fourier cosine
series and four supplementary functions in the form of the product of a polynomial function,
with their values satisfying both governing differential equations and the boundary conditions
on a point-wise basis. In the same year, Da-Guang (2014) adopted deformation theory to
investigate the model of functionally graded material (FGM) rectangular plates having various
supported edges. These boundaries are considered to be resting on two-parameter elastic
foundations. In the study, the temperature was considered to be dependent and changes along
the thickness of the plate while Poisson’s ratio depends slightly on temperature. Based on
Mindlin assumption, a simple mathematical approach for solving the differential equations,
governing the buckling and bending analysis of thick rectangular plate was proposed by

Fatemeh (2016). His work considered a case of simply supported plates resting on two-
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parametric foundation. The plate elastic modulus was assumed to differ according to a simple
four parameter power law across the plate thickness. For the bending analysis both sinusoidal
and uniform loads were introduced to the plates while for the case of buckling analysis, both
uniaxial and biaxial in plane loads were applied to the plates. The differences of Functionally
Graded, FG Material profile, thickness ratio and foundation parameters on buckling critical
load and out of plane displacement were investigated. The values obtained both for the case of
bending and buckling analysis proved to be similar with those presented by Civalek (2009)
and Thai and Kun. (2015).

2.5 Study on uniaxial buckling

Bouazza et al. (2009), work on the buckling analysis of functionally graded plates, considering
the case of edges that are simply supported. Their work covered, the use of the first order shear
deformation theory in the study of the thermal buckling analysis of Functionally Graded
Materials (FGM). In their study, the material properties were varied continuously in the
thickness direction according to a sigmoid distribution, followed by the analysis of the thermal
buckling behaviors under linear, uniform and sinusoidal temperature rise throughout the plate
thickness. The effect of volume fraction distribution, system geometric parameters and
temperature field were also studied. The values they obtained were compared with those got,
applying the classical plate theory and it was found that in thermal buckling analysis, the rapid
decrease of the critical temperature gradient is brought about by increased in the geometric
parameter a/h. It was also observed that as the plate aspect ratio increases, the critical
temperature also decreased and the plate element takes a thinner shape. Singh and Chakrabarti
(2012) formulated an efficient C° FE model. They based their work on higher zigzag theory for
the buckling analysis of plates. In their work, the first model differential values of transverse
displacements were treated as independent variables so as to overcome the problem of
continuity associated with finite element implementation of the plate theory. Adopting the
penalty parameter approach in their model, they compensated the C° continuity of their Finite
element model in a stiffness matrix calculations. The numerical values for the normalized
critical uniaxial buckling loads with different modular ratios for a simply supported cross ply
square plate for a thickness ratio of 100, 20 50 and 5 were compared with those presented by
Fieldler et al. (2011). The results obtained were in good agreement. For the case of thickness

22



ratio of 10, results derived for the normalized critical uniaxial buckling loads were also
confirmed to be in very good agreement. Based on the outcome, it was therefore concluded
that proposed model is very good and useful in predicting the buckling behaviour of laminated
composites thin plates, for the situation of clamped-clamped-clamped-clamped edges and also
uniaxially loaded plate element.

Ventsel & Krauthermmer (2001) explained that for the solution of a biaxially uniformly
compressed simply supported square plate. According to them, if the square plate is
compressed in two ways, by two equal system of forces, the critical value of these forces is
two times less than that for the case of square plate compressed by the same force, but
introduced in one side. Jayashankarbabu & Karisiddappa (2013) carried out research work on
the buckling of thick plate. The plate under study having an eccentric cut out. The finite
element method was adopted, in their work, they derived the elastic buckling load factor for
square plates of different boundary conditions (Simple-Clamped-Simple-Clamped, Clamped-
Clamped-Clamped-Clamped, Simple-Simple-Simple-Simple) containing square and circular
cutouts subjected to uniaxial compression. Here the loads applied are considered to be applied
both at the simply supported and at the clamped edges. Similar to this Srinivasa (2012) using
the finite element method, worked extensively on the buckling of laminated composite skew
plates. His work carried out thorough investigation on the effects of the aspect ratio, skew
angle, fiber orientation angle, length to thickness ratio, and numbers of layers in the laminate
and laminate sequence on the critical buckling load factor for anti-symmetric composite
laminates. From their findings, it shows that the critical buckling factor increases with
corresponding, increase in the skew angle. Another significant observation is that the variation
of critical buckling load factor with the number of layers is not appreciable, when the number
of layers in the laminate is much. Like et al. (2015) came up with style of plate analysis, but
the case of simply supported on all edges. As detailed in their work “Semi-analytical finite
strip transfer matrix method for buckling analysis of rectangular plates”, this method was
adopted in the discretization of rectangular thin plates, with loaded edges being simply
supported by the semi-analytical finite strip technology. The global stiffness matrix of the
system is not needed in this method, and this reduces the matrix order and thereby improving
the computational efficiency. From comparism of values derived from both this method and

other existing values, it shows that the method is not just reliable and but effective.
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2.6 Energy methods in stability analysis

Most at times, the energy methods usually referred to as the direct method of calculus of
variation. These are amongst the most important approximate method of mathematical physics.
These methods are mostly adopted in resolution of difficult value problems. The main purpose
of the variational approach is to obtain from a group of admissible functions those that
represent the deflections of the elastic body, as it relates to its stable condition. Szilard (2004)
proposed that the increasing difficulty in the geometrical arrangement, boundary conditions of
plate and loadings on plate, the rigorous mathematical determination of the buckling load of
the plate becomes progressively more complex and at the end unachievable. According to him,
the differences in the solution of the buckling analysis needs the evaluation of certain simple
and definite integration. To this extent, the required computational work can be resolved by
choosing suitable orthogonal shape functions. According to (lyengar, 1988), there is need to
look for approximate techniques which have the ability to converge to the exact solution and
one of such technique is the energy approach. Still on the subject, Reddy (2004) went on to
explain that equations governing a physical problem are themselves approximate, stating that
that the approximations were brought about through many sources, including the geometry,

representation of detailed loads and various edge orientations.

2.7 Importance of energy method
According to Szilard (2004), energy method have very good advantage from the following:
i.  The methods are usually easier, both in terms of conception and its mathematical
applications.
ii.  The Energy methods are extremely strong tool in deriving reusable analytical solution
even for plate of arbitrary shape and edge arrangement.
iii.  The Energy method gives a valuable preparation for good assimilation the principles of
FEM (finite element methods).
iv In determining the critical buckling loads, energy methods helps to reduce that problem
both to the determination of certain definite integrals and the solution of eigen values
problems. Among the methods includes,
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2.8 Rayleigh Ritz method

This energy method work with the principle of minimum potential energy. According to (
Ventsel and Krauthammer, 2001), in Rayleigh-Ritz energy approach, all displacements that
satisfy the edge conditions, those making the total potential energy of the structure to be
minimum are the such deflections pertinent to the stable equilibrium state. After choosing the
shape functions, substitute the edge conditions into it, to minimize it to a peculiar shape
function and also putting this peculiar shape function into it to reduce it to potential energy
functional. This will finally be integrated over the domain to reduce it to a function of
generalized coordinates. The method has a good advantage over the equilibrium approach
because it can resolve challenges (though approximate) that are very difficult to handle using
equilibrium approach. It also has the ability to converge to exact solution as the number of
terms in the assumed shape function tends to infinity.

Advantages and disadvantages of Ritz method
Ventsel and Krauthammer (2001) detailed the advantages of Ritz methods over
other methods as stated below;

i The basic advantage lies on the fact that the coordinates functions Fi(x,y) must
satisfy the kinematic (or geometrical) boundary conditions only. Therefore, the area
of an application of the method to the plate bending problems is wider than that of
classical analytical method to the plate bending. Thus, the Ritz method is very
efficient for the analysis of plate having free edges and for plates with openings.

ii. The matrix of the linear algebraic equation is always symmetrical, resulting in
stable and powerful logarithms for their numerical solution.

iii. Ritz method can be applied to rectangular plate of variable thickness successfully,
because there is no difference between the expressions of for plates of constant and
variable thicknesses.

iv. Ritz method serves as the basis for finite element method.

According to Ventsel and Krauthammer (2001), the disadvantages of Ritz methods are;
I Ritz method can be applicable only to simple configurations of plates (rectangular,
circular etc) because of the complexity of selecting the coordinate functions for

domains of complex geometry.
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ii. The Ritz method approximation results in the complex matrix of linear algebraic

equations that produce some difficulties in its numerical implementation.

2.9 Galerkin’s method
This method can be applied successfully to different types of problem as small and large
deflections theories, linear and non-linear vibration and stability of plates and shells, provided
that the differential equations of the problems under investigation have already been
determined. Ibearugbulem et al (2014) stated that the following assumptions were made during
the derivation of the Galerkin’s equation:

(i)  The governing differential equation is an equilibrium equation of all forces.

(if) Multiplying the governing differential equation by the plate displacement shall result to

work done on the plate.

(iif)  Since continuity exist within the domain of the plate and throughout the loading period,

then both the loads and the plate made the same displacement.

(iv) Since the load and the plate made the same displacement then the total work performed

by them must be in equilibrium.
Comparing the Galerkin’s method with the Rayleigh-Ritz method, lyengar (1988), stated that
“unlike the Rayleigh-Ritz technique the approximating function in Galerkin method must
satisfy both the geometric and natural (Kinematics) boundary conditions. This restricts the
choice of the approximate function. He further emphasized that “many a time, the results
obtained by this method is better than that given by the Rayleigh-Ritz technique. Szilard
(2004) in his own conclusion stated that the Galerkin’s method is more general than the Ritz
method. Other energy methods applied in the analysis of plate includes the Kantorovich
method, in which Kantorovich introduced a solution procedure that falls between the exact
solution of the plate differential equation and Galerkin’s variational approach. He separated
the variables and reduced the task of solving partial differential equations to solving ordinary
differential equations of the fourth order. Also we have the Vlasov’s method, the principle of
conservation of energy, Finite Element Method, Morley-Trefftz method, the modified
Castigliano’s theorem, the complimentary energy method, weighted residual and the

Hellinger-Reissner variational principles.
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2.10 The classical plate theory

Classical plate theory is mainly governed by Kirchhoff’s hypotheses. This theory is also
known as small deflection theory. According lyengar (1988), Ugural (1999), Ventseland
Krauthammer (2001) and Ibearugbulem (2014). The idea of the hypotheses, are :

i The deflection (w) which occurs at the mid-surface (mid-plane) is small when
compared with the thickness of the plate, and in some cases, its assume the plate
deflection is less than 20% of the plate thickness (w < 0.2 t), considering the
thickness of the plate as t. The plate deflection have a slope (O) that is so small,
that its square is negligible when compared to one (O < 0.1 radians).

ii. Before, during or after bending, it’s observed that, the mid-surface (neutral
surface/neutral plane) of the plate remains unstrained. It does neither compress nor
stretch.

iii. A cross plane (cross surface) that is initially straight before bending shall remains
the same after bending. Assume the plate is made of xy plane as the major
horizontal plane and xz and yz planes as the two vertical planes of the plate. xz and
yz planes that are straight (not curved) before bending shall remain straight after
bending. Hence, the vertical planes remain unstrained (not stretched and not
compressed). Consequently, the vertical normal strain ¢; and the vertical shear
strains ¥x; and ¥y, are assumed to be zeros.

iv. According to Ibearugbulem et al. (2014), the stress (due to distributed load)
applied perpendicular or normal to xy-plane o is considered to be of no effect
(negligible).

Plates with two opposite edges simply supported and the other two edges free subjected to a
central line load were studied as a specific example. Three different thicknesses including thin,
moderately thick and thick plates were considered in the research. It was shown that by
employing a pattern, stress difference at the critical sections of the plate could be obtained.
Numerical results were compared with those from a thin plate theory and a higher order thick
plate theory and were found to be approximate. Guedes & Gordo (1995) investigated the
compressive strength of rectangular plates under biaxial load and lateral pressure. Sebastian
(1980) came up with detailed approach for investigating thick rectangular plates using three-
dimensional photo-elasticity using the stress-freezing technique. They formulated equations to
solve the strength of plates subject to biaxial compressive loads considering the effect of initial

27



distortions and residual stresses. These equations to solve the strength of plates subject to
biaxial compressive loads, were then extended to the case of simultaneous lateral pressure
loads and were shown to be consistent with slenderness and aspect ratio of the plate.

Khamail (2011) further conducted research work on the out of changing ratio on geometrical
non- linearity of thin plate element (steel) under transverse load, with the main aim of
determining whether the structural efficiency of structural plates could be increased with
different thickness. Also, the large displacement analysis of structural plate element (steel)
considering variable thickness at the x-direction numerically, using the finite differences
approach was conducted by him. The edge conditions of the plate element, alteration of the
ratios, tapering of the equation and aspect ratio of the plate on large deflection behaviors of
rectangular plates were also studied. From his research work it is observed that the large
deflection is very sensitive for thickness variation (tapering ratio) where the maximum
deflection will improve with about five percent for slenderness ratio and tapering ratio of
simply supported plate.

Bejan’s contractual design to optimize the geometry of simply supported, rectangular thin
perforated plates subject to elastic buckling, was adopted. Three different center hole shapes
were considered. These holes includes elliptical, rectangular and diamond. They used an
objective function to maximize the critical buckling load and kept the degree of freedom (ratio
between the length of the plate) constant while the ratio between the characteristic dimension
of the holes was optimized for several fractions. The Lanczos method, based on the finite
element method was employed in conducting the analysis. The outcome of the numerical
analysis showed that, for smaller values, the optimum geometry is the diamond hole and that

for average or larger values of the elliptical and rectangular hole respectively.

2.11 Boundary conditions of a plate

In the analysis of a plate, that differential equation of equilibrium derived, during the
distribution of stresses in a plate, is referred to as Boundary conditions. The boundary
conditions of plate must be with respect to given stresses or displacement at the boundary of
the plate element (Ugural 1999).These conditions provides enough information on the surfaces
of a plate which must be well explained and resolved in order to generate suitable result.
Depending on the condition of the plate whether simply, clamped or free edge support that

causes force and moment or both, the slope and deflection or this normally take place at
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the edges of a plate. In the analysis of a rectangular plate, for plates with C, Clamped edge or
F, Fixed edge, the deflection and slope are zero while in the case of S, Simple edge support,
the deflection and bending moment Mx are both zero. In a situation where thee Free support at
the boundary condition , no stress acts over this boundary, therefore stresses and the stress
couples occurring at this boundary edge are equated to zero. For the case of an isotropic
rectangular plate, the non- essential and essential boundary conditions are the two types of
boundary conditions. Those conditions that are related to the geometry of a continuum at the
boundaries (shape) are considered as essential conditions. Most times are called geometric or
kinematic boundary conditions. Examples of kinematic boundary conditions are the
deflections and slope (rotation) at the boundaries. The two examples are the conditions of
bending moment and shear force at the boundary of the continuum. Those conditions that are
related to the mechanical behavior of a continuum are referred to as Non-essential boundary

conditions. They are also called the force boundary conditions or dynamic conditions.

2.12 Features of a thin rectangular plate

The fundamental assumptions of the elastic, linear, small — deflection theory of bending in thin

plates element, can be detailed as follows, according to Ventsel and Krauthammer (2001)

(i) The plate element is elastic, homogeneous and isotropic. That means the flexural rigidity,

poison ratio, young elastic modulus are uniform in all the directions of the plate.

(it). The plate member is characterize with flat surface.

(iii) The thickness of the plate appears bigger than, the deflection at the mid plan of the plate.

The slope of the deflected surface is therefore very small and the square of the slope is a

negligible quantity in comparison with unity.

(iv) The "hypothesis of straight normals" is observed. This is a situation where the straight
lines, initially normal to the middle plane before bending, maintains a straight shape and
normal to the mid surface during the deformation, without any alteration in the length.

(v) The stress perpendicular to the mid plane surface of the plate element is of small value
when compared with the other stress component and may be ignored in constitutive
relations.

(vi) It’s assumed that the middle surface remains unrestrained, since the displacements of a

29



plate is small after bending.

2.13 Features of a thick rectangular plate

From the look on the nature of a thick rectangular plate it can deduced that a plate has to be
analyzed as a three dimensional case. This reason is simply because of the mathematical
difficulties that may arise in the analysis of such plate. To overcome this, the plate is reduced
either to two dimensional or one dimensional case, considering the following facts;

i The thickness of the plate is very small as compared to the other two other
dimensions (lyengar, 1988). This assumption requires the satisfaction of only two
boundary conditions, though there are three of such conditions at each boundary of
a plate element.

ii. The transverse shear deformation is not put into consideration, in thick plate theory.

Table 2.1 contains the

summary of the subject and facts together with the observed

differences between the present work and that of the previous researchers.

Table 2.1: Summary of Previous Research Works on the Analysis of Thick Plates.

S/No. Author(s) and Period Subject and Facts Observed Diff.
Numerical Study of Buckling of Thin | (i) The author
Plate adopted only
The author used equilibrium method | software in the
to study the critical buckling load of | analysis of the
thin plate. He also gave full detail of | work
1 Ali (2011) a finite element model for a simply (i) The case of

supported and simply supported -
simply supported — fixed — free
rectangular plate. ABAQUS (V. 6.7)
software was used for the study

thin rectangular
plate was
considered.

(ii) Only Simply
Supported and
Fixed boundary
was considered

An-Chien et. Al.(2013)

in his work.
High — Mode Buckling-restrained | (i) Polynomial
Brace Core Plates shape functions
The authors adopted Cyclic Loading | were not

Test and Finite Element Method in
their analysis. Their work yielded
buckling wavelength but no account

considered in
their theory.
(i) Their

30




of buckling coefficient.

analysis was
computer based.
(iii)Third order
energyfunctional
was not used.

An, C., & Gu, J.J,
(2011).

Integral Transform Solution of

Bending Problem of Clamped

Orthotropic Rectangular Plates.
The authors derived the exact
solution for the Pure Bending
problem of fully clamped Isotropic
Rectangular Plates, using the
generalized Integral transform
technique.

(i) The authors
studied the case
of fully Clamped
Plate.

(ii) Their
research didn’t
include the case
of Anisotropic
Thick plates.
(iii) Their work
did not cover
buckling of
laminated plates.

Abdul-Razzak,
et.al.(2007)

Free Vibration Analysis of

Rectangular Plates using Higher
Order Ordinary finite Layer Method.
The authors limited their work
to free Vibration Analysis. External
forces are assumed to be applied
slowly in static analysis, in such a
way that the loads and the resulting
stresses and deformations are
independent of time. Many
components of machines and
structures are subjected to dynamic
effects, produced by time-dependent
external forces or displacements, in
engineering practice

(i)The authors
limited their
work to their
Free Vibration
Analysis .

(i) Third order
energy
functional was
not adopted in
their work

Bending, Vibration and Buckling of
Laminated Composite Plates Using a
Simple Four Variable Plate Theory.
They used simple trigonometric shear
deformation theory for bending,
buckling and free vibration of cross-
ply laminated composite plates. The
theory involved four unknown
variables which were five in first
order shear deformation theory or
any other higher order theories. The

(i) The author’s
work was based
on trigonometric
function.

(i) Third Order
Energy
functional was
not adopted in
analysis.
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in-plane displacement field in their

Sayyaad et al. work used sinusoidal function in
(2016) terms of thickness coordinate to
include the shear deformation effect.
Their work satisfied the zero shear
stress condition at the top
and bottom surfaces of plate without
using shear correction factor.
Equations of motion associated with
their theory were obtained using the
dynamic version of virtual principle .
A closed form solution was obtained
using double trignometric series
suggested by Navier.
Buckling Analysis of Thick Plates | (i)The
using Refined Trigonometric Shear | polynomial
Deformation shape function
. Theory. Their work considered only | was not
Gunjal et.al . . ) .
two unknown variables. Their considered in
(2015) formulated theory does not require their shear
shear correction factor. The deformation
governing equations and boundary theory
conditions were obtained using the (i)Only
principle of virtual work. Analytical | one boundary
solutions were obtained using Navier | condition(SSSS)
solution technique was considered
in their work for
the
investigation.
Buckling of composited thin walled | (i)The author
beams by refined theory. worked on thin
The researchers worked on stability | walled beams.
Ibrahim et al. analysis of Laminated Composite
(2012) thin walled structures by the ID finite | (ii)The work
element based on unified higher- was based on
order models obtained within the Refined theory.
framework of the Carrera Unified
Formulation.
Buckling analysis of thick isotropic | (i)The
plates by using exponential shear researchers
deformation theory. didn’t use
Their analysis was done using polynomial
displacement based and exponential | displacement
Sayyadand shear deformation function also the functions
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8 Ghugal Governing equations and associated | in their analysis
(2012Db) boundary conditions were derived (i) They limited
from the principle of virtual work. their work only
The Navier’s approach was adopted | one
for solving the governing equations | boundary
of square plates with all simply condition
supported edges. (SSSS) for the
investigation.
Buckling Analysis of Laminated () The authors
Composite Plates Using an Efficient | used Finite
C° FE model element method
The author derived Buckling analysis | and
of laminated composite plate using trigonometric
9 Singh and Chakarabarti | an efficient C° FE model functional.
(2012) development based on higher order
zigzag theory. In this model the first | (ii) Their work
derivative of transverse displacement | was only on
were treated an independent buckling.
variables to overcome the problem of
C! continually associated with the FE
implementation of the theory.
A new finite element formulation for | (i) The
vibration analysis of thick plates. polynomial
The authors adopted Bending shape function
deflection as a potential function for | was not
the definition of total deflection and | considered in
angles of cross section rotations. their shear
10 Thisbrought about the introduction of | deformation
Ivo, et.al. interd=ependence among theory
(2015) displacements, the shear locking
problem, present and solved in (i)Only three
known finite element formulations different
was avoided. Natural vibration boundary
analysis of rectangular plate, utilizing | conditions;
the four-node quadrilateral finite SSSS, CSCS
element, showed higher accuracy and CFSS for
than the sophisticated finite elements | the
incorporated in some commercial investigation, in
software. their work
Buckling Analysis of axially (i)Their work
compressed SSSS thin rectangular | was limited to
plate using Talor-Mclaurin shape | thin plate but not
11 Ibearugbulem function. laminated plate.

et al (2011)

They presented a comprehensive
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buckling analysis axially compressed
rectangular thin plate with simply

(if) Their work
did not handle

supported edges, applying Taylor- up to four
Mclaurin’s series and Ritz Method. | compatible
equations.
A Theoretical Analysis of Static (i) The author
Response in Functionally Graded used a

(FG) Rectangular Thick Plates with a
Four-Parameter Power-Law
Distribution.

trigonometric
function and not

The author adopted a simple orthogonal
mathematical approach in resolving | polynomial as
the differential equations governing | shape
12 Fatemeh the buckling and bending analysis of | function.
(2016) FG thick rectangular plates resting
on two parametric foundation based | (ii)The authors
on Mindlin assumption. used only one
In their work, the plate boundaries | boundary
were considered as simply supported. | condition
He assumed the Young modulus of (SSSS) for the
the FG plate to vary according to a investigation.
simple four-parameter
power law across the thickness
direction. For bending analysis, he
subjected the plate to two kinds of
loading: sinusoidal and uniform
loading. For bucking analysis,
uniaxial and biaxial in-plane loading
were applied to the plate.
(i) The author
Free Transverse Vibration of used a
Rectangular Laminated Plates. trigonometric
The author adopted was Kirchhoff function base on
13 Lin (1973) assumptions _in conjunction with the agsumed
small deflection theory, governing displacement
equations of laminated plates were function.

derived directly from energy
principles

(i) The Stability
analysis was not

considered .
A two variable refined plate theory
for orthotropic plate analysis. () Their
The authors formulated a theory polynomial
which gave rise to two governing Function is
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Shimpi and
Patel (2006)

equations which
are completely uncoupled for static

expressed
mathematically

14 analysis, and are only initially as F(z) =1/4(z/h)
coupled (i.e., no elastic coupling at -5/3(z/h)?
all) for dynamic analysis. Also the and not to third
number of unknown values involved | order.
is two, unlike in the case of simple
shear deformation theories which is
three.
Buckling and free-vibration analysis
of orthotropic platesby using
exponential shear deformation (1)In their work,
theory. The Navier approach was | the author
adopted in resolving the governing | did not use
15 Sayyad& equations for the case of simply polynomial
Ghugal(2014) supported square orthotropic plates, | displacement
also formulating their Governing
equations and boundary conditions | functions as
from the principle of virtual work. | shape functions.
The values gotten using their theory
were found to agree well with those | (ii)Their
gotten from other several existing | Analysis was
higher order theories for analyzing | limited to
the buckling and free vibration Simple Simple
behaviour of orthotropic plates. Simple Simple
boundary
condition only.
Analysis of clamped unsymmetric | (i)The work was
cross-ply rectangular plates by for simply
superposition of simple exact double | supported edges.
Bhaskar and Kanshik Fourier series solutions.
16 (2004b) The researcher adopted virtual work | (ii) The author

in deriving double Fourier series that
was applied in solving the deflection
of simple supported arbitrary
laminated cross-ply plate. The
deflection equation was formulated
using the derived series.

did not work on
polynomial
shape functional.
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Buckling Analysis of Thin

Laminated Composite Plates using | (i)The author
Finite Element Method. treated thin plate
The Fixed End Moment was used to | and void of
17 obtain numerical solution of the Third order
Osman et al. governing differential equations. functional.
(2017) Stability analysis of Laminated
plates with rectangular cross-section | (ii)The author
for variation combinations of did not work
boundary conditions and aspect ratios | with polynomial
was treated. shape functional.
Vibration and Stability of Thick (1)In their work,
Plates on Elastic Foundations. the researchers
He derived a set of fundamental did not adopt
dynamic equations of a two- polynomial
Matsunaga, dimensional, higher-order theory for | displacement
(2000) thick rectangular plates subjected to | functions,
18 : : .
in-plane stresses adopting the instead
method of power series expansion of | power series
the displacement components, expansion
through Hamilton's principle. The functions was
author also used several sets of considered as
truncated approximate principles in shape functions
resolution of the eigenvalue problems
for the case of simply supported thick | (ii)Their
elastic plate. The integration the three | Analysis also
dimensional equations of motion in | was limited to
the thickness direction, gave rise to only to Simple
the distribution of modal transverse | Simple Simple
stresses Simple boundary
condition.
Effect of boundary Conditionson | (i) Only the
buckling Load for Laminated buckling loads
Composite for the cases of
Plate. SSSS, CCCC,
The Finite element method was used | CSCS were
19 Osman et al by the author to get the numerical considered.
(2019) solution of the governing differential

equations. Effect of differential
boundary conditions were observed
for buckling modes. The assumed
material parameters and modes are
E/E2=5,10,20,25,40; G12 =G13 =
G23=0.5E2; v12 =0.25

(i) The author
did not work
with polynomial
shape functional.
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Materials concluding from the extensive research done on the subject,none od the researchers
have conducted Stability analysis of thick anisotropic plate using third energy functional.
From the outcome of this present work, buckling analysis of thick laminated anisotropic
having polynomial deflection of 3™ order can be resolved not just with third energy functional
but with computer base program that reduce the long period of time needed for the needed for
the analysis. The present is thereby justified in filling this vacuum in the structural world

under the tittle “Stability Analysis of Thick Laminated Anisotropic Plate Using Third Order

Energy Functional”.
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CHAPTER THREE

MATERIALS AND METHODS

3.1 Materials

Several equations were adopted as fundamentals in carrying out this project. In the list
include Deflection Equation, Total Potential Energy Equations, Governing Equation, Excel
Program and Stiffness Coefficients. The polynomial rules were adopted in deriving the shape
functions. The integration of the differential values of the shape function gave the needed
stiffness coefficients. Gauss Elimination Formular was adopted in the resolution of the
compatibility equations. The Lenghty equations derived, were further programmed using

excel spread sheet.

3.2 Methods

The shape functions were derived by analyzing the shape of the various plate arrangements.
The stiffness coefficients were derived as well by integrating the derivatives of the shape
functions. The constituent relations were generated and this formed the basis for the
formulation of the Governing Equations. The 3™ Order Energy Functional formulated was
added to that of external load to give the total potential energy equation. Further resolutions
led to the formulation of the four compatibility equations.

In summary the entire research work were in two stages. The first stage of the work which is
purely calculations, involves manually resolution while the later stage was done using

computer program.

3.2.1 Derivation of Deflection Equations of a Thick Plate

The shape functions were obtained by considering two major support conditions, namely
Simple Support edge, S and Clamped Support edge, C. In the case of a Simple Support, the
deflection equation W and the 2" order derivative of the deflection equation W', were
equated to zero. This will give rise to simultaneous equations by taking R = 0 at the left hand
support for X axis and Q = 0 at the top of the support for Y axis while R = 1 at the right hand
support X axis and Q =1 at the bottom support for Y axis. Also in the case of the Clamped
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edge, the deflection equation, W and 1% order derivative of the deflection equation, W, were
equated to zero and simultaneous equations were formed by considering R = 0 at the left hand
support for the X axis and Q = 0 at the top support for the Y axis, while at the Right hand
support, R = 1 for X axis while Q = 1 at the bottom support for Y axis.

The generated equations were solved simultaneously, the results shall be the various values of
the primary and secondary dimensions (a1, b, a2, b2 as, bs, as and bs), where R and Q are non-
dimensional axis parallel to X and Y axis respectively. The deflection is finally expressed as
the product of the shape function and the amplitude, as demonstrated in the case of Clamped
Simple Clamped Simple plate element.

For the Horizontal axis, Fig 3.1 shows the horizontal component of the CSCS plate, with the
two edges resting on  simple supports. In line with Ibearugbulem et al (2014), deflection
equation for plates can be expressed in a polynomial function as shown in Equation (3.1). The
value R was considered as zero at the left hand support and one at the right hand support. This

is due to the fact of the simple on both edges.

R-0 R-1
We o W-=0
W]] 0 W11=0

Fig 3.1 Horizontal component of the plate

Considering the deflection on the horizontal component, which can be expressed

mathematically as shown in Equation (3.1).

Wx = ao + a1R + a2 R? + asR® + asR* (3.1)
In non dimensional coordinate

Differentiating Wy gives:

Wil = a1 + 2a:R + 3a3R?*+ 4a4R3 (3.2)
Differentiation Equation (3.2) gives:

Wt = 2a; + 6a,R+ 12a4R? (3.3)
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Taking the left hand support as the origin with the deflection on the

X-component as zero

Wx=0=2a,+0+0+0+0 (3.4)
From Equation (3.4) it was deduced that

=0

Also when the value of R on the left hand support is substituted into the

Equation (3.3), that gives

Wyt =0 = 2a, + 6a3(0)+ 12a*(R)*=0 (3.5)
therefore leaving Equation (3.5) as

a=0

Similarly, taking the right hand support as the origin, with the deflection

as zero and based on the various edge conditions as shown in Fig 3.1,

the deflection on x-component is as shown in Equation (3.6)

Wx =0=ao+ ai(1) + a2 (1)? + as(1)* + a4(1)* (3.6)
further minimizing gives

Wyx=ao+ai+ax+azstas (3.7)
From the first and second derivative of the deflection, it was deduced that

ao = a2 = 0 and substituting these values in to Equation (3.1) gives Equation (3.8),
considering R and Wy as 1 and O respcetively.

0= a1 +as+tas (3.8)
and further minimizing Equation (3.8) gives

ar+a3=-as (3.9)

40



Also when the second derivative of the deflection is zero, the equation is

expressed as
Wylt=0=0+ 6as+ 12a4 (3.10)
Atthe edge R =1

therefore leaving Equation (3.10) as

as = -2as (3.11)
Substituting -2a4 for az in Equation (3.9) gives

a1 + (-2as) = -as (3.12)
further minimizing Equation (3.12) gives

air = a4

Putting the derived values of ai, a; and az into Equation (3.1) gives

Wy =0+ asR + 0 + (-2a4) R® + auR*,

and further factorization gives

Wy = as(R-2R3+R*) (3.13)

Similarly, for the case of the vertical component,  Fig 3.2 shows the vertical component of
the CSCS plate, with the two edges resting on clamped supports. According to Ibearugbulem
et al (2014), deflection equation for plates can be expressed in a polynomial function as shown
in Equation (3.14). The value Q was considered as zero at the top support and one at the

bottom support.
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W=0

Q-1
W'-0

Fig 3.2 Vertical component of the plate

Considering the deflection on the vertical component, which can be expressed mathematically

as shown in Equation (3.14).
Wy = bo + b1Q + bz Q2 + b3Q® + bsQ* (3.14)
Differentiating Equatio+n (3.14) gives:

Wyt = by + 2b,Q + 3b3Q%+ 4bsQ? (3.15)
Taking the top support as the origin and considering the edge conditions

as shown in Fig 3.2, when Wy = 0 gives

Wy=0=ho+0+0+0+0

which is further reduced to

bo=0 (3.16)
also considering the top support with the Q and Wy as 1 and 0 respectively gives
Wy'!=0=b;+0+0+0

and then leaving

bi1=0 (3.17)

Taking the bottom support as the origin and considering the edge conditions
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as shown in Fig 3.2, when the deflection,Wy = 0 Equation (3.14) becomes
0 ="Dho+ b1 + b2 + bs+ bs (3.18)

Substituting Equations (3.16) and (3.17) into Equation (3.14) gives

0="by + b3+ bs (3.19)
That means
b2 + b3= - ba (3.20)

Also when the first derivative of deflection is considered, at the bottom

support with under the same bottom edge conditions as shown in Fig 3.2, that

gives

Wyt =0 = by + 2b,Q + 3b3Q? + 4b3Q3 (3.21)
Factorizing Equation (3.21) further gives

2by + 3bz= - 4b, (3.22)
Solving Equations (3.20) and (3.22) simultaneously, yields

b2 = by (3.23)
and bz =-2bs4 (3.24)
Substituting Equation (3.23) and (3.24) into Equation (3.14) gives

Equation (3.25) after several minimization.

Wy = ba(Q*2Q%*+Q") (3.25)
Bringing the deflection on both the x-component and y-component

together gives

W = a4 bs (R-2R3+R%) (Q%-2Q%+Q% (3.26)

Expressing Equation (3.26) in terms of amplitude gives
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W = Ah (3.27)
where

A = ashs (3.28)

and

h = (R-2R%+R%) (Q%-2Q%+Q%). (3.29)

Equation (3.29) and (3.26) are the shape function and the deflection equations for the CSCS
plate respectively. The same approach was adopted in deriving the shape functions of the

remaining plates boundary conditions.
3.2.2 Formulation of The Stiffness Coefficients of a Thick Plate.

The derived shape functions of the plates were further differentiated at different degrees to
give the K —values. From these K — values obtained, the stiffness coefficients were
formulated by integrating the product of the differential values of the shape functions. These

differential values include K1, K2, K3 and K6. The shape function for CSCS was given as

h=(R—-2R3®+RY)H(Q?-20Q3%+ Q% (3.30)
Differentiating the shape function with respect to R gives

oh
3R = (1—6R?*+4R3*)(Q%—2Q3+ Q% (3.31)
Differentiating again gives

0%h

Rz = (=12R + 12R?)(Q? — 2Q3 + 0% (3.32)
Differentiating the further gives

d3h

7R3 = (=12 + 24R)(Q? — 2Q3 + Q%) (3.33)
Similarly differentiating the shape function with respect to Q gives

oh

% = (R — 2R3+ R*)(2Q — 6QR? + 4Q3) (3.34)
Differentiating Equation (3.34) gives

d%h

307 - (R — 2R3 +R")(2—-120Q + 1203 (3.35)
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Differentiating the last equation with respect to Q gives
d3h

Q3

Also differentiating Equation (3.31) with respect to Q gives
d%h

= (R —2R® + R%)(-12 + 240Q)

= (1 — 6R% + 4R3)(2Q — 6QR? + 4Q3)

0ROQ

Differentiating Equation (3.37) with respect to Q gives
63—}1 = (1 —-6R%*+4R?*)(2—12Q + 12Q?)
0R0Q?

The differentiated shape functions were multiplied at different conditions
and that gave for the case of the first differential values,
K1 = 63—h * %

OR® OR

Putting the values

K1 =(—12+ 24R)(Q%* — 2Q3 + Q")x (1 — 6R* + 4R3*)(Q% — 2Q3 + Q%)

Collecting the like terms together yields

K1 = (-12+4 24R)(1 — 6R? + 4R®) x (Q% — 2Q° + 0%)(Q% — 203 + Q%

and multiplying out each bracket gives

K1 =-12(1—6R?+ 4R3) + 24R(1 — 6R? + 4R3) x Q?(Q? — 2Q3 + Q%)
—2Q°(Q* —2Q° + QM) + Q*(Q* —2Q* + @)

Further minimizing Equation (3.42) gives

K1 = (=12 + 24R + 72R? — 192R3 + 96R*)x (Q* — 4Q5 + 6Q° — 4Q7 + Q%)

Therefore

o*n  on _
arR3 " OR

(=12 4 24R + 72R? — 192R3 + 96R*) x (Q* —4Q° + 6Q° — 4Q7 + Q®)
But the first stiffness coefficient is gotten by executing the expression in
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(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)



Equation (3.44). That is
ki =[] [ KdRdQ (3.44)
Substituting Equation (3.43) into Equation (3.44) gives

ky = [(=12 + 24R + 72R? — 192R3 + 96R*)$(Q* — 4Q° + 6Q° — 4Q7 + Q®)}]

dRdQ (3.45)
—12R 24R®> 72R®> 192R* 96R%\' [Q5 40° 6Q7 4Q°
kl_[(1+2+3_4+5><?_6+7_8
1
Q9
+?>J (3.46)

Substituting the upper and lower limit into the Equation (3.46) gives

o =[G+ 220 )G -0 @

Reducing Equation (3.47) further gives

k= [(-43) (35)] = =5 (3.48)

Similarly for the case of the second differential value,

23h oh
= 9RIQ? X 6_R (34‘6)

Substituting Equation (3.38) and (3.31) in Equation (3,46) gives
K2 =(1—-6R%+4R3)(2—120Q + 120%)x(1 — 6R? 4+ 4R3)(Q% — 203 + Q%)

Collecting the like terms together yields
K2 = (1—6R?+4R3)(1 - 6R? + 4R®) x (2 — 12Q + 12Q%)(Q% — 2Q® + Q%)
and multiplying out each bracket gives

K2 = (1 — 6R? + 4R3 — 6R? + 36R* — 24R> + 4R® — 24R> + 16R®)x (2Q% — 4Q3 +
2Q*—12Q3+24Q* — 12Q° + 12Q* —24Q° + 12Q°%) (3.47)

Further minimizing Equation (3.47) gives

46



K2 = (1 - 12R? + 8R3 + 36R* — 48R® + 16R®) X
(2Q% — 16Q3 + 38Q*—36Q° + 12Q°%) (3.48)
But the second stiffness coefficient is gotten using Equation (3.49) . That is
ko = [, [, K2dRdQ (3.49)
putting Equation (3.48) into Equation (3.49) gives

ky =[] [, [(1 — 12R? + 8R® + 36R* — 48R° + 16R®)3(2Q% — 16Q° + 38Q*—36Q° +
120931 dRdQ (3.50)

Further integrating Equation (3.50) gives

k2=

R 12R® 8R* 36R5 48RS 16R7\' /205 16Q° 3807 360Q°
1 B 3 72 "5 e

1+3+4 5+6+7

9 1
N 127Q > ] (3.51)
0

Substituting the upper and lower limit into the Equation (3.46) gives

—((r, 12,8 36,48 16\ 2 16 38 36 6 12
kz_[(1+3+4 5+6+7>(3 PR 6+7)] (3:52)
Therefore
K _(17)(—2)_—34 353
27 \35/\105/ ~ 3675 (3:53)

Also for the third differential coefficient,

0%h 0Oh 354
= — % — .
Further substitution gives
K3 = (R —2R3®+R*)(—12 + 24Q)x(R — 2R® + R*)(2Q — 6Q? + 40?) (3.55)
Collecting the like terms together yields
K3 = (R—2R*+R")(R—2R®*+R%) x (—12 + 24Q)(2Q — 6QR? + 4Q3) (3.56)
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and multiplying out each bracket Equation (3.56) gives

K3 = (R? —4R*+ 2R5 + 4R® — 4R7 + R®)x (—24Q + 120Q%-192Q3 + 960Q*)
Therefore

K3 = (R? — 4R* + 2R 5 + 4R® — 4R7 + R®)x (—24Q + 120Q%2-192Q3
+960%) (3.57)

Just like the first two cases of stiffnesses,
1 ,l—=
ks= [ [, K3dRdQ
That implies
ks =] [/(R? — 4R* + 2R ® + 4R® — 4R” + R®)
x (—240Q + 1200%-1920Q3 + 96Q*)dRdQ (3.58)

integrating gives

R® 4R5 2R 4R7 4R® R°\' [—24Q% 1200% 1920*
ky=|l——-—+—+———+— —~ +
35 6 7 8 ' 9)\ 2 3 4
96Q5\"
_26¢ > ] (3.59)
5 0

Putting the upper and the lower limts values gives

. _[(1 4+2+4 4+1>(—24 120+192 96)] 260
37 [\ 56 7 8'9/\2 3 4 5 (3.60)

That means

k= (5) (5) = (555%)
37 \630/\ 5/ \1575 (3.61)
Also for the sixth differential value,

K6 = (2 () (3.62)

That means
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(Z_Z)(Z_Z) = (1 — 6R2 + 4R3)(Q2 _ 2Q3 + Q4)x(1 _ 6R2 + 4R3)(Q2 _ 2Q3 n Q4)

Collecting the like terms together gives
K6 = (1 —6R? + 4R3*)(1 — 6R? + 4R*)x(Q? — 2Q3 + 0 (Q? — 203 + Q%) (3.63)

Further factorization after multiplying out each bracket in Equation (3.63) yields
K6 = (1 — 12R? + 8R3 4+ 36R* — 48R5 + 16R®)x(Q* — 4Q° + 6Q° — 4Q7 + Q®) (3.64)

Therefore
(52)(25) = (1 — 12R? + BR® + 36R* — 48R® + 16R*)x(Q* — 4Q° + 6Q° — 4Q” +
Q) (3.65)
Similarly the sixth stiffness coefficient is gotten by using Equation (3.66). That is
ks = |, [} K6dRdQ (3.66)

That implies that

k5:f01 f01(1 — 12R? + 8R3 + 36R* — 48R° + 16R®) x(Q* — 4Q° + 6Q° —4Q7 +
Q®)dRdQ (3.67)

Integrating Equation (3.67) gives

k6:

R 12R3 s 8R4+36R5 48R6+16R7 tros 4Q6+6Q7 4Q8
1 3 4 5 6 7 5 6 7 8

Q°1\'
+ T)J (3.68)

Introducing the upper and lower limits values gives

L = (1 12+8+36 48+16)1<1 4+6 4_|_11)1 269
¢~ I\1 3 4 5 6 7/),\5 6 7 8 9/, (3.69)
Therefore

17 19, _ 17
ke = (E) X(a) ~ 22050 (3.70)
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Further more for the seventh coefficient,

K7 = (2—2) * 2—2) (3.71)
but

(Z_Z) = (R —2R* + R")(2Q - 6Q* + 4Q°) (3.72)
That implies

K7 = (R—2R3®*+ RH)(20 — 6Q% + 4Q3) * (R — 2R® + R*)(2Q — 6Q? + 403) (3.73)
Collecting the like terms and multiplying Equation (3.73) gives

K7 = (R> —2R* + R5 — 2R* 4+ 4R® — 2R7 + R5 — 2R7 + R®)*(4Q? — 12Q3 + 80Q* —
12Q3 + 360Q* — 24Q° + 8Q* — 240Q° + 16Q°) (3.74)

minimizing further gives

K7 = (R? — 4R* + 2R® + 4R® — 4R7 + R®)
X (4Q% — 24Q% + 520* — 480Q° + 16Q°) (3.75)

But
1 ,1—=
k, = fo fo K7dRdQ

That means

<R3 4R5 2RS 4R7 4RS R9>1<4Q3 240% 52Q°5 48Q°

ko=\3-35+t35t7 39 3 2 s 6
16Q7\"
+— (3.76)
0

Introducing the upper and lower limits gives

By _(1 4+2+4 4+1)1(4 24+52 48+16>1 277
77I\3 56 7 89,3 4 5 6 7)/, (3.77)

50



And so
k, = (—0.11746)*(0.01948) = (—0.00224)

The next differentiatial value is gotten using Equation (3.79). That is
K8=h

But

h=(R—2R?®+R")(Q*-2Q%+ Q%

That means, the eighth stiffness coefficients can be expressed as

ks= [ [ K8dRdQ

Substituting Equation (3.80) into (Equation (3.81) and integrating gives

_[(rR? 2r* RS 1 0% 20* @S 1
ke —[(7 ~S), G- ?)0]
Putting the various integral limits into Equation (3.82) gives
1 2 1 1 2 1
6 = (;-5+35)(5-5+3)
further reducing gives

1 1 2

ke = (g) (3-24 %)z (—0.0667)

The next differential vale is given as

K11 = 0°h dRd
~ \0R3 Q

where

0°h = 12 + 24R 2_203 4
W_(_-I_ )(Q° —2Q° + Q%)

And so its corresponding stiffness coefficient is given as
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(3.84)
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ki = [ [ K11dRdQ

That means

12R = 24RZ? 3 20% 5
ar =(— 18 280) (£ _ 20, )
1 2 3 4 5

substituting the values of R and Q in to Equation (3.88) gives
ki =(-12+12)(3-2+43) =0

The last differential values was gotten adopting Equation (3.90). That is

K12 = o°h dRd
~\agz)

where

63h 3 4
303) = (R —2R° + R)(~12 + 24Q)

Similar to other stiffnesses,
1,1l ——=
kiz = fo fo K12dRdQ

Integrating Equation (3.92)

1

_[(R _2rt R\ (_120 24@2)1
ka_[(z 4 +5)0( T T 0

substituting the values of R and Q in to Equation (3.93) gives

[ 2+ (-2+2) =0

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

The rest of the diffential values for all the chape functions and the stiffnesses coefficients for

all the plates treated, were derived following the same approach.

52



3.2.3 Determination of the Stress-Strain Relation for a Lamina of The thick

Laminated Plate and Translate From Local Coordinate to Global

Coordinate System.
The strain-displacement relations suitable for small deflection of anisotropic rectangular
plates will be considered. In this case of laminated thick plate, the middle layer in-plane
displacements up and vo are not treated as constants as in the case of ordinary anisotropic
plate. Herein they are treated as functions. So differentiating them will not result to zeros.

Taking The in-plane displacements are defined as:

u = —ZE + Ug (395)
dw
V= —ZE + v, (3.96)

Where w is the out of plane displacement (or deflection). It should be noted that the in-plane
displacements, u and v are functions of the three coordinates, x, y and z whereas the deflection
is only a function of the in-plane coordinates, x and y. Another important note is that the
displacements discussed so far are for one lamina in the laminated plate. Unlike isotropic plate,
the in-plane displacements of the middle surface are not constants. The refined plate theory
(RPT) in-plane displacements, u and v are defined mathematically from Figure (3.3) as
presented in Equations (3.97) and (3.98).

U =u,+us+u (3.97)
V=0, + Vs + 1 (3.98)

Where u and v are the in-plane displacement in x direction and y direction respectively and the
out of plane displacement (deflection) is taken as w. Figure 3.3 shows a typical section of a
deformed thick plate .
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¢
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Us and vs:

Total rotation of the middle surface
Classical plate theorem rotation of the middle surface.

Angle between the CPT deformation line and the shear deformation line.

In-plane displacement due to classical plate theory.
In-plane displacement due to shear deformation theory.

The classical part of the in-plane displacements uc and v, are defined as follows:

dw
Ues = _chx = —ZE
dw
VU, = —z@cy = —ZE

(3.99)

(3.100)

Analogously, the shear deformation part of the in-plane displacements us and vs are

defined as:

Us = F(Z)st

(3.101)
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v, = F(2)0s, (3.102)
Where F(z) is the shear deformation profile defined as:

F(2) =Z—§.i—z=2<1—§[§]2> (3.103)

In non-dimensional coordinate (S = z / t) term, the shear deformation profile is defined as:

F=F(s)=t (s _ 253) (3.104)
That is:

F =tH (3.105)
where:

H=S- 253 (3.106)

Substituting Equations (3.99) and (3.101) into Equation (3.97) gives:

ow

=—7
u 0x

+F(2). 0, + ug (3.107)

Substituting Equations (3.100) and (3.102) into Equation (3.98) gives:

ow

S
v ay

+ F(2).8, + v, (3.108)

In terms of non-dimensional coordinates (R = x/a, Q =y/b and S = z/t) and aspect

ratio ( = b/a), Equations (3.107) and (3.108) are rewritten respectively

—t[ s n (2)]+ 3.109

u—a R a. .|+ ug (3.109)
t ow

v = E[—S% + Haf. 9y + v, (3.110)
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3.2.4 Strain Energy, Total Potential Energy Functional and Governing
Equation of Equilibrium
The in-plane strains are defined as:

_du

e = = (3.111)
dv
gy = d_y (3.112)
du dv
ny = Sxy + gyx = d_y + & (3113)

Substituting Equation (3.109) into Equation (3.111) (having in mind that the middle surface
in-plane displacements are not constants) gives the equation for the relationship between
normal strain in x coordinate and deflection as:

au_ Ju

R = 55~ aoR

0*w 00 du,
0R? "0R| adR

t
= g4 + €40 =a—2I—S——|—Ha—X +— (3.114)

Similarly, substituting Equation (3.16) into Equation (3.18) gives the relationship between
normal strain in y coordinate and deflection as:

6V_ ov

B 0*w a9, dv,
‘e 7 9y apaqQ

t
——|-S—— + Hap.==
gl [ o) BT
Substituting Equations (3.109) and (3.110) into Equation (3.113) gives the relationship
between engineering shear strain in x-y plane and deflection as:

= &yj + &y = (3.115)

YRQ = (SRQ + SQR) = yXyi + yxyO

ot 2 0%w b GLN 6¢y du, dv, 3116
=5az| Praq T 5q TP R )| Tapag Taar 3110

It is assumed that the vertical strain &, is equal to zero. Thus, the remaining two engineering
strain components are derived as follows:

_Ou_ Ou N 1 6W+ aH(Z)]+du0 3117
RS T 97T tas e T E0 T TR T 495 x| T ias (3.117)
ow low 1dw, 10w
m = Gy = et om0 = 2GR TIGR “qaR O G119)
_ low 3.119
&SR 2 0R 3. )

Adding Equations (3.117) and (3.119) gives the x-z engineering plane shear strain:
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JH .|+ du, 1dw
S *] tdS aodR
10w

(3.120)

11 ow
Yrs = ERs T ER = 7|7 op A
That is:
Trs adR | 9S "7 tdS T aoR
_OH du,
Yrs T 35 7x T ds

In a similar way, the y-z complementary plane shear strains, obtained as:

0H

yQS :E¢y +

dv,
tdS

(3.121)

Summarizing Equations (3.114), (3.115), (3.116), (3.117) and (3.119) gives the strain vector

as:

dv,

du, N
adR a2 dR2

du,

apadQ

dv,

adR f

(

+___

tS 9*w tH 09,
aBoQ  pradQZ | ap 9Q
2tS 0%w
aR0Q | Ba’

o)

a2

du,

ws T

oH
s ¥
0H

tH

(dvo N
tdS

35 %)

50w tH 89,
a OR

[

%y g a¢y> (3.122)

9Q ' " OR

3.2.4.1 Establishment of Constitutive Relations

The constitutive relation was formulated using Hook’s and Poisson’s theorems in deriving the
stress - strain relations. The five stress components together with their corresponding five
strain components forms the bases for stress-strain relation. The five engineering components

are as follows

g = Ei— 21;’—2 (3.123)
g = ;2 — 12;—1 (3.124)
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€3 = —O0
3 G12 3

€ L (0
4 G13 4

€ ! (0}
5 Ggs 5

3.2.4.2 Global to local transformation of plate

(3.125)

(3.126)

(3.127)

On both Global and Local cordinate, the stress values are considered as being equal. That is

ex =& and &, =¢&,. The shear stresses vy, and vy,, are 2g,, and 2g,, respectively.

Considereing T as the transformation matrix, the transformation of strain from Global to Local

cordinate for an anisotropic plates is given that

©1 [5]
el s
|€3| = [T]|ny|

€ Yxz
ng J lez J

But the relation between strain vector and strain tensor vector can be given as

€ 1 0 0 0 O07[& Ex
[Sy] I[O 1 0 0 O]I[Sy]l [Ey]
Yxy| =[0 0 2 0 0|l&xy|=[A]]Exy
Yz lo 0 0 2 0flew ssz
sz 0O 0 0 0 2 syz Eyz

But the relation between strain vector and the strain tensor vector can be given as

[] [L 0 0 0 0715 [5]
&y [O 10 0 O} &y &y
Yxy| ={0 0 2 0 O*&y]|=[A]l&Ey
Yxz lo 0 0 2 oJ [EXZJ [EXZJ
Yyz 0 0 0 0 24l&y €yz
Also Equation (3.130) can be expressed as
. €4
=1 18]
Yxy | =[A] | Exy

[YXZJ [SJ
Yyz Eyz

Rearranging Equation (3.131) gives
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[ [5]

Ey Ey
ny [A]'lz sxy

[vxz J lsxz J
Yyz €yz

Putting back Equation (3.131) into Equation (3.128)

&1 Ex
|£2 | [Ey ]
€3 | =[T]x [A] ] Exy
| €4 €xz

[£] [5]

|€2 | | & |

In the same way, stress components are transformed from Global

coordinates to Local coordinates shown in Equatin (3.136), considering

m = Cos0
n = Sin0O
o1 [m2 n? 2mn 0 07]7[°
[02] n? m? —2mn 0 0 [Gy}
los|=|-mn mn (m2-n2) 0 0™y
lG4J O O 0 m n lTXZ
O5s 0 0 0 —n mi Tyz
and reducing Equation (3.136) further gives:
(o)} Ox
[52] [64
los| = [T]] Txy
lG4J Txz
(03 Tyz
where
[ m?  n? 2mn 0 0 ]
n? m?2 —2mn 0 0
[T]=|-mn mn (m?-n?) 0 0]
l 0 m nJ
0 0 0 —n m

(3.132)

(3.133)

(3.134)

(3.135a)

(3.135b)

(3.136)

(3.137)

(3.138)



Rearranging Equation (3.139) gives:

(3.139)

(3.140)

(3.141)

Equation (3.123), (3.124), (3.125), (3.126) and (3.127) are summarized in matrix form as:
€1 1/E, — H21/E 0 0 01
[Ez] —H12/Eq 1/E, 0 0 0 [02]
&= 0 0 1/G1 0 0 |G3 i
&4 0 0 0 1/Gy3 0 l64 J
&s 0 0 0 0 1/Gysl *O5

That is
11 191
[€2| |Oz|
[E]les | = | o]
|€4 | G4J
l€5J (O3
where

G12* = G12(1 — pyaM21)
G13* = G13(1 — py2M21)

Gos™ = Gp3(1 — pyzMa)
Substituting Equation (3.141) into Equation (3.139) gives:

Ox
EI—
|Txy‘ [T]~*[E] fes

Txz €4

TyZ [SSJ

Ox
[;xy] = [T]_l [E]. [A][T][A] -1 |YXy |
i
But:
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Substituting Equation (3.147) into Equation (3.146) gives:

Ox [ €x ]
[Gy] | &y |
Txy | = [T]7Y[E].[T] -T |ny |
I TXZ | YXZ
Tyz Yyz
That is:

Gy €«
)

[Txy | = [EE] | Yxy
Txz Yxz
Tyz lezJ

E, E, . Wiz 0 0
1 |E1 -H21 E; 0 0
[E]=——| 0 0 Gz~ 0
1- H12H21[ 0 0 0 Gys'
0 0 0 0

Expressing Equation (3.151) in terms of E values gives:

[Ell E12 0 0 0 -|

Esy Eyxppy O 0 0

= _ O E33 0 O
1-H12H21 0 0 0 E,. 0
0 0 0 0 Ess
Equation (3.152) can be rewritten as:

di; diz O 0 0
o dyy dy, O 0 0

[E] = 1‘“12“21 0 ds3 0 0
0 0 0 dyq 0
0 0 0 0 dss

Ell - El -
dllEO

Eiz =E;. . = diEg
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(3.148)

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)
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Ez1 =E1. 121 = diiEg (3.156

Ex; =E; = di1Ep (3.157)
E33 = Gio(1 — pyppp) = dygEo (3.158)
Eqq = Gi3(1 — pyppp) = dipEo (3.159)
Ess = Ga3(1 — pyalp1) = dyqE (3.160)
B;1 Biy 0 0 0
1 [821 B,y 0 0 0
[E] = 1_—| 0 0 Bss 0 0 | (3.161)
H12H21l 0 0 0 Bys 0
0 0 0 0 Bss

From Equations (3.136) and (3.153) , Equation (3.161) was formulated, producing the values

as stated in Equation (3.162) to (3.169)

B;; = m*d;; + 2m?n?(d;, + 2d33) + n*d,, (3.162)
By, = djp(n* + m*) + m?n?(dy; + dy, — 4ds3) (3.163)
Bis = m3n(dy; — dy; — 2d33) + mn3(d;, — dy, + 2d33) (3.164)
B,, = n*dy; + 2m?n?(d;, + 2d33) + m*d,, (3.165)
B,3; = mn3d;; — m®nd,, + (m3n — mn®)(d,, + 2d53) (3.166)
Bs; = m?n2(d;; — 2d;, + dyy — 2d33) + d33(m* + n?) (3.167)

Bz1 = By, B3y = Biz and Bj; = Bys

Byy = dyy (3.168)

Bss = dss (3.169)
Substituting Equation (3.161) into Equation (3.149) yields the expressions from Equation

(3.170a) to (3.173);

E

0
Ox = — (311 & + Biy . & + By -ny) (3.170a)
1—pyaHnq
Eg
0y = ————(Ba1 . &x + Baz . &y + Bas . Vxy) (3.170b)
1—pyap
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Eo

Txy = —— (B31 -8x + Bay . gy + Bzs. ny) (3.171)
1—pyougg
E
Ty, =———Buu Vo (3.172)
1—pyopn
E
Tys = ———Bss. Vys (3.173)
1 —pyaHnq

Substituting Equations (3.114), (3.115)and (3.116) into Equation (3.170) gives:

B Eot 5 s 0*w H o, N aduy

R —ugmp a2\ PRz TP R T R

B, [ 0w 6¢y apdv,

Bz 0’w GLR a9, aduo afdv,

+ — 3 ZSaRaQ+Ha 6Q+B t6Q+ R (3.174)
Similarly, substituting Equations (3.20), (3.21) and (3.22) into Equation (3.76) gives:
Eot aZW a(l)x aduO

°Q = [1 - nyllyx]az ' <B21 [ SoR? JR? + Ha. 6R tdR

B,, 0’w 64) afdv,

B,s 9’w GLN 99\ adu, aBdv,

+?. —ZSM+H 70 +B. +t6Q+ R (3.175)
Substituting Equations (3.114), (3.1151) and (3.116) into Equation (3.171) gives:
3 Eot B |_sZW 0%w o GLN N adu,

R T ez U TVaRe T aR TR

Bs, 62w 6¢y aBdv,

Bss 92w o, 9¢,\ adu, aBdv,

5 ZSaRaQ+Ha. 6Q+B +t(’)Q+ R (3.176)
Substituting Equation (3.119) into Equation (3.172) gives:
_ EO [aH @ n duO . Eot a2 aH @ n az duO

TRS - 1 _ H.Xyl.lyx 44+ aS Wy tdS - [1 _ uxyuyx]az - D44 t . aS Wy t . tdS
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3 Eot B a? oH s +a2 duol (3177)
B [1 — peyhtyxa?’ 1t asTT* Tt tdS '
Substituting Equation (3.120) into Equation (3.173) gives:
B E, [GH p +dv0
Tes T HyyHyx >519S 7Y T tdS
B Eot B [az oH s _I_al2 dvol (3178)
B [1 — peyhtyx]a®’ 19 Tt tdS '

Considering that the stress on a body is directly and substituting Equations (3.114) and
(3.153) to (3.121) in to Equation (3.149) gives

'GX] [B11 Bi; Biz 0 0]
Sy | E, [B21 Bzz Bz 0 0|
Txyl = _—l Bs;; Bj; Bs; 0 0 |
szl 1 IJ'12“21' 0 0 0 B44 0 |
[ Tyz | 0 0 0 0 Bsg |

du, tSo*w tH d¢,
adR a%?dR? a OR
dv, tS 62W+tH ¢,
aBdQ PB2a2aQ? aB 9Q
2
dug  dvy 2tS 0w tH (9, 0b (3.179)
aBdQ adR Ba?2dRaQ Pa \0dQ OoR
du, N JH s
tdS  9S *
dv, N JH
tdS ~ aS’
That means Equation (3.122) and (3.179) represents the STRAIN and STRESS in a thick
laminated plate respectively.

Dy

3.2.4.3 Formulation of Strain Energy and Total Potential Energy Functional for a
Laminated Thick Rectangular Plate

The total potential energy functional for a Laminated thick plate is expressed mathematically
as shown in Equation (3.181), considering an external load, VV given as

V= ﬂ(% (i—lv)z dxdy (3.180)
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1 N, /dwy2
- —fff [o][¢] dxdydz — ff(o 4 (—) +0) + 0)dxdy (3.181)
2 2 \dx
Then bringing Equation (3.122) and (3.179) into Equation (3.181) gives
T =
du, tSd%*w L H tH d¢,
adR a?dR?> ' a oR
dvo S 8%w tH 0¢, B o .
aBaQ p2a2 9Q? +£' 2Q l[gn ]1212 B13 A ]l
Eo du,  dvp _ 21S 92w a¢ ATV S 23 |
2 - +— +—B.——X {Bs1 Bz B3z 0 0
aB@Q adR  Ba?dRaQ Ba dR l 0 0 0 B,, O J
ggg QE s 0 0 0 0 Bsgs
tdS  9S ¥
dwy+6H p
tdS  9S 7Y
du, tS 92w L0
adR a26R2 a dR
dv, tS 02w +tH a9,
aoQ B?a?0Q? aB 9Q ,
2 Ny /d
dup  dvo 2t o"w tH 6‘1’ e 9%, dxdydz—ﬂ(0+—<—w) +0)dxdy (3.182)
aBdQ ' adR BaZdRaQ Ba "9R 2 \dx
du04_aH s
tdS 9SS ¥
dvo+6H p
tdS  aS” 7Y

Rearranging and factorizing Equation (3.182) gives

- l}-

2S d0*w
B aRaQ

d¢,
a ﬁ
aH 6¢

BZOQZ BaQ

aduo
t dR
a dv,
tBBQ

a du,

advo

T <a¢+ﬁ ¢>

a’ 0H a%du,
Tos > teas
a% oH a? dv,

t2 dS

tpaQ

T%QY‘F
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Ba1
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0
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Biz
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0
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62W+ HO(I) +adu0
arz " R Tt AR

S 9*w aH 99, a dv,

52 aQZ B30 T tpaq
2 a
_é 0w _|___ 6¢X+B_ ¢y _|_E duo +Edv0 (3183)
B 9R9Q ' B '\ aQ t9Q T dR
a?oH s +azdu0
t aS’ X t2 dS
a? oH a?dv,

T YtEgws

Further evaluating Equation (3.89) gives the total product of o€

b Sazw+ 11 9 +adu02+B Sazw+ o 00 adu,
=51 7>3Re aR "t dR 12\ 7Rz TR TTAR

S @%w . aH 9%y a dv,
(_Ea_QZJr B 6Q+t66Q

2S 9*w 20, 99\ adu, adv,
(_FaRaQJ“B( y T8 > tBaQJ’Eﬁ)

B S 0%w aH a9, .2 dv, Sazw+ " GLN aduo
21\ "2z T B Q T 1B TR TT@R |

)+B13( SZY 4 ap. L +i(i;:)

. S 02w aH 99, advoz S 0%w _aH %4, advg
+22<_?0Q2 B 0Q t86Q> 23<_PaQ2 B°3Q Ttpaq

2S 9?w aH [9¢, 99\ adu, adv,
<_F6R6Q+B< y T8 ) tBaQ+EE>

. 2S 9°w  aH (0¢, 99\ adu, adv,
+ 31<_F0R6Q+F' 6Q+B'6R T1gaq TTaR

02 0 ad
(_s AL ® &)

OR2 R 't dR
B 2S 0*w N aH (00, N 6¢ L2 dug advo
2\ BARAQ P "\aQ B-3 tBOQ t dR

S 9w aH 99, a dv,
(‘?W B0 TthaQ
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B 2S 0*w +aH 6(|)X+ a¢,, +adu0+advo ’
3\ BARAQ B "\4Q B-3R tBAQ t dR

a?oH a?du,\’ a?oH a%dvy\’
+Byy TE®X+t—2dS +Bsg | ——=—=.0y + 55—

t aS Y 2 dsS (3.184)
where
_3 562w+ H6¢ +adu0 Sazw+ Ha¢x+adu0
ORER = Pu\ T Gpz T YR T TR orz T YR TT AR
B 562W+ y 9% a9, aduo S 0%w aH ag, advo
2\ Rz Vg YR )\ T 82007 T B a0 Tt ha0
28 0w 6¢ + 0¢ aduo advo
B aRAQ /3 Bar tﬁaQ t dR
+B 562W+ Ha¢x+adu° 3.185
13 dR2 OR 't dR (3.185)

S 0*w aH 99,

_3 advo 562W+ H6¢ aduy
Og&g = b1 B2 an ﬁ aQ t,86Q a JOR t dR

5 S d*w aH 09, advo ? B S 9*w aH 09, advo
TP\ Tpza0z T aq Ttpag) TP\ Tpraez T B aq Ttpag

25 9%w 04, 94,\ adu, adv,
<,86R6Q ,8( ) Hh >+t/36Q th)

_ 5 25 9%w 6¢ 94\ adu, advo
TrQYRQ = B31 < ﬁ(’)RaQ ﬁ +3 )"‘ >

tﬁaQ t dR
02w a4, aduo
( Sorz tolgr td_R>

(3.186)

_250%w  aH (04 5 O 4 adu, | adv
+B32( ﬁaRaQ+ﬁ'(aQ+B'aR)+ + )

t BoQ ' t dR
( S 0%w aH ag, adv0>

57302 T a0 T thag
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2

( 25 0%w <6¢ 6¢> a dug adv0>
+B33 + 2 +B. +—— (3.187)

BORIQ T B t B9Q ' t dR
a?oH a%du,\’

TrsYRrs = Baa T35 Dy + 2 (3.188)
a? oH a?dv,

TQSYQS = B55 T% ¢y + t_zg (3 189)

Expanding the coefficient of B,; in Equation (3.184) gives:

02 0 ad 02 0 d
orer = By1 <—S 5 W+ aH. (I) u0> (—S W+ aH. Oy a u0>

R2 JR th 0R2 OR th
99, adupy o 0%*w
Orer = By (So STy — aH. Zx s 2 — 20 57w

w09, 0d, 96, adu, 0,
( Sore 2 G Tatlgp-al Gp F R AR

0*w adu0+ - 09, aduy, aduy adu,
ORZ'TdR ' "R T dR | tdR tdR

. 92w\’ HS 2w 64) aS 0%w duy HS w 3¢, _I_a2 <du0>2
arz) ~ *BRz9R 9RZ AR 9RZ AR dR
39.\° a% du, 0
+a Hz(a?a) +TH'd_RO'% (3.190)

and finally expanding the coefficient of B;, in Equation (3.184) gives

_ B S(’)ZW_I_ i 90 GLN aduo S 0%w aH a4, L2 dv,
vefe =P TR T B20Q2 T B 79Q ' 1BaQ

R2 R TTdrR

S d*w _9*w aH 99, 62W a dv, *w S d*w 9,
000 =Bl ~F53 St 7 —S—m; S 5373572
32002 "oRZ T B aqQ  CORZ Tipaq "oRZ PBraQ
aH 00, 6(|>X+a dv, b o, S 0*w adu, +aH 99, adu,
B 9Q ° tBaQ R~ B?aQ2 tdR ' B 9Q tdR
a dv, adu0>

tBAQ t dR
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ﬁa—Qz.SaRz B .aQ.SaRZ —EBaQ.SaRZ —Ea—QzaHa—R-F?%aHa—R
.2 dv, b, S 0*w adu0+aH 99, adu, L2 dv, adu,
tBaQ R PB20QZ tdR ' B AQ tdR ' tBaQ tdR

_B (S 0’w 9’w aH 6¢y 0’w advy, 0*w S 0*w a6, aH a¢y GLN
= By

B S? 9°w 0°w aHS 9%w a¢y a S 0’°w dv, aHSd*w 0¢X+a2H2 6¢y GLN

T 12 \B2°AR2°0Q%2 B "OR2°AQ tBTORZAQ B2 0Q2°AR B 9Q AR
aH dv, 6¢X_a_862W dug +a2H 99y, du, +a_2% dvo
B 9Q R tpZaQZ dR ' tB 9Q dR ' t?f dR 9Q

(3.190)

Expanding the coefficient of B,; in Equation (3.184) gives

d%w 9o, adu,
Tre¥re = Bis SRz F A GR TR

( 2S 9w aH <6¢X 6(|>y> a du, adv0>

"~ BARAQ ' B 6Q+B'6R +EBaQ+EdR

_ B Sazw+ H6¢X+adu0
P\ ™Rz TSR TT AR

"BoRQ QB TP IR B TTpaQ TR

( 28 0w 0¢, aH+ d¢, aH a du adv0>

Also expanding the coefficient of B;5 in Equation (3.184)gives

2S 0*w o?w 09 aH  d*w 06, aH  9*w aduy, _9%*w

TPBORAQ "ORZ QB "R PR B COR +¥BaQ'_SaR2

adv, 0’w 2SS 0%*w a6, 9o aH GLY
-— - - — .aH. —.aH.==
t dR 0RZ B dRAQ OR  0Q B oR

99, aH dd, a du, 0o, adv, dd, 2S 0*w adug
.—.—.aH. - .aH. + - .aH. - — .=

R "B R " tBaQ AR TtdR YR B ORAQ t dR
d¢, aH adu0+ 6¢y aH adu0+a du, adu, +adv0 adu,
0Q B 'tdR "TOR B tdR tBdQ tdR tdR tdR

TRSYRS = (

That means
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5 2S% 9’°w 0%*w aHsazw a0, Hsazw a9, a Sazw dug
— P13\ (B 9RaQRZ "B CORZ AQ T UORZ AR tB D ORZ AQ

a_0%w dv,

t O0RZ dR

2aHS d*w 0, a?H? 09, a¢X+ 2py2 a9, 6¢X+a2H duy, 09, a*Hdv, 99,

B 9RAQ' AR ' B R AQ 'V AR'AR 't BAQ AR ' t dR 9R
_2aS 0*w du0+aZHa¢X dup a?H 99, du, f du, du,
tB OROQ dR  tB dQ dR tB AR dR t2BdQ dR

+az dvo duo 3.191
t2 dR " dR (3191)

Expanding the coefficient of B,,in Equation (3.184) is the same as that of the cofficient B,

That means
By1 = By, (3.192a)

Expanding the coefficient of B,, in Equation (3.184)gives

2

S d*w aH 99, a dv,
22(_?W+F%+E66Q>

_ B S 9w aH 99, a dv, S 9w aH 9%, a dv,
2\"p2aqz " B 9Q T tpaq/\ 7@ T p aq T thaQ

B20Q2'B20Q% B 0Q'B2IQ* tBAQBZIQZ B2AQ2 B AQ
aH 06, aH 09, adv, aH 90, S d*w adv, aH 99, adv,

B (S o’w S d*w aH 99, Sa*w adv, Sad*w S a’w aH 99,
= D22

B 3Q B 9Q "tpaQ B 9Q PBLOQZ tpaQ B 2Q tpaQ
a dvy, a dv,
+¥BaQ'€Baq>

3 S2 (92w\®> aHS 9?w d¢, aS 8%w dv, aHSd*w 00, a2HZ (0¢, 2
- P2\pi\oQr) TR a2 Q0@ 0Q P oQ2 9Q | B \aQ
a?Hdvy, 90, aSd?w dv, a?H 0, dv, a? [dvy\’
= 6Q'6Q_t[3_36Q2'6Q+t82'6Q'6Q+t282'<6Q> (3.192b)
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Expanding the the coefficient of B,; in Equation (3.184)gives
S d*w aH 99, a dv, 2S 0°w aH [0¢, 99\ adu, adv,
Bys [~ o5+ =2 +- - +—. +B. +o—— -
B29Q2 B "9Q ' tpaQ B dRIQ B \aQ oR tBdQ tdR

S d*w aH 99, a dv, 2S 9°w  aH 6(]) aH 90, a du,
& (_Faqz BQ tBaQ><_FaRaQ 550 PE R T ipae
adv,
+Eﬁ>
2S 9*w S 9w aH d¢, S ad*w _aH 99, S 9*w
o (- T ooy waE T a6 o O R
.2 du, S 0*w advo S d*w 2S 9*w aH 90,
T1BoQ TBQ "tdR BTOQ B OROQ B 9Q
aH d¢, aH 6(1) aH 6(1) aH 64) a du, aH 6(1) advo aH 6¢y

* 50590 TP E R p 3 ttpoe B e TR B a0

28 92w advo aH 9¢, a dv, aH 99, a dvo aduo a dv,
~ S oRa0 1896 § 30 thoq P F oR thaq t 1FaQ 130G
adv, a dv,

+zﬁ-zgaQ>

2S% 9?w 8%*w aSH 0¢, 9?w aSH 99, 92w aSdu, 8?w aS dv, 9w
(33 9ROQ 9QZ B3 '9Q 4Q% B2 "OR 9Q2 B3 9Q 9Q2 tp2 dR Q2
_ 2aHS 0*w a¢y+a2H2 9o, a¢y+a2H2 a9, a(I)y_l_aszuO a9,
B2 9R0Q 3Q ' BZ "9Q aQ T B "R 3Q ' tp% 9Q aQ
+a2HdV0.a¢y_2aS 0*w .dV0+a2H.6¢X.dVO aZH-a¢y.dv0
8 dR 9Q tRZIRIQ 4Q ' 82 9Q 4Q ' B 9R 9Q
a? duydv, a? dv, dv,

+W%%+%ﬁ%> (3.193)

Expanding the coefficient of B3, in Equation (3.184) gives the same as that of B;;. That
means

Bs; = B3 (3.194)
Similarly expanding the coefficient of B, in Equation (3.184) gives the same as that of
B;,. Meaning that

B3, = B,s (3.195)

Expanding the he coefficient of B35 in Equation (3.184) gives
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2S 0°w aH [0 o a du advy\’
B33<—— +—.<%‘+B.a—g>+— °+——°>

B ORAQ B tpaQ  t dR
33 —é Otw +ﬂ.a¢x+aHa¢y+Eduo +Edvo
B ORAQ B 4Q R ' tBAQ  tdR
This gives
2S 9*w 2S @*w  aH 09, 2S I*w H6¢ 25 9°w adu, 2§ 9w
BORIQ BORAQ B 9Q BARAQ ~ IR B IRAQ tPIQ B 9RAQ
adv, 2S 0%w
tdR "B aRaQ

25 9w aH 96, | aH Ob aH b by aH Oby  adup aH by  adve aH iy
B33( B ORAQ B 6Q+B Q" B 6Q+ HaR B aQ+tBaQ'B'6Q th'B'aQ)

2S 9%w 94y, 0y a9, ¢ ¢y a dug 9%y adv, 09y,
B33(‘EaRaQ aH -2 +B SCaH o2 +aH gk aH or + 1000 aHZE 4 250, aH=Y) +

2S 9%w adu0+aH GLN adu0+ Had)y adu0+adu0 a du,
33\ T BORAQ tBAQ ' B 9Q tBAQ AR tBAQ ' tBIQ tRAQ

advy a du,

t dR "tBaQ
B (_éaz_w advo  aH 9 advo 0% advo  adup adve  advo em)
33 B ORAQ t dR = B ~0Q "t dR R "t dR ' tBAQ t dR  t dR 't dR

Simplifying further gives

452 [ 92w \° _ 2aHS 0’w 0, 2aHS d?w 0d, 2aS 9*w du
B2 \GRaQ B2 '9R0Q 0Q B 'ORAQ OR B2 ORAQ 9Q

2aS 9*w dv,
- . . B33
8 '9RAQ dR

2aHS 9*w 8¢, aZH? (3¢ )\ a’H200, dp_ a’Hdu, 99, a’Hdv, 9,
T B2 9ROQ 3Q | B2 '(aq) "B R3Q "BraQ QT B dr aQ )"

_2aHS 0w 0%, a’HZ 09, 00, (0 2+a2Hdu0 %, _ a?Hdv, 0,
B ORAQ IR B "9Q IR dR tp 0Q OR t dR AR

( 2aS 9*w du0+a2H GLN du0+a2Ha¢y du, a2 (du())z a? dv, du0>
33| —

(BZaR0Q 0Q 12 9Q 0Q T B oR 0q g \a 2B dR 9Q
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"B ARGQ AR T 8 9Q dR | t R dR ' ©F9Q dR
il (dv")z 3.196
t2 \dR (3.196)

Expanding the coefficient of B,, in Equation (3.184) gives

5 azaH(D +a2du0 azaH(b +azduo
Mltas T T 2ds/\tasTT* 2 dS

( 2aS 9*w dv, a?H 0¢, dv, a’HOd, dv, a? du, dv,
33

a?oH a’ oH a’du, a®odH a?oH a’du, a®du, a%du,
== B 4 __'Q)X'__'Q)X+_2_'__'®X+__'®X'_2 _2 ._2
t S t S t2 dS "t aS t S Ft2dS 't dS "t dS
g a* (@ 6H)2+® du, oH ‘o oH du0+<du0)2 2197
ez \\"x 95 A T TR TS ds (3.197)

and finally expanding the coefficient of Bss in Equation (3.184) gives

a? oH s +a2dvo a? oH 5 +a2dv0
S ltas Y " t2ds/\tas Y t2dsS

a%? oH s +a2 dvy) [a%? 0H +a2 dv,
TR\t asTY Ttz ds J\tasTY T t2 dS

a?oH a?oH a’dv, a%?0H a’? oH a’dv, a%dv, a®dv,
—B55 __.Qy.__.¢y+_2_.__.¢y+__. y._z +_2 ._2

t dS t dS t2 dS t dS t dS t2dS t¢2dS t2 dS
g a* <® 6H)2+® dv, OH p oH dvo+<dvo)2 2198
2\ as y'dS "aS ~ "¥'as ds ' \dS (3.198)

Equation (3.199) was gotten by combining Equations (3.190a) to (3.191)

2w b, a  d*w du, 92w 00 0.\’
=B — gTW Iy a3 0w dug oW 00y oppe (2%
ORER “( < R) SPRZOR 1o 9RE AR PGRZ R T <6R>
a’ H duy 09, aS 9%*w du, +a2 99, duy a’ (du0>2 N
t "dR OR t 9R2 0R "OR " dR dR

B S? 0*w 9°w aHS 9*w 09, a 9°w dvo, aHSd*w 6¢X+a2H2 99, 9,
12\B2°9R2°9QZ B ORZ 9Q B ORZ 9Q BZ 9QZ R T B 9Q aR
a’Hdv, 09, aS d*w du, a?H 99, du, a? du, dv0>

TP 9Q R 29 dR | 1B 0Q dR | B dR 9Q
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___a —_— —_—

B ORAQ ORZ ' B ~0RZ 9Q aRZ°BR B oRT 3 TTRT AR
_ 2aHS 0w a¢x+ a?H? 0o, 09, 22 99, 0, a?H du, 00,
B ORAQ AR ' B ~OR 9Q "OR AR 't BAQ OR
a’Hdv, 09, 2aS d*w du, a’HO¢, du, a?H 99, du,
t dR OR P ORGQ dR ' 8 8Q dR | B OR dR
a? du, du, a? dv, dug
+t—zﬁﬁ+t—zﬁ-ﬁ>

(252 0’w 0*w aH 62W 9o, o?w 0d, a 9*w duo a 0*w dvo

(3.199)

Similarly Equation (3.200) was gotten by combining Equations (3.192) to (3.193). That is

_ B S2 9%w 9w aHS 9%w 0, a S 0*w dvy, aHSd*w 09,
°QfQ T P21 5R2 502 T B "R 9Q (B 9RZ 9Q B2 Q% 9R

a?H? 00, 0o  a’Hdv, 0, aSa?w du, a?H 99, du, a? du, dv,

B 9Q 3R Tt 9Q OR 1?0Q7 dR T B "9Q dR T @B dR 9Q

g (S(Pw\* _ais o%w 90, as 9w dvy _aHSo%w 0, a?H? (09, ’
22\ B*\0Q? B? '0Q2'0Q tB370Q2 9Q B3 9Q* aQ B2 '\aQ
a’Hdv, 9%, aS d*w dvo a’H 09, dvo a? (dv0>2>

RRTEETY aQ 7007 9Q | o7 9Q 3Q B \aQ

2S% 9*w 9*w aSH 99, 9w aSH 9%, 9w aSduy, d?w aS dv, d%w
<33 dROQ 9Q% B3 '9Q 9Q> B2 "OR 9Q? tP39Q 9Q? tp? dR 9Q?
_ 2aHS 0*w ad)y_l_aZHZ a9, 00, +a2H2 a¢,, a(1)_‘>,_|_a2Hdu0 a9,
B2 9R0Q 8Q ' PBZ "9Q 9Q ' B OR 9Q ' B2 9Q 9Q
+a2H dv, ad)y_ZaS 0*w dV0+a2H LR dv0+a2H 99, dv,
® dR 9Q tZIRAQ 3Q % 9Q 8Q ' B R 9Q
a? du, dvo a? dv, dv,
"2 3q 3Q +%ﬁ'%>

(3.200)

Also Equation (3.201) was gotten by combining Equations (3.194) to (3.196). That is
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_B 28% 0°w 0°w aH _0*w d¢, Hsazw a¢,, asazw du,
TRQYRQ = P31\ (T3 5R9Q 9RZ B CORZ AQ < “ORZ R (B ORZ 9Q
a_0%*w dv,
t 0RZ dR

_ 2aHS d*w 6(|)X+a2H2 a9, 09, 2K a9, 0(|)X+a2H du, 99,
B ORAQ'OR B IR 9Q "OR"OR  t BAQ AR
aH dv, 6(|)X>

t dR OR
2aS 9*w du, +a2H a9, du, a%H 9%, du, +a2 duy dug
tB ORAQ dR ' tB 0Q dR ' tB OR dR ' t2BaQ dR

a? dv, du
+__O _O> +B32

t2 " dR " dR

2S% 9*w 9*w aSH 99, 9w aSH 99, 9?w aSduy, 9?w aS dv, d*w
([53 9ROQ 0Q? B3 0Q 0Q7 B2 AR AQ> B3 9Q Q7 tB? dR 0Q?
_ 2aHiS o?w 09, a?H? 0¢, a4)3,_|_a2H2 a9, a(1>_‘>,_|_a2Hdu0 a9,
B2 0RAQ 9Q ' BZ "9Q 9Q ' B OR 9Q ' tBZ 9Q 9Q
a?Hdv, 0<I>y_2as 9%w dv0+a2H 3¢, dvy, a%H 99, dv,
t8 dR 9Q tBZORAQ 9Q @ B2 9Q 3Q ' B AR 9Q
a? duydv, a? dv, dv,
+W%%*%ﬁ'%)

B 4S% [ 92w \* 2aHS 9w a9, 2aHS d*w 0%, 2aS 9?w du,
3\ B2 \0RaQ B2 "9RAQ 9Q B "ORAQ AR tB2 ARAQ aQ
2aS 9*w dvo>

~ tB "9RAQ dR

o 2aHS 9*w 8¢, aZH? (3¢ )\ a’H200, 9p_ a’Hdu, 99, a’Hdv, 9,
B\ B2 aRaQ'aQ+ B2 '(aq) + B AR 4Q tB2 9Q a4Q tB dR 4Q

o (_2aHS w04, a?H? 09, 08, (0% * a’Hdu, 99, aHdv, 99,
33 B ORAQ AR B ~9Q AR dR tB 9Q AR t dR AR

. 2aS 9*w du0+a2H GLN du0+a2Ha¢y du0+ a’ <du0>2 N a? dv, du,
3\ tR2ORAQ AQ  tB2 AQ 4Q tp AR AQ  t2p2°\aQ t2B dR " 4Q
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2aS 92w dv, a2H 9¢. dv, a2HO99, dv, a? du, dv, a2 /dvy\2
33( : b dvo Yy 24 0 =04 (°)>(3.201)

"B ORAQ dR T 8 '9Q dR | t AR dR 2B 9Q dR T \dR
where as
. a* (@ 8H)2+® du, 8H+¢ oH du0+<du0>2 2202
TRsYRs = Pas 7| | Px5g X745 "3s T ¥*3s as T \ds (3.202)
and
a* OH\? dv, 0H OH dv, /dvg)\°
TQSYQS = B55t_2 (@Yﬁ) +®3’E%+¢yﬁﬁ+(ﬁ> (3203)

The Strain energy functional is gotten by by bring together Equations (3.199) ,(3.200), (3.201),
(3.202) and (3.203) and that gave Equation (3.204)

0.5 E0t3 92w 2 92w ad)x a 0%w duo
f o.edS = -B11(S*| 553 ) —aHS—=5 .52 —<S.o55 =5
~05 12[1 — pxyhyxla aR dR2"OR t  AR? dR

9*w 99 <a¢x>2 a2 duy, 8¢, aS d*w dug

_ X 22 | X _ -
alS.orz R T H 3R t "dR R _t ORZ OR

T 20 o 2 (o))
t "OR dR t?2'\dR

B2 ORZ29Q%2 B 'aRZ'aQ_ES'aRZ'aQ_ B2 9Q2'9R ' B '0Q IR

S? 0%?w 0°w aHS 9*w 6¢y a _ 0°w dv, aHSd*w 0¢, a®H? 6¢y GIR
2B, +
a’Hdv, 09, aS d*w du, aH 99, du, a? du, dv0>

T8 9Q R 2aQ% dR T 8 "9Q dR ' 2B dR 4Q
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2B 28% 0°w 0°w aH _0*w d¢, o?w 0d, a 9%*w du,
13{\"B 9RAQ @Rz~ B "O9RZ°9Q °BRZ'GR B ORZ 9Q
a_0%*w dv,
t 0RZ dR
_ 2aHS d*w 6(|)X+a2H2 LN a¢x+azH2 a9, 0(|)X+a2H du, 99,
B ORAQ OR ' P ~OR aQ "9R "OR ' t BAQ OR
a’Hdv, 0¢,
t dR AR

2aS 9*w duo_i_aZHacl)X du, a?H 99, duo_l_a2 duy dug
tB ORAQ dR ' tB 0Q dR ' tB OR dR ' t2BaQ dR

a? dv, dug
t2"dR " dR

g (S2(Pw\" _aHS 9w 0, aS 0w dvy _aHSotw 06, a’H? (00 ’
22\ B*\0Q? B? '0Q2 0Q tB370Q2 9Q B3 9Q* aQ B2 '\aQ
a’Hdv, 09, aS d?w dv, a%H 99, dv, a2 <dv0>2)

T 79Q° 9Q Q2 9q 2 9Q aq T 2p? \aqQ

B3 0ROQ Q% B* 9Q 9Q? B> AR 3Q® B3 AQ 0Q> tB2 dR Q>
2aHS 8%w 6¢ a’H? a9, 09, a?H? 09, b, a2Hdu, 99,
. . + . . + .
B2 aR0Q aQ T B2 "9Q 9Q T B AR 3Q T 182 9 9Q
a’Hdv, 90, 2aS 9w de a’H 99, de a’H 99, dv,
T AR 3Q T ZoR0Q 9Q B2 9Q 9Q T B 9R 9Q
a? du, dvo a? dv, dv,
TP a0 9Q T 2B dR 3Q

- (252 d’w 9?w aSH 0¢_ d*w aSH 99, 9%w aSdu, d?w aS dv, 9*w
23

. 4S% [ 92w \* 2aHS 9w d¢, 2aHS d*w 9%, 2aS 9?w du,
B2 \GRaQ BZ '9RQ 0Q B 'ORAQ OR B2 ORAQ 9Q

2aS 9*w dvo)

tg 9RAQ dR

By, (= 22HS Qw24 | a’H? (%)2 a?H? 00y 24y | a’Hdug by | aHdvy dby
33\" g2 9raQ 9Q ' g2 "\aqQ B AR 0Q ' tB2 9Q "9Q ' tB dR 4Q

2aHS 0%w a<|>y_|_aZH2 a0, 6¢y+ 212 a4, ? a’Hdu, a(I)y_}_aszvo a9,
33 B 9RAQ R ' B 9Q oR ' ° dR t 9Q AR t dR AR
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2aS 9*w du0+a2H GLN du0+a2Ha¢y du0+ a? (du0>2 N a? dv, du,
3\ tB2ORAQ AQ  tp2 AQ AQ  tB AR AQ t2B2°\aQ t28 dR ~ 9Q

2aS 0%*w dv, +aZH dd, dv, +aZH 99, dv, N a? du, dv, +a2 (dv0>2
¥\ tBORAQ AR  tB 0Q dR  t AR dR t?2BadQ dR ' t2\dR

4

+B44(:—2<(¢ aH)ZH) du, dH 5 oH du0+(du0)2>

x3s) TP a5 95 T %55 s T\as
B a* ((D 6H)2+ s dv, 6H+® oH dv, (dvo)z 3,204
S 2\\"Y"9s) "Y' dsas Y aS”ds \dS (3.204)

From Equation (3.204), extractions were made, considered as first strain coefficients which
are represented in Equations (3.205) to Equation (3.208) and also second strain coefficients
which are expressed Equations (3.209) to (3.211) as

0.5 1
J; = f_o-sszds =— (3. 205)

0.5 0.5 4
]2=j SHdS=j [52— —S“‘]dS
0.5 -0.5 3

3 0.5
B3
-05

3 15
And finally
J, = 1—15 (3.206)
Also

Js = ['o B2 ds = [°7 52 = 25* 4+ 2255] ds

0.5

=[E- 255+ g7
3 15 63~ 1_os

and that gives

17

Js = o= (3.207)
Furthermore

= [0S a—“]zds = [ [1— 852 +165*]ds = [s— 8% + 165 "
Ja=)_os as — J-os - 3 5105
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That is

Ja== (3.208)
also
L
g, = ;_2 = 15/1 = % (3.209)
1 —_—
12
17
_Js_315/ _ 68
83 =, T /i = Tos (3.210)
12
8
g, = ;_ - 15/1 — % (3.211)
! 12

Further introduction of this Ji and g into the Total Potential Energy will reduce the functional
into lowest possible expression as shall be discissed later part fo the work. Reduciung
Equation (3.204) gives

]0-5 ds = Eot” B.. [ s2 *w\* AHS. 0%w 3¢, aS 0w dug
—0-50.8 - 12[1 — pgymyxlat oR? dR? " 4dR 9R? " dR
—aHSs 62_w % + 2282 % i f duy 99, _as d*w du,
. aRZ . aR . aR . dR . aR t . aRz . aR
a2 ad. du az due 2
dR " dR dR

- S? 0%?w 0°w aHS 9*w a(l)y a 0w dvo aHS0*w ¢, N a’H? 6¢y a0,
(32 oR2 92 T B IRZ'9Q BUIRZ QPO R T B 9 3R
a’Hdv, 09,  aS d*w du, a%H 99, du, a? du, dv0>

(6 9Q R ?0Q2 dR | B 9Q dR @B dR 3Q

X _ aHS——.—2——§

- 28% 0*°w 0°w aHSd*w 0¢, o?w 99, a 9%*w du, asazw dv,
B3\ B 0RAQ'ARZ B AR2 9Q OR2 OR tB "AR2°9Q t AR?2 dR

+(_ZaHS 0*w ¢, | a®H? 99y a¢x+ 222 2 0y 03¢, | a?H duy 09, | a’Hdvg a&)
B ORAQ AR B AR 9Q dR " AR t BAQ AR t dR AR

2aS 0w du, a%Hd¢_ du, a?H 99, du, a%du, du, a? dv, du,
_ X + y +— -
B 0RAQ dR ' 8 9Q dR ' tB 9R dR ' 2BaQ dR ' dR dR
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S2 (92w\® aHS 9?w d¢, aS 8%w dv, aHSd?w 0%, a%H? (0d, 2
+B,, | = S S’ g RS AE .
B*\0Q? B> 0Q* 9Q tB* 9Q* 9Q B2 9Q* 9Q  B* \9Q
a’Hdv, 0%, aS d?w dv, a%H 99, dv, a? (dv(,)z)

T 790 9q e aq T2 g 9q e \a

B3 0ROQ Q% B* 9Q 9Q% B> AR 'AQ® (B3 AQ 0Q> tB2 dR Q>
_ 2aHS 0*w a¢y+a2H2 IR a(I)},_I_aZHZ a9, a(1)_‘>,_|_a2H du, 9%,
BZ 9ROQ 9Q ' B2 '9Q 4Q ' B 'OR 9Q ' tpZ aQ 9Q
a’Hdv, 99, 2aS d*w dv, a?H d¢, dv, a%H 9%, dv,
T dR°3Q  ?ORAQ 9Q | 2 8Q 8Q T B 9R 3Q
a? du, dvo a? dv, dv0>

B (282 0w 9?w aSH 0¢_ d*w aSH 99, 9%w aSdu, d?w aS dv, 9*w
23

T2 3q 9Q T 2R AR 9Q

5 4% ( 92w \° 2aHS 9*w 0¢, 2aHS 2w 99, 2aS 2w du,
33 dRAQ B2 '9RAQ 3Q P 'ORAQ AR tp2 9RAQ 9Q
2aS 0%*w dv0>

tg 'ORAQ dR

_2aHS 0w ¢, a’H? (09.\° a?H?0b, 3¢ a*Hdu, 09, a’Hdv, 09,
B2 9R0Q’ 6Q+ B '(aq) TR T2 0 9 T g drR 99

8 oRaQ' R T B 30 3R aR) T R T T @R R

2
( 2aHS 9*w 00, a?H? 3¢, a¢y+a2H2 <6¢y> +a2Hdu0 99, a’Hdv, a¢y)

_2aS 92w du0+ a’H ¢, du0+a2Ha¢y du, a? (duo)2 a? dv, du0>

(B2 aR0Q 0Q ' 12 9Q 9Q T ¢ oR 0aq T \aq) TEB AR 3Q

5 2aS 0%w dvo+a2H a9, dv, a?HOod, dv, N a? duy dv, a2 (dvo)2
3\ tBORAQ AR  tB 9Q dR  t AR dR t?2BaQ dR dR

a% aH\ 2 dug H dup | (dug)?
+B44t_2(( X'E) 05 s +®X 25 s T (E) >)
a* aH\ 2 dvy, 8H OH dvo | (dvo)?
+355t—2((¢ 25+ 0,0 S0+ 0. 50 T 4 (T2) ) (3.212)

¥ as

The Strain Energy was further collapsed into Bending Stiffness Uy, Coupling Stiffness U¢ and

Axial/Membrane Stiffness Um as shown in Equation (3.213) , (3.214) and (3.215) respectively.
For the case of Bending Stiffness gives
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Eot? , (92w 92w 99, 2w 0o, . (90.\"
UB —mBll (S <a? —aHS.W.a—R—aHS.W.ﬁ+a S=. a_R
S?2 9*w 9?w  aHS #*w 00y  aHSd%*w 09,  a?H? 0y ¢,
+2B12 (-5 5~ 5o ae oot h e an)
2B 2S% 9*w 9*w aHSd*w 09, Hsazw 09, 2aHS 8?w 99,
13 B ORAQ 9RZ B ORZ'9Q <~ °9RZ'GR B ORAQ 4R
00, U, 00 06,
B "OR AQ "OR "R

B S2 (92w\®  aHS 9%w a¢y aHS 9%w a¢y a?H? 6¢y 2
TP2\EE\5r) T e aq T p o aq T e (4

2B 28% 0*w 0°w aSH 0¢, d*w aSH 6¢y 0’w  2aHS 9*w 6¢y
2\ B3 0ROQ AQ% B3 "9Q 9Q* B2 IR 0Q? B2 9RAQ 9Q
a’H? 0¢, a¢y+a2H2 a¢y a¢y
B2 "9Q 9Q = B AR aQ

4B 4_52(62w )Z_ZaHS 0%w %_ZaHS 9%w %
33\ g2 \6rAQ B2 "ARAQ " 4Q B "ARAQ AR
4B __2aHSs 0%w % a%H? (%)2 aZHZ% %
33 B2 ARAQ  4Q gz "\aqQ B AR 4Q
2aHS 9?w 00,  a?H? 8¢, 0dy 2vr2 (9% 2
+B33<— B —GROQIE-I__B .£.§+a H (ﬁ) (3213)

For the case of Coupling Stiffness gives

UC=

E,t3 ( a_0*w duy, a* duy 99, aS 0*w du,
[1— pxypyx]a® H

a 0°w dv, a?Hdvy, 90,  aSad%*w du, a?H 99, du,
B> 9RZ°3Q T tB 9Q OR  tB29QZ dR ' tB  9Q dR

isazw dug _Esazw dv, +a2H du, 6¢X+a2H dvo 99, 2aS d’w  du,

(B 9RZ°9Q <t ORZ AR ' t BAQ R ' t dR OR B 9RAQ dR
a?Hoo,_ du, aH 99, du,
T R TR 'aR'dR>

+2B13 <_
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aS 0%w dvo aH dv, a¢y aS 9%w dv, L2 24 09, dv,
P2\ T 9 9q TP 9 9Q P 0Q2 9Q | 1B 9Q  aQ

aS du, 8*w aSdv, 8w a?Hdu, 99, a’Hdv, 99,

<_ts_3%'a_qz_tﬁ_2dR'aQ2+tBZ 9Q 9Q ' tB dR aQ
2aS 9*w dv, a?H 09, dv, a%H 9%, dv,
TW?ORAQ AQ T2 9Q 9Q T B IR’ aq)

2aS 0*w du, 2aS 0*w dv,

533 <_ B2 9RQ 9Q B ORIQ dR)
a’H du, 8(1) a’Hdv, 99,
<tBZ 0Q’ aQ tB dR'OQ)

vB(+ a’Hdu, 99, +a2Hde a¢,,
tB 9Q IR t dR AR
B 2aS 9*w du0+a2H 99, du, +a2Ha¢y du,
33\ tB29ROQ 9Q ' tp2 9Q 9Q ' tB AR 4Q

(3.214)

B 2aS 9*w dv, +a2H d¢, dv, +a2Ha¢y dv,
3\ tBORAQ AR  tp 0Q dR t AR dR

Also for the case of the Axial/Membrane Stiffness, gives
Ue = E,t3 . +a2 (duo)z +op [+ a? du, dv,
M7 — pgypyxlat T 27 \dR 2\ 28 dR " 9Q
2B a? du, du, N a? dv, dug B a? (dvo)z
Blt2BaQ dR  t2 dR dR 22\t2p2°\0Q

a? duydv a? dv, dv a2 /dug\® a? dv, du
+2B,3 (——0—0+——0.—0>+B33<—<—0) +——°.—°>

t2B2 9Q 9Q ' t2B dR " 4Q 282\ 9Q t2B dR * 9Q
B a? du, dv, N a? (dv0>2
3\t2B9Q "dR ' t2 \dR

B at (@ aH)ZH) du, 9H ‘o oH du0+(duo)2
2 \\"*¥ 9s X'dS "9S ' X' 9S’ dS ds

a* oH dvy 9H 0H dvo , (dvo)?
+Bss 2 ((QY' as) + 0y as o5 T Posas T (ds) ) (3.215)

Adding Equation (3.213) (3.214)and (3.215) together gives
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abtf f jz(cs)dest

This can be written in terms of Bending, Coupling and Axial stiffness and

c.¢ = (0.e)g + (0.€)c + (0.€)m

or generally as

(G. 8) = ORER + GQSQ + TRQYRQ + TRSYRS + TQS'YQS

(3.216)

(3.217)

and substituting the derived values of (c.¢)g, (c.€)c and (c.€)y as ealier established gives

Eot3

" dS=————B;,| $? Pw)’ HS oOw a(l)x HS
.f_o,solS _[1—HXYHYX] H IR2 — 'W'a_R_a

2
+ a%S2. (%) )

‘3RZ"

0w 9,

JoR

2B S?2 9w 9%*w aHS 8%w 00, aHS@?w 09, a?H? 00, 3¢
12\B2°9R2°0Q%2 B "AR2°9Q PB? 4Q? AR B 0Q 4R
28 2S% 9*w 9*w aHSd*w 09, Hsazw 09, 2aHS 8?w 99,
13 B ORAQ ORZ B ORZ 9Q ~ °9RZ OR B ORAQ IR
a?H? d¢, 09, 2 99, 99,
B "OR 4Q "OR " OR
o (S22 * aHS o*w 99, aHSd*w %, , a?H? (04, :
2\ B*\0Q? B° 9Q2 9Q  B° 0Q2 aQ | B "\aQ
2B 28% 0*w 0°w aSH 0¢, d*w aSH a(l)y 0’w  2aHS 9*w 6¢y
2\ B3 OROQ 4Q% B3 "9Q 9Q* B2 IR 0Q? B2 9RAQ 9Q
a’H? 9¢, 99, +a2H2 a9, 99,
B2 "0Q 4aQ B AR AQ
452 2 _2aHS 9*w 99, 2aHS *w 09,
aRaQ B2 "9RAQ AQ B ARAQ IR
B 2aHS 9*w 0¢, a*H? (09, 2_|_a2H2 a¢y a0,
33 B2 9RAQ aQ ' B2 "\ aQ B OR 4Q
__2aHs 92w 00 a2H?2 % ¢y 22H2 6¢ 2
+B33< B ORAQ R B " aQ ‘R T2 H (OR) (3.218a)
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Resolving Equation (3.218a) and gives

E,t3

a
U= B —=S.— .
[1— pxypyxlat < dR? " dR

0’°w du, a®

a’Hdv, 0¢,

duy ¢, aS 9*w du, a?

"dR"0R t OR? R

aS 9%w du,

d¢, du,
THaR: dR)

a 0*w dv,
2B | ~ 55 R 30

a 0%°w du,
+ 2B13 __S

tB 9Q AR
a_0%w dv,

a’H a(l)y du,
tB "0Q dR
a’Hdv, 99,

tB2 9Q2 " dR
a?H du, 09,

tg "ORZ 4Q t
2aS 0w du,

t 3 0R? " dR
a’?Ha¢, du,

t BAQ JR t dR AR

T oRIQ AR T

aS d*w dv, a’Hdv, 99,

tB 9Q dR

a?H 9%, du,
+ . .
8 9R dR

aS 0%w dv,

% 92 9Q T W2 9Q 9Q
aS duO aZW

+ Bzz <_
aS dVO azw
tg3 8Q "9Q?

T aq

a’H du, 99,

a’H 09, dv0>
tB% " 9Q " 9Q

a’Hdv, 90, 2aS 9?w dv,

+2823 (_ tB_Z dR . aQZ
a’H 9o, dvo

a’H 9%, dv,

+
tp2 " 0Q aQ
< 2aS 9*w dup

t " OR  9Q

tB2 9Q "9Q = tp dR AQ tB2IRAQ AQ

B2 9RAQ 9Q

< a?H du, %%,
tp2

a2Hdv, 99,
3Q Q|

tg dR 9Q

a’H 0¢, du

2aS 9*w dv,
8 '9R0Q dR

( a’Hdu, a4)_‘},_|_a2HdV0 a¢y>

tB 9Q OJR t dR OR

g2 " 8Q ~4Q

_2aS 0*w dv, a*H d¢, dv,

2aS 9*w du N
T IBZaRAQ 9Q

a?H 00, du,
t8 9R 4Q

tg OROQ dR ' tp ~9Q dR

E t3

a’H 9%, dv,
t OR dR

N 5 +a2 (duo)z 2 op [+ a? du, dv,
[1— pxypyxla® 7\ 2 \dR 2\ 2B dR " 9Q

a? du, du
+2B13 <_ 0 0

az dVO duO
ZBaQ dr

t2" dR " dR
2

a duO dVO
22\ @ 3q 30
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B a? du, dv, N a’ (dvo)2
3\t2B9Q "dR  t2 \dR

+B44£<(® aH)Z-l-@ duo a—H+®x.a—H.duo+(%)2)

t2 X' 95 X' 'ds " 9s as " ds ds
a* aH\ 2 dvy, 8H H dvy . (dvy)\2
+ B55t—2((®y.a—s) R (d—s) ) (3.218b)

3.2.4.4 Variation Of Total Potential Energy
The various values of the strain energy must be differentiated to obtain the equation of
equilibrium of forces. The differentiation was with respect to engineering properties which
include w,u, vy, @, and @. For thick rectangular anisotropic in pure bending, the Total
Potential Energy functional is given as

n=U+V (3.219)

Where V is considered as the external load given as
V = qgab [, [J WdRdQ (3.220)

As ealier explained the strain energy equation was categorized under three, namely bending ,
coupling and axial/membrane stifness. The Formulation of the total potential energy equation
for the thick plate was further simplified by considering these three categories of the stinesses.
In each stiffness, the strain energy, U was differentiated with respect to w, u, vo, @, and @y .
The external load was later introduced to the derived equations , to give the total potential

energy for each of the five parameters.
3.2.4.5 Differentiation of the Strain Energy for the Bending Stiffness

Firstly the Strain Energy for the case of bending stiffness was differentiated with respect to the
displacement in z direction, w. The differential value of the external load was introduced later,
after summing up the total strain energy from the three stifnesses. This gave the governing

equation. The process is as detailed below

au E,t3 o*w 23 93
b_ 0 By, <2$2 —— —aHs. O _ aHs. ¢X>

dw [1 — MXYHYX] 6R4 6R3 (3R3

252 9*w  aHS 0°4, aHS 63¢x>

+ZB“<32 "0020R2 B '9Q0R®  [B% ARAQ?
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aHS

252 9*w  aHS %094, a3¢y+2aHS 29,
B 0R30Q B 0QOR? dR® ' B 0R23Q

+2B3 (—

25%0*w aHS 90, aHSO°d,
Ba2 B* 9Q* - B3 ' 0Q3 - B3 9Q3

g, (457 0'w _asH 0%, asH 0°¢,  2aHS 0%9,
2\ B3 0RAQ3 B3 "9Q3 P2 "9RAQZ B2 ORAQ?

o (887 _9'w _2aHS 0%,  2aHS 0%, . 2aHS %9,
3\ B2 9R20Q2 B2 '9RAQ? B 'AR?24Q 33 B2 AR AQ?

2aHS 9%,

B 0RZ0Q

Also differentiating the strain energy with respect to middle layer in-plane displacement on x

component gives

du,,

3.222
dug 0 ( )

Similarly differentiating the strain energy with respect to middle layer in-plane displacement y

component gives

du,,

3.223
v, 0 (3.223)

But differentiating the strain energy with respect to shear rotation y component gives

dUy, E,t3 ( aHS 93w  a?H? 62¢X>
12

= - . + .
d@y [1 — pxybyx] B 0QOR? B 0ROQ

T Q¢ P T B o

93w %4 aHS 0°0, aHSO°¢, 2a2H? 0%¢,
oR3 " 9R? 22

+2B;3 (—aHS—+ a’H? —=

B2 '9RAQ% P2 RIQZ B2 2 T B '9QaJR

B 2aHS 03w B +a2H2 LY
33 B "OR24Q 33 B "AQOR
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aSH 3w  2aHS @%w  a?H? 9%¢, a?H? 0%¢,
+2B23 -




+B 2aHS 0w +a2Hz 9%, 'y szaz(I’y + a4 5 1dRd .
#|77p arRZaQ " B aRAQ T OR? 557784 Oy}dR AQ  (3.224)

Similarly for the case of the shear rotation on x component gives

= —aHS.—— — aHS.—— + 2a2S2.
aSaRS aSaR3+ a-S 3R?

duy, E,t3 B < 3w 3w azq)x)
ddy  [1— pxyMyx] H

+2B,, (_ aHS 93w a?H? 02¢y)

B2 9RAQZ ' B '9RIQ

sop.(_2HS OPw 2aHS ow %9,
13\7 7B '3Qarz B '9RzaqQ " "ORZ

aSH 23w a2H2 0°9, 2aHS 33w

4B (_ 2aHS d3w 2a?H? 0%¢, | a?H? 02¢y)
33 B2 9ROQZ ' B2 '9Qz ' B 0QOR
a’H? 62¢y a*
+B33 T 9R9Q + 2844.t—2.g4. ?.}dR dQ (3.225)

3.2.4.6 Differentiation of the Strain Energy for the Coupling Stiffness

Secondly the Strain Energy for the case of coupling stiffness was differentiated with respect to
the displacement in z direction, w. The differential value of the external load was introduced
later, after summing up the total strain energy from the three stifnesses. This gave the
governing equation. The process is as detailed below

dU. E,t3 ag d%u, aS 93y, - a 23v, aS 0%u,
- B\ t7 9R3 12\ tp70Q0R? tB2OROQ?

t " OR3

dw  [1 — pxyhyx]a*

( a 0%u, a 03%v, 2aS 63u0> < aS 93v, aS 63V0>
T o aAnabn? &+ 22

tp " 0Q0R? t IR T tB AR%AQ B3I aQ3 B3 Q3

2B aS 03u, aS 0%v, 2aS 93y, 2aS 03%u, 2aS 03y,
2\ tp3 0Q3 tB2 dRAQ? B2 ARAQ? 3\ tB2 9ROQ2  tB AR?AQ
p By, (— 285 U0 ) (238 9w 3.226
3\ tB2 9R9Q? 3\ B 9R24Q (3.226)
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Differentiating the coupling strain energy with respect to middle layer in-plane displacement

gives
dU. E,t3 a_ 03w N a? H 0%¢, aS d*w N a?_ 9%,
duy  [1— pxybyx]a* "\ t AR®  t "ORZ t OR3 t OR?

as 3w a*H 9°9,

T tB2dRAQ% T tF "9RAQ

+2B3

“t5°300r: T &5 "9Raq T tp 9R200 T 1§ 9ROQ T 1B " OR?

aS 3w a’H 0%¢, 2aS 9w a’H 0%*¢,
— T 4. + . +B33 e ——— +B33 i
tp3 0Q3  tB? 0Q% tB? 0RO 0Q? tp?  0Q?2

B +a2H 52¢y LB 2aS 93w +a2H 62¢x+a2H az¢y 3227
3\ " tB "9Q0R 3\ tB2ORAQ?  tB2 AQ%  tB O0QOR (3:227)

( a 9w a’H 0°¢, 2aS d*w  a®H 0’4, a’H 62¢y>

Similarly differentiating the coupling strain energy with respect to middle layer in-plane
displacement v, gave
dU. E,t3

= + 2B
dvo [1- |J-XY|J-YX]a411 12 (

a g 3w +a2H 9%v,
8> 9QaRz T B RIQ

a_ 0w N a’H0%¢, aS 9w N a’Ho%v, aS d0*w N a’H 52¢y
22 tR3°9Q3  tp? 9Q% tR39Q3  tp? AQ2

aS 93w  a’H 0%¢ 2aS d%w  a?H 0%¢. a’H 0°¢
+2Bys [ ——>. +— - e
B2 9R0QZ ' B 'ORAQ  tRZOROQZ ' Bz aQZ ' tB 9QOIR

B 2aS 93w g a’H 0%¢, B +a2H 62¢y
3\ tB T9R20Q 3\ tB "ORAQ 33 t " 9R2

2aS 9w a’H 0%}, aZHaZ(by
+B33

— : 22
tp aR26Q+ tf aRaQ+ t OR? (3.228)

Also differentiating coupling strain energy, with respect to shear rotaion on y axis gives
dUC . E0t3 n 2B aZH azuO n 2B n aZH azuO
dod, 11— Hxyhyx]a* 2\ tB "9RIQ ' tB * dR?
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a’Ho%*vy, a%H 0d%v, a’Ho%u, a?H 0%v, a’H 0d%v,
B2 0QZ | B2 9Q B2 Q2 © B 9QIR ' B QIR

B +a2H 0%u, +a2H82V0 LB a’H 9%y, + B a’H 0%v,
3\ tB QAR t OR? 3\ tp " IR2 3\t “oRr?

a* dv,

Similarly also differentiating the coupling strain energy respect to shear rotaion on X axis

gives
dU. Eot3 . a’ H 0%y, N a’ H 0%u, 2B a’H 0%v,
do,  [1— pxypyxla* “\t “ARZ 't  AR2 12\ tB OR2

2B a’H 90%u, +a2H62v0+a2H 0%u, a’H 0%v,
B\ tp 0ROQ = t OR?  tB "ORIQ 23

tp% " 0Q2
B a2H62u0+a2H 0%v, LB a’H 0%u, B a’H 0%v,
3\ tp2 902  tB "ORIQ 3\ B2 402 B\t 002
4 d
+Bas. 5 [28¢3 - 52 dR dQ (3.230)

3.2.4.7 Differentiation of the Strain Energy for the Axial Stiffness

Thirdly, the Strain Energy for the case of axial/membrane stiffness was differentiated with
respect to the displacement in in z direction, w. The differential value of the external load was
introduced later, after summing up the total strain energy from the three stifnesses. This gave
zero value as shown below.

dUy
dw

— 0 (3.231)

Differentiating the membrane strain energy, U,, with respect to the middle layer in-plane
displacement gives

dUy E,t3 a? 9%y, a? 0%v,
= Bll +_2_ +2B12 +—.
duy  [1— pxypyxla®* t2" dR? t?B dRAQ

2B a? ) 9%y, +a2 9%v, 2B a? 0%v,
B\t2B"0RAQ ' t2 9R? 23 \t2p2”° 9Q?

B a’ 262u0+ a? 0%v, B a? 0%v,
3\t2B2° 7 0Q% ' t2BAQAR 3\t2BaQaR
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a’ 0%H 0%H 0%u,

RS )dR dQ (3.232)

Similarly, differentiating the membranel strain energy, U,, with respect to middle layer in-

plane displacement gives
dUy E,t3 28 [+ a? 0%v, 9B a? 0%y, 9B a’ ) 0%v,
dvo  [1 - pxymyxla* ™ "\ t2BdRAQ Btz or? - 22\ t2p2" ™ 9Q2
2B a’ 82u0+ a? 0%v, +B a? 0%y, + B a? 0%u, +a22 0%v,
22\t2B2 9Q2 " t2BAQAR 3\t2BaQaR 3\t2BAQOR ' t2 " OR2

a’ 0*H 0°H _ 0%v,
+ Bsg,.t—2 Dy 352 + 0 + 2 dR dQ (3.233)

Y 952 0S?

But differentiating the same equation (i.e Uy, ), for the two shear rotations, @, and @, gave

zero values as shown Equations (3.234) and (3.235) respectively.

AUy

— =0 3.234
do, (5239

aUupy

=0 (3.235)

3.2.4.8 Formulation of The Buckling Equations

Considering the external work,V introduced on the laminated thick as

If <0 + N?(i—‘;’)z + 0) dxdy (3.236)

where

Ny (1 01 /dw)?2
vo=-2[0 (S drdy (3.237)
Expresing V in terms of non dimensional parameters gives

dw

2
v =-N05% [ [ (5) drdQ (3.238)

Where

% = —2 Nya?dRdQ =

ow

—N,a2dRdQ (3.2392)
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The total potential energy functional of thick rectangular anisotropic plate is given by the
expression in Equation (3.239b)

n=U+V (3.239Db)
considering the flexural rigidity as
E,t3

D =
° [1 - MXYHYX]a4

(3.239¢)

3.2.4.9 Derivation of The Governing Equation

The total strain energy comprises of the strain energy for bending , coupling and axial
Stiffnesses. That is to say

U=U,+U,+Up (3.240)

but m = (Ub + UC + Um) +
v (3.241)

ort=U+
\Y4 (3.242)

Differentiating Equation (3.242) with respect to w gives the governing equation

om 0dU oV

3w Iw +— T (3.243)

Substituting back Equation (3.221) (3.226) and (3.231) into Equation (3.243) gives

om abDOJ ] B, (252 s % %0, us 239,
ow  2at 11 6R4 e T eI T°E
vop. (3 0w alis 0°4, aHS 8°¢,
12\ B2 "0Q20R2 B "0QOR? B? ARIQ?
vop (257 Otw aHs 030, H563¢y 2aHS 9%¢,
B\" 3 9r%aQ B 0Qarz “"°9R® B aR%3Q

25% 0w aHS 0°¢, aHSO%d,
* Bz aQ4 S EINTENFTOE

rop. (457 9w aSHa¢ aSH 0°4,  2aHS 0°¢,
=\ g3 aRaQ3 "9Q3 B2 "OROQ? B2 OARAQ?
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5. (857 _0'w _2alis 2°¢, 2aHS 0°9, 2aHS 09,
B% 0R20Q2 B2 '9RAQ: B OR?3Q B% dRAQ?

2aHS 0° 9, a_03%u, aS 93y,
+Bas (- +Bu(-tS o -

B 0R20Q dR3 t  OR3
9B a. 23v, aS 0%u,
2\ tB70Q0R? tB20RIQ?

a 0903u, a 03, 2aS 63u0>

+2B13 (‘556(361?2 Tt 9R T 9RZaq

aS 63v0 aS 63V0 aS 03%u, aS 0%v, 2aS 93y,
- 23\ tB3°9Q3 B2 dRAQ* tp% RAQ?

B 2aS 93u, 2aS 93y, LB 2aS 93u,
3\ tB2 0ROQ% tB 9R20Q 3\ tB2 0R Q2

By (=29 0700 ) N2 pio — o (3.244)
3\ tp 0R?9Q D0 ¢ = '
Equation(3.244) was simplified further the to get

¢, %0, a 0%y,
— j f 2B11 BllaHS aRZ BllaHS aR3 _B11ES.W

aS d%u, 4B;,S? d*w  2BpaHS 0°¢,  2B,aHS 8%4,
WGRE T B? "9Q%0R: B 0Q0RZ  B?  ORAQ?
2B,a  93v,  2Bj,aS 93u,
T S'aQaRZ_ tB? ORAQ2

4B13S? 8*w  2By3aHS 0°0¢, 0 aH503¢y 4B ;aHS 034,
B OR33Q B 0Q0OR2 13 dR3 B 0R20Q
_2B13a a3u0 _2813(1 63v0+4‘B13aS asuO
tB —~ 0QOR? t OR3 tB O0RZ?0Q

B,,2S29%w  B,,aHS 9°0, B,,aHS3°¢, B,,aS d3v, B,,aSa3v,
n y _ y

B+ aQ* B T aQ3 B®  0Q3  tB® TaQ® g3 aQ3

8B,3S? 0*w  2By;aSH 0%,  2By3aSH 2°9, _ 4By3aHS %4,
B3 ORIQ3 B3 903 B2 9RAQZ B2 9RAQZ
2B23aS 631.10 2B23aS aZVO 4B23aS 63V0

t3 " 9Q3 B2 'dRAQ* B2 OARAQ?
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8B33S? d*w  2BssaHS 03¢, 2By;aHS 0°¢,  2BiiaHS 934,
B2 0R2AQ* B2 ORAQ: B OR20Q B 0ORAQ?
2Bs;aHS 0%,
B 0R23Q

2BszaS 03%u, 2B33;aS 03v, 2B33aS 03%u, 2B33aS 03v,
tp%? ~OROQ? tB 0R20Q tp% O0ROQ2 tp 0R20Q

N,a?
Do

-2 }deQ =0 (3.245)

That is:

w 4B12$ 0*w 4B,3S? 0*w B,,2S52% 9*w
f f (2B,,S? + +
6R4 Bz "9Q20R: ' B OR%0Q ' B* oQ*
8B,S? 9*w  8BsS? 9w 9%, %,
—By,aH —By,aH
5% 9RAQ3 T pz oRzagz  DndHS-Gpe ~BualS.ops

_ 2BypaHS 0°¢,  2By3aHS 0°0¢,  4Bi3aHS 0°4  2ByzaSH 0°¢,
B2  0RAQ:? B OQORZ B 0R20Q B3 Q3
_ 2By;aHS 9°¢,  2B3;aHS 0@,  2BjaHS 94,
B2 'ORAQ?  B% 0RAQ®? B 0QOR?
0°¢, ByaHS 0°0, B,,aHS0%¢,
OR3 83 'aQ3 83 aQs

- 2313(11‘15

_ 2ByaSH 9’4, 4ByzaHS 0°¢,  2ByzaHS 0°¢,  2ByzaHS 9°4,
B2 0RIQZ  BZ ORAQZ B 9R%3Q B 9R%3Q

B, aS d3u, B as d3u, _ 2BypaS d3u, _ 2By3a d3u, +4B13aS d3u,
9R3 ¢ 9R3 tB2 ORAQ> tB ~ AQOR2 tp OR29Q
2B,saS d3u, 2BszaS d3u, 2BssaS 93y,

tB3 "9Q3  tp2 'ORAQ%  tP2 ARAQ?

ZBlza 63170 2B13a 63170 Bzzas 63V0 Bzzas a3V0 ZBzgaS
tB ~ 0QORZ t OR3 t3 " 0Q3 t3  0Q3 tp2

0%v,  4By3aS d3%vy,  2B33aS 03%v, 2Bs3aS
'dROQZ 8?2 O0ROQ? i O0R?20Q  tB
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031, _Nia a’
9R200 D,

} dRdQ (3.246)

Further factorizing Equation (3.246) gives:

flfl{ZB 5264W+ZSZ (B, + 2B..] o*w +4Bl352 0w _|_8B23S2 9w
17 gra  p2 T12 319R20Q? B OR30Q = B3 ORAQ3
B,,2S% d*w
B4 aQ4
0%¢, 2aHS 0%¢_  2By;aHS 0°¢,  2B,3aSH 0°¢,
2B118HS 9R3 - 7[812 + 2333] 6R8Q2 + ﬁ aRzaQ - ﬁ3 . an
0°¢, 2aHS 0°¢,  2aSH %4,
—2B13aHS ——= 9R3 _T[Bu + 2B33] 9R20Q - B2 [B23 + 2323]@
_ 2Byalis 09,
83 ' aQB
aS 03u, 2BzaS 0%u 2aS 03u 2B,.aS 03u
2B11 0 13 0 [B12 +4B33] 0 23 0

't " OR3 tB 0R20Q tB? dRAQ>  tp3 Q3

_ 2Byza d3v, 2aS [B., + 2B,,] d03v,  6By3aS d3%vy,  2B,,aS d3v,

t °~OR® B 9RZ0Q  tp2 ARIQZ  tB3 9Q3
N,a?
- dRdQ (3.247a)
Do

Considering the x-y plane elastic modulus parameter as
Byy = B1z +2B33 (3.247b)
and putting it back into Equation (3.247a) gives

j{ZB 52 (B,,] o*w +4Bl352 o*w _|_8323S2 9w
1 aR4- g2 L 1gR2902 B OR33Q B3 OROQ3

B,,2S% 0*w %0,
—— —2B;jaH
[34 6Q4 nalsS.——= aRs
2aHS 0%¢_  2BjsaHS 0°¢.  2By;aSH 0°¢,
__,32 [Bxy] aRaQZ 'B aRzaQ - ﬁ3 aQ3 2313aHS
0°4, 2aHS[ |- 0°4, _2aSH o op 0?4,  2B,,aHS 0°9,
IR3 Bry dR?20Q B2 % 219R0Q? B3 " 0Q3
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aS 03%u, 2B;3aS 03u, aS
—2Bu— + tB OR29Q - tlg_z[Bxy]
2Bza _03%v, 2aS (B,
t oR3 tBp Vo

03u,  2B,3aS 03uq
dR0QZ % 0Q°
d03v,  6B,3aS d3vy,  2B,aS 03v,
R?0Q B2 OROQZ  1B°  0Q3

Nxa) edo =0
D, Q=

(3.248)
Substitutitng gi for S as already stated in Equations (3.205) to (3.211) in to Equation (3.248)
gives:

61‘[ tw Zg o*'w  4B,3g, 9*w
f J.{Z B1191 6R4 “[B e

[ ] _ 8B,3g,; 0*w
,6’2 Y10R20Q2 B 0R30Q B3 0RAQ3
2B,, 9, 0*w o*w 29, o*w
S~ g S~ R B | s
2Bi39, 0*w  2B,3g, 0*w 2B d2*w ZgZ[B ] do*w
B 0R30Q  B® '0RAIQ3 B J2aQors 1 5R290?
6B339- 0*w 2B329- 0*w Ic1 0*w 2B139c1 0*w
B3 ORAQ3 B+ " aQ* 1t " 9R* tp OR30Q
_chl [B ] 0*w _2B23gcl 64W_ZB13gc1 0*w
tpz VY1 9R20Q2 tp3 T oQ* tB OR30Q
_29c1[B ] 0*w _6Bz3gc1 0*w 2B229c1
tﬁz VI gR2 an

tB> ORAQ>  tp*

O'w _ Nea® dRdQ =0
"9Q* D, 0=

(3.249)
Further rearranging Equation (3.249) gives

g 1 04w
f f{ [231191—281192 2B — .

OR*
29 29 29 Zg 29 29
+ '3_21 [Bxy] : [Bxy] 'le [ xy] - [ xy] tﬂczl [Bxy] - ?Czl [Bxy]
0*w [232291 _ 2B3,9- _ 2B339c1 _ 2By,9.110%*w
dR2 9Q>2 B4 B4 tR3

t84— aQ4
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4B 2B 2B 2B
4= 1391+ 1392+ 139c1 139c1]
] B B tB 0R30Q
8B 2B 6B 6B o*w  N,a?
n 23d1  4b2392  Ob3302 239c1 Ny dRdQ = 0 (3.250)
| B3 B3 B3 t> I10RAQ* D,

Further factorization of Equation (3.250) gives:

g d*w
f f{ [231191—231192 2By — = R+

28] - o] - H21n,)

RZ aQ2

2B3201 _ 2B329- _ 2B339c1 2B229c1 0*w _431391 n 2B139,
B* B* tp3 tp* aQ4 B B

0*w n 8By391 8By392 6Bz39c1 0*w Nxa12
dR30Q B3 B3 tp3 0R0Q3 Dy

} dRdQ =0 (3.251)

Each of the terms in Equation (3.251), was divided by the coefficient of Z%V and that gives:

2 4g¢
f 1 f L [49:[B25] — 402[Bo] = 22 (B, ]| g0,
. +
4 B 2 302
0 Jo | oR [B11g1 —By192 — By %] 0R*0Q
1 B c B
Bt [ By281 — B2282 — % - BZchl] o0*w ?3 [—2g; + B13g2] o0*w
+ +
c 4 c 3
[31181 Bi182, — Bi1 =~ g - oQ [Bllgl — B1182 — Bq1 g_t1] OR*0Q
1 3B c
g [432381 — 4By38, — #} 0*w qa*
+ gcl OR 003 - 8c1 dRd
[31181 Bi182 = Bi1 =~ Q Dy [31181 —B1182 — Bq1 T]
=0 (3.252)

Equation (3.252) can be further reduced to

j j 0*w i 04W+G 1 0% ic 1 d*w c N,a?
6R4 ,32 6R26Q2 3B470Q* T Y'BTOR3AQ N ° B3 ORAQS ° D,
drRdQ =0 (3.253)
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where

B1181 — B1182 — Bix gil]
G, =7 - (3.254)
_B11g1 — B1182 — B11 T]

4g1[By] - 482[Byy] - B2[B, y]]
Gy, == - (3.355)
[Bllgl Bi182 — B11 <

B c
_ [ B2281 — Ba2g2 — —23fg L — Bzzgc1]
Gz = _— (3.356)
[B1181 —B1182 — B11 T]

2¢. + B
Gy [—2g, 1382] (3.357)

[Bllgl Bi182 — B11gC1

3B c
[432381 — 4B338, — #]

Gs = ™ (3.358)
[B11g1 —Bi1182 — B11 "
1
Ge = — (3.359)
[Bng1 —B1182 — B11 E ]
Equation (3.253) can be expressed as
[ J, (A1 + [B]}dRdQ = 0 (3.260)
where [A] = [ + Gy 2 =00 4 Gy 20 — Gy | (3.261)
ot T 25z Graaqe T U337 5gr ~ Y6 T, '
_1 w [ dw G dw
[B] = 7. oaa 6o 5 BZ'an] (3.261)

3.2.5 Derivation of The Compatibilty Equaions

The first compatibility equation was obtained by differenting the total potential equation by
the middle layer in-plane displacement in the direction of x. That gives
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o UL NN =0 3.262
du, OJu, O0u, OJu, B (3262)

Introducing the real values into Equation (3.262) gives

om abDOf f{ < a_0d%w a®? 0% aS d°w a? 62¢X>
11

au, ~t oR®

_a “h, .
S TR TR T iaRe

aS 93w  a®H azd)y a 0w a’H 0%,
+ 2By, [ — — + + By ——S +

tp2dRAQ2 ' tB 9RAQ tp “9QORZ ' tp ARAQ

2aS 93w +aZH 0%, +a2H az¢y o8 aS 03w a’H 62¢
tB dR20Q  tB ARAQ tB ~AR? 23\ g3 6Q3 tp2 'aQ2
g (L2 _Pw ) (2 %9, vp 20 0%, ' 5
3\ tB2 9RA Q2 3\ tp2 * 0Q? 317 tB "9QaR 33
2aS 9w a’H 0%¢, +a2H az¢y 3 _I_a2 202u0 9B
tp2 aRaQ2 tp2 " 9Q2  tp 0QAR 727" gR2 12

N a?  09%v, 2B a? a, 0%y, +a 9%v, 9B a’ 62v0 T
t2B dRAQ 13\t28 “9RaQ dR?2 23\ 12p2" 9Q? 33
2 a” azuo+ 2> 0%vo +B 2> 0o + 2B,, az Gl JdRd 3.263
t2B2° 0Q%  t2BAQIR 3 \t2BaQaR " 9SZ Q (3263)
when the brackets are removed, Eqaution (3.263) becomes

ff{ W g, iy L 38 Ow
6u0 aR3 g Rz Mg

' a2H62¢ 2B,aS 93w +2B12a2H 0%0, Bysa_ 03w
1 dR? tp2  dRAQ? tB  ORAQ tB ~IQAR?

Bisa’H 0%,  2Bj;aS 9°w  Byza?H 9%, Byza’H 0°0,  2ByaS

(6 '9ROQ B ORZIQ B ORAQ T B ORZ  if°

63W n ZBz3azH az(l)y _ 283335 63W B33aZH az(l)x n B33aZH az(l)y
Q@ T T 9 8?7 RAIQZ T 2 9@ T 1B 9QéR

_283335 63W +B33aZH azd)x +B3332H az(l)y +2B11a2 azuO
tB2 OdR0Q? t2 " 0Q? tB 9QaJR t2 " OR2
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2Bj,a? 0%vy  4Bjza? 0%u, 2B3a? 0%vy  2Byza? 0%v,
t2 "dRaQ t?B "dRAQ t2 "~ ORZ? t2p2 " 0Q?

Bjza? 9%u, Bsza? 0%vy Bjza? 9%v, al2 0%u,

*2 g7 32 T 2p 9QoR T 2p aQaR ¢ ‘55z -JdRdQ (3.264)

Collecting the like terms together gives

om . aS 63W+ B, azH 0%, . aS 03w
du,  t orz M 9Rz ¢ 9R3
a? 62¢X+2811a2 9%uy 2BjaS @3w  2Bja?H 0%,

Rz 'tz ORZ  tp? dROQZ ' tp ORAQ

2B;,a®? 9%v, BjzaS 93w +B13a2H 0%¢_  2BjzaS 93w
28 'dROQ B dQORZ B ORAQ B ORZIQ

BysaH %9, +1313;;121{ 0%, 4By;a? 9%u, 2Bjsa’ 0%v, 2BysaS

tB 9dROIQ tB "~ OR2 t2B "0RAQ t2 " OR2 tp3

93w +2B23a2H 62¢y+2323a2 0%vy 2BgaS dw +B33a2H %9,
"9Q3 t2 ' 9Q2 ' t2pz '9QZ P2 'ORAAQZ ' tpZ 0Q?

Bs;a?H 0°0,  2BgzaS 93w +B33a2H 9%9, Bsza’H 0%9,
t '9QOR  tB2 ORIQZ = tpZ aQ? t8  9QaR

Bjza? 0%u, Bsza? 9%v, Bsza? 9%v, a2 0%u,

2 . + 2B,
Te gz 32 T g 9Qar T 2 9QaR T 952

—2 }drdQ (3.265)

Further factorization of Equation (3.265) with respect to B gives

_2aS 3w 2a 0%u, 2a*H 0%9,

B = =2y .
S T " OR2 t ~ OR2

By, | 2as a3w +2a23 92v, +2a2HB 0%,
B2 t dRJQ2 t2 'dRaQ t "0RAQ

"3R0Q T IR2

Byz | 3aS 3w 2a2 A 9%y, 0%vy| a®H
'3RAQ ' "V OR?

B t aRZaQ B t

2 62¢X aZd)y]

Bz3 [ 2B23aS 63W+ 232332[3 OZVO " 2B2332HB az(by
B3 t  0Q3 t2 " 0Q2 t " 0Q?

99



B33 | 4aS

0%vy | 2aH

62(|)y

N 3w +2a2 0%y,
B2 t 9R00Q%Z tZ | 0Q2

%
+B X+ B. (3.266)

SFre

t

aQaRl * 9QOR

The second compatibility equation was similarly gotten by differenting the total potential
equation by the middle layer in-plane displacement but in the direction of y. That gives

ot

ou oV

aVO + aVO

vy,

(3.267)

Substituting the real values in to Equations (3.569) gives

om abDof f{ZB _ag 03w +a2H 9%v, 2B
v, 2a* 2\ tg70QAR2 ~ tB ORAQ 13

a863w+a2H62¢X T aS 63w_|_a2H62 as 9w a’H 0%,

t 9R3 =t OR2 22\ " 37 0Q3 ' tp? 9Q% B3 aQ3 tp2 ~ 9Q?
2B aS 93w +a2H 32¢y 2aS 03w +a2H 0%¢. a’H 52¢y

2\ tB2°0RAQ% ' tB OROQ  tB2ARAQ%  tB? 4Q>  tB "OQAR
B 2aS 93w B a’H 0%¢, B +a2H 62¢y

3\ tB "9R20Q 3\ tB "ORAQ 33 t "~ 9R2

2aS 9w a’H 0%}, aZHaZ(i)y a2 0%v,
+Bg3 - + . +2B12
tB 0R20Q tB ORIQ t OR? tZBdRaQ

2B a? 9%u, 9B a? ) 9%v, 2B a’ 62u0+ a? 0%v,

B\t2 gRr2 " 22\ 2Bz % 9Q2 23 \t2B2 0Q2 ~ t2BAQAR
2B a? 0%y, 9B a’ ) 0%v, 0B a’ 62u0+ a? 0%v,

13\ t2 " 9R2 22\2p2" 7 9Q2 23\1282 9Q2 ' t2BAQAR
+B 2 07 + Bas 2 07 az2 97 +B az i % }dRd 3.268

3 \t2BAQ IR tZBOQOR dR? 55722 552 - Q (3268)
Opening the brackets gives
om _ 2BjaS 9%w  2Bpa’H 0%, 2BgzaS 9w
vy tp "9QaIR2 tp ARIQ t OR3

2By3a’H0%p, By,aS 93w BzzazHaz(by B,,aS d%w
t 0R? t3 0Q3 t2  0Q? tB3 0Q3
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Bj,a?H 0%0, 2B,iaS 3w +2B23a2H 0%,  4B,aS
tp2 " 0Q2 tB2 O0R0OQ? tB O0ROQ tp2

3w 2B,sa’H 82¢X+ZBZ3aZH 0%0,  2BzaS 9w
dRAQZ ' B2 0QZ t8 9QAR  tB ARZAQ

B3332H az(l)x B33aZH az¢y_2B33aS 03W +B3332H azd)x
(8 9ROQ |t 'OR? B ORZIQ .t 9RAQ

B,sa2H 62¢y+2812a2 92v, +2813a2 92y, +4B22a2 92v,
t OR? t?B dRAQ t2 "~ OR? t2B2 " 9Q?

2]32332 azuO " 2823a2 aZVO " 2]31332 azuO n 2B23a2 azuO
t2p2 9Q2 t2B 0QaJR t2 " JRZ? t2p2 9Q2

2B,3a% 0%v, _I_B33a2 0%y, _I_B33a2 0%u, +2B33a2 0%v,
t28 0QAR  t2 aQaR t2B dQJR t2 " JR?
2 g2y

682

+Bss. 5 0 .}dRdQ (3.269)

Factorizing Equation (3.269) the like terms with respect to B gives

ot _B12 ZaS 63 Zaz H62¢X+ aZVO
v B |t '9Qor? T t |9R4Q " wWRAQ

Bi;| 2aSP 63w+2a28 0%,
B t "OR3 taR2 0R2

By 2aS 63w+4a26 9%v, 2a’BH 0°9,
B3 t 0Q3 t2 " 0Q2 t  0Q2

2B 0%, 02¢X]

B23 6aS d3w _I_4a2 62u0+ 0%v, ZaZH N
T8 | T T Rz T @ |z TPaqer| T Tt | aRaq a2
, Bas| 4aS 3w 2a2 92y, +2a23 9%v, 2a?HB 0°0, 2a?H 029,
B Tt aRZaQ t2 9QAR = tZ " 9R2 t ~OR2 t 0RAQ
2 62
+Bss. 3 asz .}dRdQ (3.270)

Further factorization of Equation (3.270) with respect to B gives

101



2a’H 09,

om _ B[ 2aS 3w +2a2 0%v,
v, B | t 8QAR? 'tz dRAQ t OROQ
+Bl3 2aSP 63W+2a2[3 0%u, 2a*HP0o%*¢,
B t "OR®  t?2 " OR? t OR?

2aS 93w  8a?p 92v, +2a2H362<I>y
t2 " 9Q? t 0Q?

B,, |
LSl e TE
2a2H[  0%¢, 92%¢_ |
2 gty Oy
t 0R0Q  0Q?

2 lazuO a Vo l

B,;| 6aS 03w N
2 [9qz T ¥'aqQar

T8 | T T aRaE "

[ 92 0%¢
b + B.—=
dR2

21 9%u,
+ p.
9QoR ' V' OR?

N Bs;| 4aS 03w 0%vy| 2a%H
B t aRZaQ t "|0R0Q
(3.272)

2 62
+B55 682 }dR dQ

Considering the differential values for the case of the shear rotation on y-z plane, i.e ¢,

gives
(3.273)

o 6U+6V_ 6U+0_0
ddy, 0ddp, 0db, dby
Also introducing the real values into Equation(3.273) gives

dmt  abD, jIJI{ZB aHS 93w +a2H2 020, 2B
0 B 9QARZ B 'ARAQ 13

ddy,  2a* J,
aHS 0°¢, aHS®°d, 2a?H2 52¢y)

2
Ow a’H? —= 070y + By, | — : - + :
p* 0Q* B* o Bz 0Q?

—aHS —
aHSops +aHane

2aHS 0%w  a’H? 9%, a’H’ %9, g
" 9Q2 B "9QOR 33

aSH 0d3w N
BZ aRan BZ

+2B,; (— 7 IRIT

B OR20Q B ARAQ

a?H? 99, 2aHS @%w  a’H? 9%, . 0
. 33| — + + 2 H2
B "0QdR T2
a4-
+2Bgs. - 84- By}dR dQ (3.274)

That means:
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om _ B a’H 0%u, 2B +a2H 0%u, +B,, 2H02 +a2H 0%v,
b, 12\t "0RAQ 13 tB "~ OR2 tBZ Q2 B2 Q2

428 a’H d%*uy, a’H 0°vy a’H 0%v, a’H 0%u, a?Hd?%v,
23\ tp2 6Q2 tB aQaR tB "0QOR tﬁ’ aQaR t OR?
a’H 0%u, a’H 0%v, a* dv,
+ B33 F.W + B33 T.W + B55.t_3. [chg.ﬁ] .}dR dQ (3.275)

Opening the bracket gives

+ 2B,;a2H2.

2Bj,aHS 9w 2Bja’H? 0%¢, >w
aq; ff{_ aQarz T T g oraq  “Butps
y

0%¢,  ByyaHS 8w  By,aHS 63w+ 2 ByaH? 0°0, 2B,.aSH 93w
0R2 B3 ' aQB BB aQ3 BZ ' aQZ 32 'aRaQZ

4By3aHS 03w  2B,3a?H? 8%¢, 2B,3H® 0°¢, 2Bi;aHS 03w Bsza’H?

B2 BRIQZ T Bz 002 B 0Q0R 5 aRZaQ T g
d¢,  2BszaHS 9w  Byza’H? 0°¢, 62¢y a*
. _ + 2B R
9Q0R 5 9R0Q ' B oRaQ T <" “H* SRz + 2Bss 704

ZBlzaZH azuO 2B13a2H azuO B2232H62V0 BZZaZH aZVO
tB  0RAQ tp  OR2 tp2  0Q2 tR2 " 0Q2

@,}dR dQ +

2323a2H azuO 2323(121'1 aZVO 2B23a2H 62V0 B33a2H azuO
tfZ 002 tB _0Q0R 't 0Q0R ' tB 0Q0R

Bys;a®’H 0%vy Bsza?H 0%u, Biza’H 0%v,
t OR? tB OROQ t OR?

a* dv
+Bss. 3 [ng.d—;] JdRdAQ (3.278)

Collecting the like terms together with respect to B gives

omn Blz als, 3w +2a2H 0%y, a2 0%,
ab, B 9Q0RZ "t '9RAQ "9RIQ
y .
Bis 93 W 2a’H 9%y, 92%¢
2112 X
+ [ 2aHSB g+~ + 2a?H2B. X
3w 0’0, 2a2HBa%v,| B
—2aHS.— + 2a2H? Y ol +-==
33 aSaQ3+ a BaQ2+ t 302 g
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P 3w +2a2H 62u0+4a2HB 0%v, +og2p2 L 0°¢, « o2 02¢ +B33
>BRaQz T Tt 902 t aQar  “* 7 a2 b-300r| T
03w 2a’H 0%u, 2a*HpB 0%v, oy 00, - 52¢

_4aHS'8R28Q+ . '6R8Q+ ; '6R2+2aH aQaR+2aHﬁaR2
a* a* dv,
+2B55.t—2.g4. @y + B55.t—3. [chgﬁ] . }dR dQ (3279)

And finally for the case of the shear rotation on x-z plane, the fourth compatibility equation
was formulated as shown below

o _ W VU o= (3.280)
0py 09y  0¢x Oy '

Putting the actual parameters into Equation (3.280) gives

om  abD, >w P>w 92¢
= Byy  —aHS.=— — aHS.—— + 2a2§2, —2X
e 2a4ff{11<a56R3 alS.5re T 2475 R

aHS a3w [ a%H? 324)
B2 9Q2 " 9R B "ORAQ +2By3

aHS 93w 2aHS 93w L oY 324) 2B aSH 63w_|_a\2H2 52¢y
B '9QoRZ B 'oRZaQ ' ¢ GRe 22\ 783 "9 T TR T 9Q2

+21312(

2aHS 33w 2aHS 93w  2a%H? 929, a?H? 0%0
+Ba3 | —— e = + ==+ :
BZ '9RAQZ BZ 9ROQZ ' B2 '8QZ ' B 0QAR

a’H? 52¢y a* a?_  0%u, a?_ 0d%u,
+B33 B aRaQ + 2844.t_2.g4 X}dR dQ + Bll H aRZ + TH aRZ

ZH 62 ZHaZ ZH 62
tB 6R2> B1s < tB aRaQ t 9R2 B '6R6Q>

o8 a?Ho%u, a*H 9%v . a?H 92y,
23( 6Q2> <t82 an tB 6R6Q> 33<t8_2'6_QZ>

a’H 2H 62V0

) + By — [ch3 }dR dQ (3.281)

Opening the bracket gives
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om 23w 3w 0%¢.  2By,aHS 03w

— —B,,aHS. S _ B, aHs. 2B, a?S? =% _
dby, S gRs T P gy A e T T GRAQ?

2B1,a’H? 0°¢,  2BjzaHS 93w 4aHS @Pw
B ARAQ B '09QARZ B '9R2AQ

L., 00, 2BysaSH 9w  2Bpza?H? 0%¢;,  2B,;aHS
H2Bal g - — S T T I @

*w  2BgzaHS 8°w +2B33a2H2 62<|)X+B33a2H2 0%,
"9R0Q? B2 9RAQ2 B2 0Q2 B 0Q4R

Bssa®HZ 0%, +B11a2H 92y, +B11a2H 92u, 2B,,a?H 8%v,
B '9RAQ t OR? t OR? tg  ARAQ

2Bj3a%H 0%u, 2B;3a’Hd?v, 2Bj3a’H 0%u, 2B,3a%H d%v,
tB OdRAQ t 0R2 tB ORAQ tp2 " 0Q?

Bjza?Ho?u, Bjza?H 0%vy,  Bjza?H 0%u, Bsza’H 09%v,
tB2  9Q2 tB 0RAQ tB2 " 9Q2 tB ORAIQ

4 d
+ Bya i [200s 22| + 2Bs. & g4 0,3dR dQ (3.282)

Upon factorization of the like terms together with respect to B, Equation (3.282) gives

om B |—2ans. 63W 2a’H 9%, + 9222 0%,
ddy, | TGRS T T Rz T4 gRe
By, 3w 2a2HB 92v, 0%¢
—=[-2aHS 2a?H2B. —~
o7 |72 55 T v araq T 2 P aRaq
B13 4a’H 0%uy |, 2a%HPB 8%v, 2112 &
B [ 5aHs. aQaRZ T t 'aRaQ+ t ORZ? +2a°H"B 0R2
23w 2a2HB 8%v, 0] B
—2aSH. 2a2H2B. —2| + —=
t I R o) R
9w 2a’H [d%u, 9%v, 920 0%
—4aHS. . . 2a%H? | —=2 4+ B.—=2
e Y A laQ2 +B-3Raq| T 2 202 T B3Raq
4 a4-
+Ba0. | 2805 ds]+2‘344 8+ 0,)dR dQ (3.283)
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Bringing the the four

compatibility equations together gives

Jam 4 om N om N Jm

du, 0dv, 6¢y d¢,,

That is

. [ 2aS 63w 2a 9%y, +232H 070,
ot R T 9Rz Tt oR?

By,| 2aS 93w +2512[3 d%v, 2aZHp 0%¢,

B2 t dRoQ%z t2 'dROQ t "0R0OQ
Biz| 3aS 0w 2a2 . 9%u, N 9%v, +a2H 09, +02¢y

B tarzaq T ez |Faraq TP aRz| T T [ aRaq T aRe
Bys| 2BjsaS 93w  2B,sa’B 9%v, 2B,;a’HB 9%9,

B3 t  0Q3 t2 1 0Q2 t " 0Q2
By;| 4aS 93 2a% [92 02 2a2H [@2 0%¢
SN P R R Vo | ZaH |0 o TN

B t 9RAAQZ 2 '|9Q2 ' PaqQar|” t ‘|aQz T "'aQaR
B12 ZaS 63 2a2 aZVO +2a2H az(l)x
B t aQaR2 t2 dRAQ t 0RdQ
Biz[ 2aSB d°w  2a%B 9%u, 2a’HBI*d,

B t "OR3  t2 ~OR? t JR?

By | 2aS 0°w 8a2[3 92v +2a2H362<I>y

B3 t aQ3 t2 " 0Q2 t  0Q2
Bys| 6aS 9w 2192y, 9%v, | 2a?H[__ 0%, 8%¢_
+— +— +B. + +.

Bz | "t '9RaQZ ' 2 [8QZ ' T'aQaR t dRAQ ' 9Q2
Bia| 4aS 0w 2a%[0%w,  9Pvo) 2a°H [ 9%, %9,
B |t arRzaq T @ |aqar T PR t '|aRaQ " " oR?

2 2
+Bss. 652 JdRdQ  +
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93w 2a’H 09%u, 0%,

2
—22|-2aHS. . 2a2H2 —X
B | “*">aqorz T ¢ "arag T “*" 3RaQ
Bis[ 93w  2a’H 9%y, - 02¢X'
T | TPt T R YA B GRe |
B,, | 3w 0’0,  2a%HP d2v,
—= [—2aHS.—— + 2a?H?p.—=
+[33 2a SaQ3+ a BaQ2+ t 302
B, | 3w 2a%H 9%u, 4aHB 92v, 0%, 0%, |
2 . . 2a?H2. —% + 2H2B. —~
T | TS e T e Tt aqar T e A B 5qaR
93w 2a’H 0%u, 2a’HB 0%v a0, 524)
D33 0 0 2192 a2
3 4alS. e T TR T T e T AN aQaR+2 H? BaRZ
a* a* dv,
+2855.t—2. g4. @y + BSs.t—3. [ch3ﬁ] . }dR dQ +
93 W 2a%H 9%y, 0%¢
2¢Q2 X
B, [ 2aHS. oz + —— 0 + 2078 '_aRZI
By, | 93w 2a%HP 8%v, L., 0%9,
+? _ZaHS(')RE)Q2+ n 6R6Q+2aHﬁ'_aR0Q
Bys| 03w 4a’H 0%u, 2a’Hp0%v, 62¢
—2|_5qHs. . 2a2H?
T | TS Goare T T GRag T Tt ore Bore
1323 °w 2a’HB d%v, 32
2 ZSHaq3+ — St 2a HBaQZ]
03w 2a%H [d%u 2v, 924 0%
33 0 y
—33 | —4aHS. . 2a2H? |.—=% + .
Tz | TS Gree T l(’)QZ + (’)R(’)Ql + a0z TP 3RagQ
a* du, at
+ B44.t_3 [ch3 .E:l + 2B44.t_2.g4. ®X == 0 (3.283)

Equation (3.283) was further expanded by opening of the brackets and that gave

— = omy — 2aHS. o+ X | 422282 —X%

2aS 0w 9w 2a 9%u, +2a2H 02u0+2a2H 0%, 9%
11 t "OR3 dR3 " 9R2 t  OR2 t AR OR2
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Byp| 2aS 3w 3w 03w 2aSB 93w 2a’HB 0%y,

2| Tt araqe RS 5qare T 2SR T T aqare T "9R0Q
2a2B 8%v, 2aZHP d%v, 2a% 92 92
ap Ovo  2a7HP 0w 228 V°-+2a2HZB=—:EL
2 "dRAQ 't ORAQ ' 2 dRAQ 9R3Q

06, 2a%HB %9, | 2a%HB 9%,

212
t 2B S50 T Tt aRaQ T Tt 9RAQ
+Bl3 3aS  d3w 4aHS 3w 2aHS 93w 2aSB 63W_|_8a2 0%u,
5 |” T arzaq S ek T 2B T G T aRaq

4a’H 0%u, +2aZB 82u0+2a2H 62u0+2a28 0%vy  2a%HP d%v,
t OROQ tZ " OR2 t ~ORZ? t2 " 9R2 t OR2

2
2a’H 62¢x 2a2H2p. 0%, | 2a’Hp 62¢ 2022, 0°¢,
t 'aRaQ aRZ t aR2 9R%
2
@ 74,
t ~OR?
B,, 93w 2aS 03w 0’9, 8a2B 92w, 2a’HPdZv
il _ 2192 y 0 0
+B3 ZaHS.aQ3 t'6Q3+2aHB'6Q2+ o) '6Q2+ C 902
+2a2H[302¢y
t 0Q2
st a3 w  2aS 3w  6aHBS. 3w 6aSB 93w +2a2Hﬁ 0%u,
/33 307t o CMPSara0r Tt sragE T Tt age

2a%pB 0%u, N 2a2HB 9%v, N 4a’HpB? 0%v, N 2a%B% 0%v,
t2 002 t 002 t 0QOR t2 "0Q0R

2 2
+ 2H2p? 0°9, _|_4aZH[32 04, 2a%p 62170 2a2n2p. 0 % 0*¢,
"9Q0R { 9RAQ 2 9QZ Q2
2 2
ZaZHB.a b, 2a2h2g. 0 0”9,
t 0Q?2 an
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B3| 4aSB 93w 3w 93w 2a%B 0%u, 2a*HB 9%y,
— . — 4aHS. — 4aHSB. + . .

B t 0R%?40Q dR 0Q? 0R%20Q t? 0QdR t 0dRAQ
2a%B? 0%vy, 2a’HB 0%*v, 2a’HPB? 0%v, N 2a’HB 0%,
t2 " OR? t O0ROQ t OR? t "0ROQ

Y, 02¢ 2a%H 9%y, 0% ¢

2g2p __"x 2172 X 2g2p2__ 'Y

+2aHﬁ.aQaR+2aH.aQ2+ ” '6Q2+2aH'8 3R2

0%p, 2a2HB> %9,

2a%H?p. .
t2atH R S0 T T R
a? 0%v, 5 a? dv, a? dug
+t_2 ZBSS'W + 2B55.a .g4.¢y + ZBss.T.gCg.E'*' 2B44_ t -9c3 d_S
+ 2B44.a2.g4.®xl == 0 (3.284‘)
Simplifying Equation (3.284) further gives
[ 2aS 93w 3w 2a® 9%u, 2a*H 9%u, 2a°H 0°¢, b 0*¢,
Bll __T'W_ZaHS'_GW +t—2. 9R2 + ¢ . 9R2 + t . 9R2 + +2a“S —aRZ
By, | 2as 83w 3w 3w 2aSB 93w 2a%HB 0%y,
—|-— — 2aHPS. =—=——==— — 2aHS - . + .
B2 t dROQ? dQ dR? 0ROQ? t 0QOJR? t 0RIQ
2a%B 0%v, 2a*HB 0%vy 2a%p 9%v, 020,

. 2a2H2.
2 arao Tt orao T & arag M B3Raq

0°¢, 2a2HB 0°¢, 2a°HB 829,

2a2H2B. .
t2atH B 50 T Tt arag Tt 9RAQ
+813 aS 03w — 3w - 3w 2aSpB 63W+8a2 0%u,
5 |t arzaq M Goarz ~ PSP Gps — ¢ 9rs T 3rag

4a’H 09%u, +2a2ﬁ 62u0+2a2H 62u0+2a2ﬁ 0%vy 2a’Hp 0%v,
t "OROQ t2 " OR2 t ~ORZ? t2 " ORZ2 t ORZ?

2a2H 3%, 0%¢, 2a*HBO*¢ 0%
===+ 2a2H?B.—= L 4 2a2H2B.—=
t "9R9Q Bore T are T2 G
2
a’H 0%,
t ~OR?
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2
(Bo| 0w 238 Ow H2g, 0%, | 8a’B 9%,  2a’HB OV
63 0Q3 t 6Q3 0Q? t2  0Q% t 002
2a®HB 0”4,
t  0Q?
+823 2aSH 03w 2aS 93w alBS 3w 6aSp 093w +2a2H,8 0%u,
e |2 g0s o T CMPS ez T aragr T Tt gz
2a%p 62u0+2a2HB 62v0+4a2H,82 0%v, +2a262 0%v,
t2 002 t 002 t O0QOR t2 "0QOR
0°4,  4a?HP? 0%¢, 2428 3%v 0>
v 2Hepe oy BOHBT O By 2005 07V papgap O b 79
9Q0R t ORIQ tZ ~0Q2 902
2 2
2a2HB.a o, 2a2i2p. 00 %4,
t 0Q2 Q%
Bss| 4asS 03w 03 03 2a’f 0%u, 2a*HB 0%
233 P _ 4ans. LY yansp 0 20F Ot | 2a7HE 07U
BZ|” "t "9R23Q dRQ? dR20Q ' t2 '0Q0R t "OROQ
2a%p? 9%vy, 2a*HB 0%v, +2a2Hﬁ2 62V0+2a2Hﬁ 0%,
t2 " OR? t O0ROQ t OR? t "0ROQ
a4, 0%¢_  2a2H 9%u, 0%¢,
2 2H2 2 2H2 X . 2H2 2
T 2070 o T 2 St 502 e
2 2
+ 2a%H?p. oY +2a2Hﬁz.a i
0ROQ t 0R? t2
0%v, a? dv, a?® dug
2Bss 352 + a? G40y +— gc3.ﬁ + 2By |—. 9 .E+a 9a
—0 (3.285)

Collecting the like terms together and regrouping Equation (3.285) gives

N 3w  2aHS (B, + 2B..] 03w 6ByaSH 93w 2B,,aHS 03w
e T ERN I et L T-PF Ty B2 ORIQ? TENFTE
ZBl3a2H azuO 2a2H azuO 2B23a2H azuO

[B12 + Bss].

tp 'aR2+ tp aRaQ+ tp?  0Q*

2B33a%H 0%vy  4B,3a*H 0%vy 2 B,,a’H 09%v,
t O0R? tB  0Q0OR tB2 " 0Q>
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0°¢, 2B,H? 0°¢, 2B,,a?H? 079,

2B;3;a?H? . .
T e Y T 00k T T B2 902
0%¢_~ 2a*H? 0*¢_ 2B,3a’H? 0°¢
+2B13a2H2. aR; +T[Blz +B33] aRaz ﬁz . aQ;C
a* a* dv,

The Summation of (3.266), (3.272), (3.279) and (3.283) gives

2aS 33w 2a% 9%u, 2a?H 0?
Biy|m-—/—2x3t ; G

T IR T e Rz T Tt R

By, __ 2aS d*w N 2a*B 0%v, N 2¢2HB 0°9, Bis
82 |” "t draQ? ' ¢z 'droQ ' ¢ 'ORAQ|' B
aS d3w +2a2 9%u, N 0%vy| a’H|_ 0%*¢, +62¢y
carzaq T e | araq TP arz |t T |*araq T a2
, Bas|_ 2BasaS 63w+2823a2,8 62v0+2323a2HB 0%, , Bas
B3 t  0Q3 t2 " 0Q2 t "00Q% B2
4aS 03w 2a% [9%u, 0%vy| 2a*H |0%*), 62¢y
- + +B + . +B.
t "9R00Q% ' 2 |90z 'Pagar| T "t ‘|90z " P'aqor

a* (9%H 0%u,
+2344_t_2 652®x+ 652

By, [ 2aS 093w +2a2 92v, +2a2H 0%,
B t "0Q0R?  t% dROQ t OROQ

+Bl3 2aSp 63W+2a2ﬁ 62u0+2a2H/3 0%¢,
B t "OR3 t2 " OR? t OR?

B,,| 2aS 63w+8a26 02v0+2a2HBaz¢y
B3 t 0Q3 t2 002 t 0Q2
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B,;| 6as 93w ZaZlazuo azvol 2a’H

62¢y 62¢x]

B2l ¢ '6R6Q2+ t2 | 902 + "0Q0R t dRAQ - 9Q>2
Bss| 4aS 3w 2 21 9%, N 0%vy|  2a*H | 0°4, N az¢y
Bl ¢ "3R?9Q dQoR ' " aR? t "|0RAQ ' " AR?

0%H 0%v,
+2355 o0y + 5oz |- JARAQ  +
Bip[ 2aHS 9w 2a2H 0%y, +2a2H2 0%,

B t aQaR2 t2 "0ROQ t '0RAQ
+%'_ 2aHSP 03W+2a2H 0%uy, 2a%H?B 0°¢,

B | t OR®  t? "OR? t OR?

BZZ' 2aHS$ a3w+2a2H25.62¢y+2a2HBazvo B

83 t aQ3 t aQZ t2 aQZ ﬁZ

6aHS 33w +2a2H 62u0+4a2Hﬁ 9%v, +2a2H2 0*¢. 2H2B 0°¢,|By,
t "0RAQ? t2 " 0Q2 t2 0QO0R t2 " 0Q2 t "0QOR| B

4aHS 933w +2a2H 0%y, +2a2H,8 62v0+2a2H2 04, +2a2H2ﬁ52¢y
t "0R200 t2 "OROQ t2 " ORZ? t "0QOR t  ORZ?

a

4 dH\*> dv, 0H
+2B55t_3 Qy(E> + — s 65 }deQ+B11

2aHS$ 63w+2a2H 62u0+2a282 0°¢.] By,
t OR3 t2 " OR? t ~OR? B2

2aHS 33w 2a*HB 9%v, 2a*H?B 0°¢,

B3
{ oROQZ 2 BRaQ Tt dRAQ

B

{ 9QoRZ 2 'dRaQ T & oRZ 't ORZ

_4aHS 3w 4a2H 0%u, 2a?HB9%*v, 2a?H%B 62¢y]

Bz3 2aSH 93w 2a’HB 0%*v, 2a’H?*B az¢y

B33
Al R T R R T, AR ToF

iz
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4qHS 03w +2a2H 62u0+ 9%v, +2a2H2 0°¢, az¢y
t '9RaQZ ¢z ‘|20z " P'3RaQ t|"302 * P 3rag
+2B a’ 0 (dH)2+du° o (3.287)
3\ " \ds ds ' as '
That is
2aS d*w 03w 2a% 9%u, 2a’H 90%*u, 2a*H 0°¢, b 0°¢,
Bua [‘T-W‘Za”s-a?ﬂ—z-azaﬁ t orz Tt ame TR
By, | 2as 03w 3w 03w 2aSBp 93w 2a*HB 0%y,
2 T 2aHBS.——— — 2aHS -, + .
B t dROQ? 9QOR? OROQ2 t '0Q0R? 't '0RAQ

2
ZaZﬁ. 0%v, +2a2Hﬁ 9%v, +2a23 92, +2a2HZB.&
t> dROQ t OROQ t2 dROQ 0R3Q
0*¢, 2a*HB 0°4, 2a°HB 09,

2a%H?8. .
t2at B 50 T Tt arag Tt 9RAQ
+Bl3 aS 93w aHS 23w - 3w 2aSp 63W+8a2 d%u,
5 |t arzaq TS 500z T 2P o T v ars T 2 3Raq
4a’H 09%u, +2a2,8 62u0+2a2H 62u0+2azﬁ 0%vy 2a’Hp 0%v,
t "OROQ t2 " OR? t ~OR2 t2 " OR2 t OR?
2a2H 0° 02 2a2H G %4,
070, —=* 4 2a%H?p. s Bo ¢+22H2[3’
t aRaQ aR2 t OR? aR2
2
it 0%,
t ~OR?
B,, 93w 2aS 03w 0%¢, 8a2B 92w, 2a’HPdZv
22| _2aHS.— — —. 2a?H2B.—2 — 0
tor TR s T e TR MRt G T T a2
2a2H852¢y
t  0Q2
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+B_ st 63w 2aS 93w _ 6alips. 3w _ 6asp 3w +2a2Hﬁ 0%u,
B3 003 t 0Q3 0R0Q? t "OR0QZ t 002
2a%B 0%*uy, 2a*HPB 0%v, 4a’HP? 0%v, 2a*B? 0%v,
2 902 ' ¢ '90Q% 't 0QdR' t? '9QaR

2 2
4 212p? 0°9, +4a2HBZ %4, 2a?p 9%y, 2021250 % 0°¢,
'9Q0R ~ ¢t 09RAQ 2 002 902
2 52
2a?Hp 079, 20228207 a°g,
t 002 902
Bss| 4aSp 3w LaHS 3w 4aHSp 3w 2a%B 0%uy, 2a*HB 0%y,

3 t 'OR29Q "ORAQ2 ‘9RZ0Q0 T ¢ "9Q0R t 'ORAQ
2a%(? 0%v, N 2a’HB 0%v, N 2a’HB? 9%v, N 2a’Hp 0%¢,
t2 " OR? t "O0ROQ t OR? t "0ROQ

a4, 0%¢_  2a2H 9%u, 0%¢,
2H2 2 2H2 X . 2 2H2 2
T 207 H . o T 2 HE Gyt gz 24T HB Fra
0*¢, 2aHB* 0°¢
2a2H? —
Tea [’)fma(fr t " OR?
0%H 0%uy, 0%H 0%v,
+ZB44 o5z Pt 552 +355 757 %t 552
2B a* s (dH>2+dv0 oH
52\ "Y' \ds ds " as
+2B i 0 (dH)2+du° M _y (3.288)
2\ " \ds ds "as/ '

The values of S in Equation (3.288) were replaced by Ji. Recalling that for the case of
Bending stiffness, the expressions were as follows

m=n
1

= Z ] 5% dS = %(S?n —Sm-0) =3 ), Sh = Sa-0) (3.289)

m=1
where m stands for number of laminas in the plate and n is considered as the total

number of laminas

m=n m=n
4
J, = Z fSHdSz Zf[sz—§s4]ds
m=1 m=1
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That is:

1 — 4 4
o =;2mn (5% - 355) — (Sho1 — 355 (3.290)
16
]3_Zfﬂzds—Zf[sz——s4+—s6]ds_ ———55 g7
63
That is:
1 8 16
li=3 . |(sh-5Sh+7sh)
m=1
, 8., 16
=n m=n S3 SS
I, = ” ]ds_2f1—832+1654]ds= [5—8?+16?
m=1 m=1
1% 48 48
=3 [(3s}n —8S3 + ?ssn) _ (33},0_1 —8S3 . + ?sfn_l)] (3.292)
m=1

Similarly, for the case of coupling stiffness, the expressions were as follows

also for the case of coupling stiffness,

Jor = ZmIR[SdS = TmI2 (S —SEho) =5 (3.293)
52 st
]CZ—ZJHdS—ZJ[S——S]dS—Z ——?l (3.294)
That is:
1= 2 2
Jez =5 [(S?n - §S;‘n) - (an_l - §S;*n_1>] (3.295)
m=1

Z f—ds - infu — 45%]dS = min [s - 353] (3.296)
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That is:

Jes = mz (5 - 253) — (Shoa - %sr%_l)] (3.297)
m=1

and finally the axial or membrane stiffness is given as

Jm = z flds_ 2f = ) [S] (3.298)

That is:

8

=n

[(Sh) — (Sm-1)] (3.299)

=1

3

Introducing the J;; values in to the Equations (3.598)) gives

23]y 53_W_2a] 63W+232]M 0%uy  2a%Jc; 0%ug | 2a%]c, %4,
1 t ~OR3 0R3 = t2 " OR?2 t ~OR? t OR?
0%,
+ 2a?],. SR
Bul 2l 0w o 0w 0w 20jaf 0w 2@ 9%u
B2 t dRAQ2 2 9Q oR2? 2 9RAQ? t AQOR? t '0RAQ
2a*BIm 0%vy  2a®]caP 0%vy  2a*]uB 0%, + 2a?];p. 0%,
t2  "dRAQ t O0RAQ  t2 dRAQ AR AQ
+ 2a%)3p o, +2a2]C23 9y +2a2]c2/3 0%g,
37 9RAQ t ORAQ t ORAQ
Biz|alc; 9°w 3w 3w 2a]ciB 93w 8a?]y 0%y,

da _ 4], _2 . .
5 |t arzaq Y2 300R2 aIZﬁaR3 t R £ '3RQ

4a?Jc, 0%uy 2a?PBJm 0%uy, 2a?%Jc, 0%uy 2a?Bly 0%v,
t "0ROQ t2 " OR2 t ~ORZ? t2 " OR2

2a? 0%v, 2a? 92 02 2a2 92
Jc2B 0%vq + ]cz. o, 207, ¢, Je2B 079,
t 0R? t '0ROQ aRZ t OR?

2¢ 2]CZ az(l)y

aR2 t ~OR2

+ 2a?]3p.
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2
$Bz| oy 93w 2a]c1.6 w 2a2]3[3.a b, +8aZB]M.62v0 2a%]c,p 02v,
[3 0Q3 t aQ3 0Q? t2 0Q? t 002
L 22l 04y
t  0Q?
B 3w 2aS 93w 3w 6aBlc; 93w 2a%BJc, 0%u,
261]2 6aﬁ]2. - . .
ﬁ3 aQ3 t 0Q3 0ROQ? t 0ROQ? t 0Q?
Zazﬁ]M 0%u, Zazﬁlcz 0%, 4a2ﬁ2]cz 0%vy ZQZBZIM 0%,
t2 " 0Q% t 002 t 0Q0R t2  "0Q0R
2 2
0°¢, 4a?p*Jc, 0°9, 2a® d%v 92
+ 267, 4 BJc2 v ﬁ]M. 0 4 2a2p],. P,
(’)Q(’)R t 0ROQ t2 0Q? 0Q?
zaZB]CZ 27112 62¢y
t an +2 H ﬁ]3 aQZ
Bs3| 4aB)c; 03w 3w 03w ZaZB]M 0%u,
_2 - . 2 _4‘a]2. 2 alzﬁ 2 2 .
B t 0R?%00Q 0ROQ OR 6Q t 0QO0R
2a2,8]C2 azuo +2aZﬁZIM 62170 Zazﬁ]cz az770 +2a2ﬂ2]c2 ano
t OROQ t2 " OR? t OROQ t " OR?
2 2
Zazﬁlczl 9°9, + 2a2p), a9, 207, g, ZaZICZIOZuO
t 0ROQ aQaR a2Q? t 0Q?
¢, %4, 2a%B?, 0°¢
2n2 2 C2 y
+ 2a°f°]3 aR2+2aﬁ]3 6R6Q+ . 'aRZI
B a4 62H® +(’) o), o 6H¢ +62v0
2\ gs2 352 55 352 352
2B a* s (dH) +dv0 oH
2\ "Y' \ds ds ' as
+2B « 0 (dH)2+du° 9N _ g 3.300
2\ "\ gs ds ' as (3:300)

The quantities, Ji was then expressed in terms of gi by multiply each by 12. That is:

1 — _
g1 =12]; = 12 X JXR20(Sh — Sm-1) = 4 X021 (i — Sm-1) (3.301)
m=n
1 3 4 5 3 4 5
g0 =12 =125 > |(s3-28%) = (S3s - 5551
m=1
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= 43027 ($5 —555) — (Sh-1 —355-1)| (3302)

1 , 8. 16 , 8. 16
g = 12); = 12 x5 Z (53— 25% +375%) = (Shs — £S5 + 575501 )|
m=
< 8 16
=4 |(sh-gsh+575%)
m=1
3 8 5 16 7
- (Sm—l - gsm_l + ﬁsm_l):l (3.303)
m=n
1 1 3 48 5 1 3 48 5
g = 12], = 12 x5 z [(3sm _8S3 + ?sm) - (3sm_1 —8S3_, + ?sm_l)]
m=1
- 48
=4 )" |(3sh 853 + =s3)
m=1
48
— (35,;_1 —8S3_,+ ?s;"n_l)] (3.304)
1 m=n m=n
gor = 120c1 =125 ) (Sh—Shoa) =6 ) (Sh—Sh_) (3:305)
m=1 m=1
1 2 2
R ) (55— 55%) — (Shs— 554 )|
m=
m=n
2 2 4 2 2 4
=6 [(sm - §sm) - (sm_1 - §sm_1>] (3.306)
m=1
m=n
1 4 3 1 4 3
Bes = 12]cs = 12 ) |(Sh =553 = (Shos = 55004 )| (3.307)
m=1
m=n
gm = 12]Jcs =12 ) [(Sh) — (Sp-1)] (3.308)
m=1

and substituting These values of gij back into Eqaiton (3.308) that gives
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_ 2agey 3w 03w 2a’gy 0%u, 2a’gc, 0%uy, 2a’ge, 0%0,
11 — 2ag,. + . + . + .

t OR® OR3 t2  OR? t 0R? t 0R?
2

+ 2a%g;. aRZX
+E _2agc; 23w 2288 3w o 23w _ 2agaB 3w
2 t draQz “B2P3qarz T “*B23Ra02 t 0QdR?
2a%gc,p 0%y +2a2ﬁgM 0%vy  2a’gcyPf 0%vy | 2a’guP 0%v,
t ORAQ t2  "dROQ t O0ROQ t2  dRAQ
+ 2a2g,p. 0, + 2a%gsp 9y +2a2gCZB %y +2a2gC2ﬁ 99,
P9raQ " 37 9RAQ t ARAQ t ARAQ
By |agc 3w 23w 3w  2agcf 33w 8a’gy 9%y,

————4ag,.——— 2 - . .
5 |t 9RzaQ ‘%8 ggorz 2P T ¢ rET & 9RQ
4a2gq, 0%y, +2a2,8gM 0%u, +2a2gcz 0%uy 2a*fgy 0%v,

t O0ROQ t2 " OR? t  ORZ? t2 " ORZ
4 2a%gc,B 0%v, 4 2a%gc, 0%, + 2a%g.p. 0°¢, Zazgczﬁ 0%¢,
t  OR? t '9RAQ 8P T Tt or
+ 2a%g;p. 2¢ azgcz 02¢y
8Pzt T R
B 2°w  2a 23w 0%,  8a2 0%v, 2a? 0%v
4022 22 _2ag,. - 8c1 4 942 g.P. ;/ EgM. 20 gc2P 20
B aQ t 0Q3 aQ t aqQ t aQ
2a’ Bgcz 62¢y]
+
t 0Q?
03w 2aS 33w 3w 6aPfgc; 03w 2a?Bgc, 0%ug
—2ag,. — 6afg,. - . .
,83 (’)Q3 t 0Q3 dROQ? t dROQ? t 0Q?2
ZaZﬁgM azuo ZaZﬁgcz 62170 4a232gcz aZVo ZQZBZgM 02170
t2 " 0Q2 t 002 t 0Q0R t2  "0Q0R
+2p%g 7 | 40P ee 09, + 2a°fg 9wy +2a%fg 79,
3. . 3.
JdQOR t dROQ t2 00?2 0Q?2
2a%pg 2¢ 2¢
Cc2 27172
+—t an+2aHﬁg3 302
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Bss| 4aBgc, 93w 3w 23w ZaZﬁgM 0%u,

B2 t 9R20Q T8> 3pagz  *&Fgragot T aqor
2a*Bgc, 0%ug +2a2,82gM 02v0+2a Bgc. 9%v, +Zazﬁzgc2 0%v,
t O0ROQ t2 " ORZ? t ORAQ t " 0R?
2a*Bgc, az¢ 2 a4, az¢ 2a%gc; 0%ug
e T TS T Y TR o T Pt T T
0% ¢ 0*¢, 2a%B%g., %4
2p2,5 _ 'Y 2 8c2 y
+2aﬁg3aR2+2a pgs. 6R6Q+ : SRz

0*H 0%u,
9s2” 052

a* (0°H 0%v,
+2B44 2 Q) + 55t_2 E-Q)y‘*‘ﬁ

+2B il 0 (dH)2+dV° M)+ 28 34 B (dH>2+du° Mo 3.309
52\ 7V \dsS ds " as 2 ds ds "as) (3:309)

One of the conditions of having the Equation (3.309) as zero is when the individual terms
in the equation are considered as zero, and so considering the expression interms of coefficient
of B gives.

B _2age 0°w  2ag, d*w  2a’gy 62u0+2a2gc2 0%u, 2a’gc, 0°9,
1 t 'OR® t 'OR® = 2 QR2 t  OR2 t ' ORZ
2a2g1 62¢x
90| _ 31
B % =0 (3.310)

Biz [ 2agc 3w _ 2ag, 0w 2ag, 03w  2agcf 93w
ra t dRAQZ t "T9QARZ  t ORAQ:  t AQORZ
ZaZgCZB (')Zuo 2azﬁgM az170 Zazgczﬁ aZVO Zangﬁ 52770
t ORAQ < t2 'dRAQ 't ORAQ 2 dRaQ

92 0’4, 2q? 0°¢ 2q2 92
+2a%g,. N + 2a%g,B. Y o gczﬁ. % 8c2B ¢x
9RAQ 9RAQ t ARAQ t ORAQ
=0 (3.311)

For the purpose of the establishing the relationship between the deflection, middle-layer ,
displacement and shear rotation as demenotrated in Sub-section 3.2.5.1, Equation (3.311)
was broken down as shown in Equations (3.312 to (3.324)).That gives:

_ 2agcy 3w 3w 3w 2agcf 93w
> —2a gZB.—Z—Zagz > — . >
t dROQ dQadR JdRAQ t JdQOR
2a%gc,B 0%ug _
t 'ORAQ

(3.312)
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Factorizing Equation (3.312) gives

dwgci[ 2a0*w  2aB 0°w | [2a’gcB 97
dR t 902t 9QaR| | t 9Rrag|"®
dw ) 0*w ) 0°w| [2a’gc,B 0°
ar | 2%2P 500r ~ 2982502 T |7 GRag|™
2agc; 03w 3w 3w 2agcf 93w
— —2ag,B.——== — 2ag, — .
t dROQ2 9Q IR2 dRAQ2 t 0QORZ
2a’Bgy 0°vg +2a2gc2.3 0%vy | 2a’guf 0%v, _
t2  "dRAQ t OROQ t2  dROQ
2agc, 93w ) 3 5 0w 2agc.f
t drogz  2282P-3a5rz T 2482 pa0e t
93 02 2a? 02
w 2a%g,p. o, a’gcof 079, —0
9Q0R? 9R9Q t ORAQ
2agc; 03w 3w 3w 2agcf 93w
— —2ag,B.——== — 2ag, - .
t dRIQ2 9Q aR? dRA(2 t 0QOR?
0’¢, 2q2 0 ¢
+2a2g; . —=2 ? gCZﬁ. Y =0
9RAQ t ORAQ
ZaZgCZB 62¢y ZaZgCZB E)Zuo ZaZgCZB azd)x ZaZgCZB azuo _
t "ORIQ t "9RIQ t ORAQ t 'ORAQ
2agci B 9w | 2agcf 0w
t 9QJR2 t 9QoR?
2a2p 0°¢, 2a%B 0%u, 2a%B 3¢, 2a%B O%u, |
t '0RAQ 't 'ORAQ 't ORAQ 't 0RAQ |5
[2ap 93w 2ap 93w
"t "9QoR? " "t '9QaRz|®%
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Bis|age; 93w 3w 03w 2agqB 93w 8a?gy 9%y,
— == — dag,.——— — 2ag,P — . + :

B |t 9rRZaqQ 9QOR? oR° t 'OR® ' © '9RAQ

4a’gq, 0%u, 2a’Bgym 0%u, N 2a%gc, 0%u, N 2a%Bgy 9%v,

t 9RoAQ t2 " ORZ? t ~OR2 t2 " OgR2

N zangZB 0%vy 2a2gc2 az¢x 4242 8 az¢x zangZB 62¢X
t  ORZ t 0RIQ &3P 3Rz t  OR?
0%, a2 azd)
2 y gc2 gCl
+ 2%, B o + e =22 =0 (3.320)

B, 03w 2agq; 93w azd)y 8a’Bgy 0%v, 2a%gc,Pd%v,
—5 | 238255 — + 2a%g;p. > 75 T >
B 3Q t Q3 30 290 t 90
2a%Bgcz a2¢y
R ToEA (3.321)
3w 2aS 33w 3w 6aBfgc; 03w 2a?Bgc, 0%ug
—2ag,. — 6afg,. - . + .
,33 30°  t 0Q ORAQ? t OR0Q? t 902
2a’Bgu 0%uy  2a°Pgc, 0°vy  4a’Bgc, 07V, +2aZBZgM 0%v,
t2 " 0Q2 t 0Q2 t 0Q0R t2  "0QOR
2 2
+2p%g 7%, +4aZBZgCZ e +2a2ﬁg azv"+2aZBg 79,
3 900R t  ORAQ t2 902 3902
2 2
2a%Bgc, 970, a%g,
t 902 — 4+ 2a2H?Bg,. 302 =0 (3.322)
Bss| 4aPgci 3w 4a 3w 8 3w ZaZ,BgM 0%uq
2 t 9R20Q ‘B2 3pagz Y982 3riz0t Tz '3Q0R

_I_Zazﬁgcz (')Zuo +2a2ﬁ2gM az170 2a? Bgc2 52770 ZaZﬁZgCZ aZVO

t ORAQ t2 " OR? t O0RAQ t " OR?

2a*Bgc; az¢x 2028 a9, g 0°¢, +2a2gcz 9%u,

t 9raQ “*P8330aR 83502 t 002

0? 0*¢, 2a%B%g., %4
202 2 gc2 vl _
+ 2a°Bg; 3R2 Y 4+ 2a%Bgs. 6R6Q+ : SRz | = 0 (3.323)
4 a

+ 45 [Bu (842 05 + 222) + Bss (2420, + 2 2) ] = 0 (3.324)
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3.2.5.1 Establishment of the Relationship Between the Deflection, Middle-Layer
Displacements and Shear Rotations

The compatibility equations were further factorize to derive the relationship between
deflection, w and uy, vo, @, @, The values obtained shall be substituted into the governing

equation . That is the equilibrium equation of forces, which shows that the sum of action and
reaction is zero. That gives

From Equations (3.319) and (3.318), it was gotten thatu, = @, ,

also from Equations (3.319), (3.321), (3.322), (3.323), it was confirmed thatv, = @,

From Equations (3.320) and (3.324) 0, = —BSBS—Q)y' also 1=

44

_Z_y from Equation (3.320)

From Equations (3.617), (3.618) it is obtained that:

_ Bcit Ow 1y Ow

=~ 28, R~ a2 3R (3.325)
Similarly in Equations (3.319) , (3.321), (3.322) and (3.323) it is obtained that:
gcit Ow 1, Odw
Vo = _—=—.— 3.326
"~ 3gc:B Q3B 3Q (3:326)
Also in Equations (3.321) , (3.322), (3.319) and (3.323) it is obtained that:
gci Ow 13 Ow
= —=—. 3.327
%~ 28,830~ aB R (3:327)
And finally in Equations (3.318) and (3.319) it is obtained that:
81 OwW 1y 0w
x = 2g, R~ a OR (3.328)
From Equations (3.320), (3.321), (3.322) it is obtained that:
¢ =—1x4g, (3.329)

Also from the same Equation (3.324) it can be shown that:
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0, =——Sxg, (3-330)
B4-4-
where m = — =5 (3.331)
B4-4-
and also
B55
Uy = — 2B,, * U, (3.332)

Equation (3.324) also gives:

u, = 82558 4y (3.333)

IJM Baa

Similarly let the coefficient be m;; and that gives:

Up = —Myq * Vo (3.334)
[ J, (IA] + [BI}dRdQ =0 (3.335)
2 9w 1 9*w Ny a2
where [A] =[50 + Gy 2 2 + Gy S — G | (3.336)
_1 Pw e Pw G otw

[Bl = ﬁ'aRaQ[ 4" 9rz ' B2’ 0Q? (3.337)
and one of the true conditions of Equation (3.327) is when
9w 1 d*w NXa _

f f [6R4 '_'aRz 2Q2 + G3'E' 2Q* — G Do ]deQ =0 (3.338)

62
fo Iy 6ot + 55 szv] dRdQ =0 (3.339)
Gs 62w _
From Equation (3.638) comes ¥ 6R2 =T (3.340)

Considering a constant “1”” as the summation of three constant values; qi, g2 and gz in an

equation given as: q; +q, + q3=1 (3.341)
and defining orthogonal deflection in terms of split deflection as

W = Wx * Wy (334‘2)
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bringing deflection on both x and y components gives

6 wX 2 3Pwy  0%wy 1 d*wy Nxa
ff [ Gz*ﬁ*aRZ *_an +wy kG *x—*x—=—G (Cl1+QZ

qs)] dRdQ = 0. (3.343)
and breaking this further gives
11
ff c N,a? e 2 62WX 0*w c Nya?
— _ ¥ — * —_
Wy * 6R4 ¢ p, 1 2% 32" 3Rz an ¢ p, 12
00

1 a‘* c N,a?
B aQ4 ° Dy

+ <WX * G3 % — >q3l dRdQ = 0 (3.344)

Just like in the previous case, for Equation (3.344)to be zero, is simply for each term in the

equation to be considered as zero. That is:

11
d*wy N,a?
]f Wy * —=ra — Gg D, q: |dRdQ = 0 (3.345)
00
11
2 azwx azwy Nya?
00
c 1 d*w N,a?
]j WX*G3*§* E)Q“' — Gg D, qsz |]dRdQ = 0 (3.347)
00

Conducting closed domain integration in equation (3.345) and (3.346) for the case of Q and

R respectively gives

0wy G Ny’ dR=0 3.348
W3 *W— 6 D, _  q1 (3.348)
0
and
11 4 5
ff<w1 « Gy * ;4 aa“i — G, Nl;a q3) dR = 0 (3.349)
J ) Q 0
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The integrands in equations (3.348)and (3.349) must be zero for it to be true, with the

wy and w, as the constants, expressed as

1
w3 = J. wy *dQ
0

1
Wy = J. wy *dR
0

For Equation (3.348), the integrands is expressed as

0*wy Nya? q;
—_— ) ——
OR* ® Dy Wi

For Equation (3.351), the integrands is expressed as

The ready solution for Equation (3.352) can be derived as shown below as

64W _ Nxaz . GG qJq1 . RO
OR* Dy W3

63W Nxaz G6 q1
— =——x—*xR+a
dR3 DO W3 3

0°w  Nya? Ggq; R?
_ 0
aRZ - DO * W3 * 7 + Ra3 + R az

ow Nga? Ggq; R3> R?a
* * — +
R D,  ws 6 2

+ Ra, + R%;,

and then the deflection equation is given as

Nya? Ggq; R* R3a; R%a,
= *

= —+— + Ra; +R°
WxT T W, 24 6 7
Similarly
Nxa* Geq; Q* Q%b;  Q%b,
= —t— +Qb; +Q°b
“v=p, "Tw, 24" 6 7 T Qb1+ Qb
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(3.351)

(3.352)

(3.353)

(3.354)

(3.355)

(3.356)

(3.357)
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(3.359)



Expressing the Equations (3.358) and (3.359) in matrix form gives

wy = [ROR'RZR*R*] [ 2

Similarly,

wy= [QOQUQ2Q2QY+| 2

Nya® g3
-24D22 ) Wi

(3.360)

(3.361)

Recall that deflection, w is the product of the shape function, h and the Amplitude, A

That is: w = [h] = [A]

and so w = [hy][As,] * [hy][Asy]

and finally w =h A,

Putting these values back into the Equations (3.624), (3.625), (3.626) gives

= r_26h>l<P1 _ Iz dh* A
7 a’” R~ a  OR
_ Auxrp 0h
~  a 'OR
q _r3 0w 13 OhxA
an Vo_aﬂ'OQ_aﬁ' 20
_ Aq¥r; 0h
~ap ToQ
] 1y 0w 1, Ohx A
also ¢, =5 3R = ap " oR
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(3.364)

(3.365)
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Al*T4 dh

ap " aqQ
and finally ¢, = r_s oh » Ay
a OR
- %% (3.369)
3.2.5.2 Direct Variation Of Total Potential Energy
Recalling that the total potential energy is expressed as
= (Ug+Uc+ Uy +V (3.370)

(3.368)

where the Ug, U and Uy, represents the strain energy for the case of bending , coupling and

axial stiffnesses respectively. Alternatively , the total strain energy can be expressed as

= % [(6.6)p + (0.€)¢ + (0.6)y] dR dQ S (3.371)

Representing the Equation (3.371) in terms of g values gives

__abD, 2 92w 0¢ a 92w duo 0%w 99,
= 2at f f{ 11 aRZ B2 PRz R ~ tSUIRZ AR B PRZ OR
2. (9% : az dup 99, age; 9*w dug a2 99, duy

+a°gy.| =5 gcz . . gcz
oR dR " 4R t "ORZ AR T dR " dR

2\p? 9RZ'8Q2 B ORZ 0Q tpSUORZ AQ  pZ Q2 R
a’gs 6(|)y a9, a’g, dvy ad)x_ age, 0°w du0+a2gcz aq)y duy
B "0Q AR tB 9Q OR  tp* 9Q? dR tB "9Q dR

n az duO dVO +2B
t2p dR " 9Q 13

<g1 0’w 9?w ag, 9%*w 0¢, a 0*w dv, ag,d*w J¢,
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"B 9RAQ ORZ B vORZ 8Q °B2PRZ IR (B °'9RZ AQ t°°19RZ dR
<Zag2 0*w 0¢, a’gz 99, 0, 2 a¢,, 6¢X+a2gcz du, 09,
B ORAQ OR ' B "OR'3Q ' “B¥IRIR Tt BaQ AR

azgczﬂ a(I)X)

( 2g, 0°w 0°w ag, 0*w 0¢, o?w 0%, a 0°w du, a 0%*w dv0>

t dR OR

2ag., 0°w duo_{_azgC2 GIR du0+a2gcz 99, du, +a2 duy, du, +a2 dv, du,
tB 9RIQ dR ' B 9Q dR ' B OR dR ' t2BAQ dR ' t2 dR dR

B.. [ & ?w\> ag, 9?w 0by, ag.; 9*w dv, ag,d*w 00, a’g; (09, i
TP \p\6Q2) TH 99 T 9@ 9 B aQz aQ | p? \aQ

a’g,dvy 99, ag, d?w dv, a’g, 99y dv, a? (dv(,)z)

B2 9Q 9Q  tp® 9Q2 9Q |t 9Q 9Q | w2p? \aQ

2B 2g; 9*w 9%w ag, 00, 9°w ag, 9, 9%w ag. du, 9w
2\ B3 ORAQ AQ% B3 "0Q 9Q> P2 OR 9Q% tp3 4Q 9Q>2
_agadvy 9°w  2ag, 9’w 09, a?g; 09 00, algy 00, 0d,
tB2 dR '9Q?  B% ORAQ 9Q ' B2 4Q 4Q ' B 'R 4Q
azgcz duO a¢y+azgcz dVo a(I)y_ Zagcl aZW dVO azgcz a(I)X dVO
82 9Q 9Q ' tB dR aQ  tB2 9RAQ 9Q ' tB% ' aQ aQ
a’g., 00, dvo+ a? dug dvo+i% dvo
t8 9R 0Q ' t?B29Q 9Q ' B dR 4Q

B 4g, [ 3w \° 2ag, 9*w a9, 2ag, 9°w 00, 2ag., 9*w du,
3\ B2 \aRAQ B2 "'9RAQAQ B ORAQ AR  tB2 9RAQ aQ

2a 0°w  dv,
_ 288a — | + B3
(8 '9RAQ dR

2ag, 9w 6¢X+a2g3 6¢X 2+azg3 ad)y 6¢X+a2gc2 dug a(1))(_|_<312gc2 dvy 6¢X
B2 ARAQ aQ Bz "\ dQ B OR aQ tB2 9Q a9Q tB dR 9Q

2
B _ 2ag, 9*w a(1)},_|_a2g3 a0, a¢y+a2 ¢, alge duy 99y, a’g.,dv, 99,
33 B OROQ AR = B 0Q OR 83\ 3R tB 9Q AR t dR AR
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2

B (_ 2ag., 0°w du0+a2gcz GLN du0+a2gcz a4, du0+ a? (du0>
33 tp2 ARAQ 9Q = tp2 "9Q 9Q  tB OR aQ  t2p?’
a? dv, du,
a0

2ag., 0*°w dv, +a2gcz 04, dv, a’ge, 99, dv, N a? du, dv0+a2 (dvo)z
33 tB ORAQ dR  tB ~0Q dR t OR dR t2f0Q dR t2\dR
4

a du, dug\>
+Ba—5 2 (@x-84)° +¢x dS -84 +¢x-g4-ﬁ+ (E)

dv, dv, 2
+BSS (Q)y 8)"+.0,. 72 dS 81+ Oy Ba g +<E>

2

N.a
+ 22
Dy

w } dRdQ (3.372)

Considering the expressions Airz, Airz, Airsand Airs as Ai, Az, As, Az and As

respectively and substituting them into the Total Potential Energy equations gives

_ abD, 24,k \° 924,h 8 /Agdh
~ 2at f f{“ g1< oR? > ~ 982 5Re 'aR<a 6R)
a 924,k d /A, dh 924,h @ [Agdh
TS TRz ﬁ( )_agz OR? 'aR<a 6R>
_ (3 Asdn\? a®  d (A, ohy 3 (A5oh
ta gl-(a—Rza—R) T e dR(a aR) a—R(za—R)
ag., 92A.h d (A, dhy a®> @ (Asdhy d (A, dh
"t T oR? 'ﬁ(?ﬁ) gczaR<a (’)R) dR(a 6R>

+ du0 (A2 ah> N
dR \a "R
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((—
d

d

Bz Rz  9Q? B~ 0RZ '9Q\aB aQ
a 0%(A;h) d /A; oh agzaz(Alh) 0 (As 0h
T BT gR? 'a_Q(E'aR> B2 aQ2 6R<a aR>
a?g; 9 (A, Oh\ 0 (Asdh\ a%g., d /[A; dhy @ /Asoh
B '%(@'%)'a (aaR) tB %(@'ﬁ) (aaR)
ag.; 0(A.h) d (A, oh\ a’g, 0 (A, dh\ d (A, oh
TRz aQ? 'ﬁ(?aTe) tB '%(@'%)'TR(??R)

, 2 d (A, ohy d (A, oh
(% 5%) -7 e 3r) ) +28s
tZBdR a 0R/) dQ\ap dR

- <g1 02(A.h) 0%(A,h) ag, 0%(A;h) O <A4 ah)
12

2g, 02(A.h) 9%(A,h) ag, d*Ah @ (A5 ah) 92(A.h) 0 <A4 6h>

B 9RAQ = ORZ B ORZ 'aQ\a R/ ®27 grz '3R\ag 30

a  9%(4.h) i(AZ ah) a 9%(4.h) d (& @)>
ap aQ

a OR

TR 6 (81 R R

a OR

2ag, 0%(A,h) 0 (AS 6h)+a2g3 0 (AS ah) 0 (A5 6h>

B ORAQ OR B '0R\'a '9R/ 9Q\a 0R

oty (e ) 0 (A5 Oy g d Ay Ohy 0 (s oh
9R \a dR\a AR t BAQ\a OR/) OR\a AR

=
%8@

2ag.; 0%(Ah) d

(AZ 6h)+a g 0 <A5 ah) d (Az (’)h)
tB O0RAQ ‘dR\a dR tf 6Q a 0OR/ dR\a OdR
2

+a gc2 (A4 6h> (A2 6h> a® d (A2 6h) d (A2 6h)
t8 "9R\aB 40 a 0R/ t2BdQ\a 0R/ dR\a OR

e ) w R
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g [Ba(PAR) * ag, 92(4:h) i(ﬁ a_h)_ag_c1 9%(A1h) i(ﬁ a_h)
22\ g\ aQ? B3 9Q2 'aQ\ap'9Q/ B3 8Q* '9Q\aB aQ

ag, 02(A,h) @ (A, ohy a2g; [ @ (A, dhy)
ST G (hED)
a’g., d (A; oh\ 0 (A, oh\ ag.0°(4,h) d /A; 0h
30l 50) 1@ 30) " o 70lap a0)

2
gl R i (kG W) )

4g, (32(A,M\°  2ag, 92(A,h) @ (As dhy 2ag, d2(A.h) @ (A, oh
B2 ( 6R6Q> B2 " 9RAQ '%<_ _)_ B ' 9RAQ 'a?(@'%)

a OR

tB2 ~ ORAQ 9Q\a ‘AR tB ' ORAQ 'dR\aB 9Q

2ag., 0%(4.h) d (Az ah) 2ag., 0%(4.h) d <A3 6h>>+
a oR) dR

2ag, 0%*(A.h) 9@ (As oh\ a?g; [ 0 (As 0h ’ a’gs; 0 (A, dh\ 0 (A5 oh
B33<‘ 5 arog 30\ aaR) * P -(%(7-&)) +~5 5 (af-50) 30 (@ %)

______ tf dR\aB 0Q/) 0Q\a 9R

a’g., d (A2 6h) 0 <A5 6h>_|_azgC2 d <A3 6h) d <A5 ah) N
tp? dQ\a OR/ 0Q\a AR

2
2ag, 0*(Ash) @ (A, Oh\ ags O (As dhy O (A, dh\ , (3 (A, oh
B33<‘ 5 arag 9 a5 30) t 5 -%(z-a—R)-a—R@%)”gs(&(@%))

_I_azgC2 d (Az (’)h) 0 (A4 6h>_|_azgc2 d (A3 ah) 0 (A4 6h> N
tB 9Q\a 9R) 3R \aB 90 t dR\af 3Q) 9R\aB 3Q

132



5 Zagcla (A,h) d (Az 6h> a’g., 0 (AS 6h> d (A2 6h>
33 tB2 0RAQ 9Q\a AR tp?2 90\ a 0R) 9Q\ a "OR

2 2 2
P (e ) (2 ) i (2 20)

a2 d (A3 6h> d (AZ ah)

tzﬁdR af 9Q) 90\ a "9R
2
| -2 () o (25w (G )
2 2
3 % a7 a5 50) 2 (2 38) -4 (35 30)

+a2 d (A3 ah)
t2\ dr \ag 30
2 2
B a* (A5 0h) +2g4 (AS 6h> A, 9%h N 1 /A, 0%h
w2 |\ 54\ g oR v \a R ‘or?) " \1 \a "oR?

at A, dh\ \? 2g, /A, Ohy[A; 8%h\ [ 1 [A; 8?h\\
s (80 (G5 50)7) 5 G aQ)@'W)Jr(E(E'a_QZ))

N,a?2 /0h\?
Al(

+ 2= D, OR) } dRdQ (3.373)

Further reduction of Equation (3.373) gives

abDo tt 8c1 2 8c2
= {B11(81A1A1 — 82A1A5 — —A 14; — 824145 + a“g1AsAs + 5 AzAs5
0 Jo

2a%
8c1 8c2 AzAz\ 0*h
~E A+ R A T o
g 82 g 82 83
+ 2B, ( B; AA, — 5 22 AA, — g; AAs — BZA As +22 5 ALAs
ch 8c1 gc2 AyAz\ 0*h
th a2 a5 — tR2 o2 Mot tp2 2 f2fa t22 > dR200Q>

133



2g4 g2

g2 gc1 gc1 2g, g3

+2By3 (—?A1A1 - FA1A B —A1A, — ) —AA, — ) — A Az + g —A1As +— 5 AsAs
g3 8c2 8c2 28c1 4 Be2 8c2
+BA4A5+ BAA5 BA3A5 @ — A4, BAA5 tBZA 2A,
J Ak A2A3) 9*h
t2B t2B / OR30Q
82 8c1 g3 8c2 8c1
+B;, (84 A1A; — B 2 A1A4 — T — A1A; — B4A 1Ay +— T ALA, + 1B ——AzA, — B =— A A
L 8 AzA5\ 0*h
C4A3A4 2 4)_4
tf t2p4/0Q
28, 82 82 8c1 8c1 28; 83
+2B33 ( B AjA; — E 34145 — B3 —A1Ay — i — A4, —tB—3AlA3 i —AAL + = ik ALAc
83 8c2 8c2 281 8c2 8c2
+ s Anhs + s Ao + s Ashs — < s + s Ashs + s Ashs
A4, A3A3) 9*h
233 ' 123/ 9RAQ®
4g, 28; 28; 28c1 28c1 28,
+Bs3 ( B2 A1hq — B2 =z A1ds — B2 7 A1y — tBCZ A4, —tB—C2A1A3 —Ft‘hAs
g3 d*h
* §A5A5) 9R20Q2
8¢ 8¢ 2g g g g a*h
+Bas (82A4A5 T2 A A+ B2 A A — 2 A A+ B A + B A, + 524, A4)6R2—6Q2
8c 28c gc gc AyA AzA d*h
+Bas (tB;A Ay = BN A, + 52 AR + 52 A0, + 2+ tjﬁj)aRZaQZ
gCl gCZ gcz A2A3 A3A3 64h
+B33( tp2 gz s +t[32A 3ds + B2 Asfe + t232 t2[32>6R26Q2
4 2 ) 5 2
a As 0h 2g, (As oh\ (A, 0°h 1 /A, 0°h
e (g (e 20Y) 428 (s 2 (R ) (18 0
t? a oR Ju \a OR a O0R? Ju \ a OR?
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2 2
at A, oh 20, /A, 9\ [A; 92h\ [ 1 [A; 9%h
+ By <g4 (@%)) + 1o aa>(@-a—ez)+<m<@-a—w>)
N,a?  /0h\?
a Al(

+ zD—O 6_R) } dRdQ (3.374)

and finally from Equation (3.374) comes

abD, 8c1 g g
= f f {B11 81A1A1 — 2g,A1A5 _LA1A2 + a*g;AsAs +£A2A5 —LlAlAz
8c2 A,Az\ 0*h
5+ = o
81 82 8c1 82 83
+2B1, (55 Arhs — G Ay — o v — S Auds S Auhs
gcz 8c1 gcz AzA3 0*h
th a2 Ashs. — tpR2 a2 Afz t tp2 Tz f2fAs t 232 ) dR29(Q>
281 82 g2 8c1 8c1 g3 g3
+2By3 (—TAlAl +FA1A5 5 — A AL+ té AA, — té AAs += 3 AsAs + = 7 A4As
282 8c2 Bc2 Ay A, A2A3> 0*h
——A,Ac + —Az;Ac +—A,A
T A2fs T g s T g e T Y g GRiag
81 28, 281 83 28, A3Az\ 0*h
+B2» <B4 AA — B* —7 A1Ay — B —z A4z + 3 B* ALAL + B — AzAg t t284)6_(24
+2B <2g1AA 82 ) g 3825 p, _Bcly 4 3g”AA + 8,4, + 84,0
2383118315 8314t[3312 E 383458344
gczA A chzA A gcz AAs +A2A3+A3A3) 0*h
tB3 4t tp3 4 33 t233 t283 ) OROQ3
4g, 48, 48> 481 83 0*h
+Bss3 ( B2 A1A; — B2 —7 A1ds — B2 —7 A1Ay — tB2 —az A1ds t o5 B2 ASAS) dR20Q?
283 28c2 28c2 83 28c2 0*h
+Bj3 ( 52 ALAs + tp2 —A,As + tp2 —A3Ac + — 52 ALA, + tp2 —A, 4> IRZIQ
282 A3A; 48 A,A, 24,A3\ 0*h
+Bs3(_C2A3A4+ﬁ__Cz 142 + 55 2 2) 2302
tp t2 tB t23 t2p% /dR?0Q
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2 2
a? , (0h 28,AsA, (0h\ (0%h\ A,%[0%h
+B44t_2 <g4A5 (ﬁ)) +—]M '(ﬁ>'<aR2 +]M2 IRZ
L <g4A42(6h> >2+2g4A4A3(6h><8 h>+ A, (a%)
2\ \ B2 \aQ/ JmB? \2Q/\0Q?) " 2Bz \0Q?

NaA AN 3.375
1 (57) Yarde (3:375)

3.2.5.3 Differential Values of The Shape Functions

Equation (3.375) was further expressed in terms of stiffness coefficients,

Recalling that

_ d3h\ /dh

K, = <@> (d—R) (3.375)
R = () () @3
K; = <(13—h> (ﬁ) (3.377)

7 \do3/\doQ '

R,y == (20) (%) (3.378)
_ (&) dh

Rs = (d—Qg) (d—) (3.379)
&= () (%) (3:380)
K; = (%) (j—h) (3.381)
Kg = (h) (3.382)
Ky = (%) (3.383)
Kz = (Z;Qr;) (3.384)

Where the integral values of K;,K, K3 K, Ks K¢ K, Kg and Kq represents ki, k,, ks, Ky, K-,

k¢, ko, kg and ko respectively. Substituting them into the Total Potential equation gives
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abD 1t 8c1 g 2 8c1
m= T )| (muinn - 2~ B i + gnchs + 5 Auns - Bl i,
0
A, A
+gﬁA2A5 : 2) k,
g2 8c1 g2 g3
+2B;;, (Bz AjA; — 52 A A, — tgz AjA; — BZA As + = 52 A4Ag
gcz 8c1 gcz AyAz
i Asls. 1 Ao+ i Aal + e K
2
428 (— 2B aA, + B2 4,4 —B2a,8, + 82 4,4, B 4,4, + B3 a4, + B34,
B B B tB tB B B
28, gc2 4 Be2 A A4, A2A3>
2 A A + 22 ALA == A,A k
81 28, 281 g3 28c2 AzA;
+ B22 (B4’ A1A1 84 A1A4 B(‘:l' A A3 + 84' A4A4 Bi A3A4_ W) k3
B 2g1A A ng A 3g2A A gclA A 38c1A A g3A A g3A A
gcz 282 8c2 A2A3 AzA;
tB3A A, + IS —AsA, + B3A 3As + oF + tzsg)ks
4g, 4g, 4g, 4g.4 g3
+ B33 ( 5 AA; — 5 —= A As — 5 —ZAA, — BCZ AjAs + = 52 A5A5> k,

2 28c¢ 28 28c
+ 1333(;23 Aids + B2 A A5 + 222 A A + B A A, + B2, A4k,

2 Az A 4 A>A 2A,A
+ Bas (j;;A At B =R A A + 22 t;B;) k,
a? 28,AcA, A,?
+ By 7z <g42A52k6 +————ky + _2k1>
Im M
a? (g42A,° 2g,A,A A’ Ny
+ Bsst—<g4’7“ 4 g}“—B“z%u + 2k ) JdRAQ + 55 A%k dRAQ  (3.385)
M

Differentiating the total potential energy with respect to the Amplitude gives

dmt  abD,

= flfl{B (2 A, — 2g,A, — 281
dA, 2a* ), ), 11 | 48141 8285 —

)i
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2g4 g2 8c1 g2 8c1
+2B12 (?Al - ?A;} - tB_2A3 - @AS - @A2> kz
4g, g2 82 8c1 8c1
+2Bj3 (—?A1 + EA5 — FA4 + éflz — %A3) k, + By,
2g, 28, 281 881 4g, 4g, 4g.1
(FAl - FAL; - tB—4A3) k3 + B33 ( 52 Ay — pz 45~ g2 Ay — B2 A3>
4gcl Nxa2
k, + B33 (_WAZ) k, + D—OA1k6 }dRdQ (3.386)

Simplifying it further gives

2B12
BZ

2gc [o
(B1y (28141 — 28285 — 24, ) ky + 222 (28141 — g2[As + As] — B2 [4; + A,] ) k,

B g B, 2g
313 (_481A1 + g2[A4s — A4l + Ll [4, — A ]) ky +— B (281A1 28,74 — <l A3>
2B g
ks + =53 ? (48141 — 82[45 — 3A,] = =24, + 345] ) ks
4B g Na
+ 6233 (28141 — gal4s + A4 == [43 +44,] ) ko } + 2 D Tk =0 (3.387)

The differential value of the total potential energy in Equation (3.387) was derived, for the

case of second Amplitude, giving

dm _ abD, gc1 8c2 8c2 2A;
T H{ n (=T A+ A

+2B1, (524 + 52, + 52K,

c 2gc c 2A A
+2Bys (824, + 22 a4 24, + 221 2K,

+2B,; (— AR A+ t233) Ke

2g 2g 4g 2A 2A
B33 (t[scz2 As + tBCZZ Ay = tﬁcz1 A+ tZB22 + ﬁ) k2

+B44 (+2‘§;A5k11 ZAjkl)}deQ (3.388)
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Further factorizing gives

2B118c1 Bi18c2 Bi18c2 2B11A,
{(_ t Al + t2 AZ + t A5 + t2 >k1
2B128c1 2B128c2 2B1,A3
(_tB—ZAl T Mt W) k2

2B138c1 4B138c2 2B138c2 4B,34, ZB13A3>
( @ T st Mt e Tep )

2B 2B 2B,.A
N (_ 238c1 ) 238c2 W 23 3) K
tB3 tB3 tZBS

2B338c 2B338c2 4B338:1 2B334;  2B334;
—As + 2 4= 2 1 2z T Tzp2 2
tB tB tB t*p t*p
a®2g,A a? 2A,
+ <B44 S + B ) }=0 (3.388)
Jm "t ]M

Expressing Equation (3.388) in terms of the Amplitude gives

2B118c1 2B128c1 ZBl3gcl __ 2B238c1 4B338c1
A [——k - K Kk, ks — k

B118c2 2By 4B;3 2B33 a* 2
AZ[ t2 1t t2 1+t26 4 tZBZ

2B,, 2By 2B,;  2Ba
A, [_tzsz e + K + ks + g k ]

2B 2B 2B 2B
+A, 128c2 K 138¢2 238¢2 338¢2 kz]

T 2+tB—2k4+ tB3 ks + th

Bi18c2 4B138c2 2B338c2 28,
t k1 + tB k4 + tBZ k + B4,4 ]M kll = 0 (3389)

For the case the third Amplitude gives

dm  abD, A
f f 2312 gcl gcz A5 +_2) k2

s

da, tBZ tBZ t2[32
8c1 Ec2 A chl 2gcz 2A3
+2B13< tB Al +_BA tZB)k4+BZZ< tB4 A1+ tB4 A4+t284)k
38c1 28, 8c2 A, 2A;
+2B,5 (— th A + tB3 A, + tB_3A5 + W + t263)

139



48 28¢> 28c2 24; 24,
+B33 (—Wz‘h) k; + B33 (tB_ZAS) k; + B33 (tB_ZA4 + t2[32 + t2[32> k
2g4A4 2A3
+Bs & (B, + 22k, )) (3.390)

Further factorization gives

2B4,g 2B158c 2B;5A,
{(_ 122c1 + 122c s+ ) ,
tB tB t*p

2B138c1 2B138c2 2B;3A3 2B328c1 2B328c2 2B3,A3
+\— Al 5t 2 4 - 4 1 4 4t 204
tB tp t*p tB tB tp

6B338c1 4B238c2 2B338c2 2B;3A; 4By3A;3
ks +|— 3 1 3 4 3 5 213 213
tB tB tB t*p tp

4B 2B 2B 2B2- A 2B2. A4
+( 338c1A )k2+( 33gC2A5)k2+< 33gC2A4+ 33 3+ 33 2>k2

tBZ tBZ tBZ tZBZ tZBZ
a?2g,A a? 2A
+ (Bss 7 K12 T Bss o kg)} =0 (3.391)

Expressing it in terms of the Amplitude gives

2B138c1 K 2B138c1 2By28c1 K 6Bz3gc1 OP238c1 4B33gc1 kz]

A1 [_ T ks = R t32

2 tZBZ 2t t2[33 ks + tZBZ

2B 2B 2B
A [ 12 23 33k]

2B, 5 2B,, 4B, 2B3; a’? 2
+A3_t26 4 +t284 3+t283k5+t282k B55 ﬁz
[2B28 2 4By38c2 2B338c2 a? 2g4
+A, e k; + e ks + ——— (B2 ——-Kk, +355 t2] 52 12
2B128c2 2B138c2 2B338c2 2B338c2
+A5 _ th kz + tB k4, + tB3 ks + tBZ kz] = O (3392)
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For the case of the Fourth Amplitude gives

dm  abD, g g
TV f f {+ 21312 A1 + BzAS tg§A2> k, + 2Bys

c 2 2 28c
(—%A1 +8 a5+ 524, )k4 +B,, ( L A3) ks

3A5 + 2g3 A4 + gCZ AZ 2gCZ A3)k

382
282 ( w it B tp3 tp3

+Bas ( 282 Al) Ky + Bas (2g3 Ag +282p, + 282 4 )k

B2 B2 B2 32
28c 2g4°A 2g,A
B33 (24, ) k, + Bss (B + 2202k, ) } dRdQ (3.393)

Factorizing Equation (3.682)further gives

dm _( 2B1,8; 2B1,83 2B128c2

d_A4 —_ BZ A1 + BZ AS + tBZ Az) kz

2Bi382 2B1383 2B138c2
+(- sk g, 4 2By 4 oo 2B 4, ) k4

2B3,28> 2B;,83 2B328c2
+B22 (_ B4’ A1+ B4’ A4+ tB4'C A3)k3+2B23

6B,38, 2B;383 4B,383 2B338c2 4B38c2
< 83 A1 + TAS + 83 A4, + tB3 2 + tB3 A3) k5

4B338, 2B3383 2B3383 2B338c2

2B338c2 a’ a’ 2842A4 a?2g,A;
+( th C A3> k2 + BSSt_Z BSSt_Z Bz_k7 + B55 t_ZWklz } =0 (3394)

Also expressing it terms of the Amplitude gives

2B128c2 2By38c 2B338c2 2B338c2
iy [ e+ e e+ kz]
_ZBzzgcz 4B238c2 2B338c2 a? 28,
+A3 | tB4 k3 +tB—3k5 +tB—2k2+B55t_2Wk12
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2B 4B 2B a?2g,*?
zzgsk 2383 ke + 3383 k, + Bss 84 kl

A, R 3t B3 B2 2 B2 7
2B1283 2B3383 2B1383 2B3383
+A5 T 2+ 82 kz + B 4t B3 kS] =
2B1,8 2Bi38 2B,,8 6B,3g 4B338
R e e e ggzkz] (3.395)
and finally for the fifth Amplitude gives
d_“:abD"flfl{B (—2g28, + 2,4 gczA +@A )k
dA5 234 o Jo 11 2421 1 5 2 2
82 83 8c2
+ 2By, ( 52 A +—= 52 A, + téz A3) k,
+2B (—g—ZA p 2By 4By 2gCZA +@A>k
13 B 1 B 5 B 4 B 2 tB 3 4
82 g3 8c2
+2323( Gt oAt tBC3A3)k5
4g, 283 283 282 282
+Bg3 (_?Al BZ )kz + B33 ( BZ A4 + tBCZ AZ + tBZ A3> k2
a’ 2 2847,
+B44t—2<2g4 Askg + kll) } dRQ (3.396)

Further factorization gives

dm
dA- 5

Bi18c2 Bi18c2
( 2B1182A1 + 2By181As + 2 —=A, + .

m )i

" (_ 2B1,8; 2B1,83 2B128c2

2B 4B 2B 4B 2B
+(— 1382A 1383 n 1383 138c2 138c2 A3> K,

+ A, +
Bt g TP TP o TP P
232382 2B3383 2B338c2 4B338, 2B3383
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Kk, + Bays (2B33g3 A, + 2B338c2 A, + 2333gc2A )kz

tp2 tp2
(2344 g Agks + By, & 20t k11> }=0 (3.397)
and That is
1A, -Blizgcz k, + B“tgcz k, + 4813[’3&2 k, + ZBsgngZ K, + B, az 2]g4 K, l
+A3 _ZBtléfcz k2 ZBf[’BgCZ k4 ZBt2633gC2 k5 ZB:Bgzgcz kz]
1A, :ZBé—j& k, + 2B§g3 K, + 2B§§g3 ke 2B§§g3 kz]
+Ag 2By gk, + 43133‘(”3 K, + ZB§§g3 k, + 2B44?—§g42k6] -

Bzt Bt B B
3.2.5.4 The Compatibility Equations and Buckling Load Equation

[ 2B 2B 2B 4B
_A, |-2B,,8,k, - 1282 K 1382 2382 3382 kz]

For the sake of simplicity, Equations (3.389), (3.392), (3.395) and (3.398) were
reduced to

L1187 + Z12A3 + Z13A4 + Z14As = Zy15Aq

Ly1Ay + LAz + Zp3Ay + ZyyAs = LysAq

L31A; + Z3A3 + Z33A4 + Z34As = L3574

L41Ag + ZapAz + ZyzAy + ZygAs = LysAq

respectively, were

2B118c1 2B128c1 2B138c1 2B338c1 4B338:1
Ly, = __ t ky — tp2 ky B ky — tp3 5 tp2 kz]
-B118c2 2By 4B,3 2B33 a* 2
le - tz kl + tz kl + tZB k4 + tZBZ k2 + B4_4_ t_zllv[_zkl
Zl3 - _t2 BZ kz + tZB k4 + —tZB3 k5 + —tZBZ kz]
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(3.399)
(3.400)
(3.401)

(3.402)

(3.403)

(3.403b)

(3.403¢)



2B128c2 2B138c2 2B338c2 2B338c2
14 = [ tp2 2 tp2 4 B3 5 tp2 kz] (3.403d)

Bi18c2 4B138c2 2B338c2 a? 28,

7.« = |——=k k k B,,——k 3.403

15 [ t 1t B 4t tB? 2t Dag t2 Iy 11 ( e)
in terms of the second amplitude and also
2B128c1 2B138c1 2B328c1 6B338c1 4B3381

Ty, = [_ e — T - G -tk - — kz] (3.403f)
(2B 2B 2B

Ly = | B ke + 52 ks + 52 ks (3403g)
[2B,5 2B,, 4B,; 2B33 a’ 2

Zy3 = _ tZB ky + t234 ks + t283 ks + tZBZ kp + Bsst_ZIMZﬁz ks (3.403h)
[2B,,8.2 4By38c2 2B338c2 a® 28, .

224 = _ tB4 k3 + tB3 k5 + tBZ kz + B55 t—zmklz (34031)
[2B128c2 2B138c2 2B338c2 2B338c2 .

225 = | tBZ kz + tB k4_ + tB3 5 + tBZ kz] (3403])

in terms of the third amplitude, while in terms of the fourth amplitude
[ 2B128; 2B138; 2B, 8 6B,38, 4B338,

Z31 = -_ BZ kz —_— B k4_ - B4’ k3 - B3 k5 - Bz kz] (3.403k)
[2B1,8c2 2B138c2 2B338c2 2B338c2

Z32 = i tBZ 2 tBZ 4 th k5 + tBZ kz] (34031)
-ZBzzgcz 4B,38c2 2B338c2 a’ 28,

Z33 = - tB4 3 tB3 5 tBZ kz + B55 t_ZWklz (3403m)

Zsa = [2322g3 ks + 8Bk 1 2Bk, 4 g & 2;; K, | (3.403n)
2B 2B 2B 2B

Zos = [ 1283 k, + 3;%3 L+ 1383 L 2;83 ks] (3.4030)

B B B B
For the fifth case,
2B 2B 2B 4B
Zyy = [~2B11g5ky — ey, - Py, - Pk Rk K, | (3.403p)

_ |B118¢c2 B118c2 4B138c2 2B338c2
= 2 " k, +

a’®2g,
k k k, +B —k 3.403
1t 1t B 4 B2 4457 ot 11] ( q)
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Zyy = [Pz, + 2y, 4 Pakay, 4 Dok | (3.403r)

2B1,83 2B;383 2By383, 2Bs3g;
Z44 = [ BZ 2 + B 4 + 83 5 BZ kz] (34‘035)
4B,.g 2Basg a2
1383 3383
Z45 = [ZBllglkl + Tk4 + 82 kz + 234_4 2 g4 k6] (3403t)

Applying the method of Gauss elimination, Equations (3.399), (3.400), (3.401) and (3.402)
were resolved and that gave:

A5 = P5A1, A4 = P4A1, A3 = P3A1 y AZ = P2A1

and substituting them into the governing Equation gives

2 C
By (281A1 —2g,PsA; — %P2A1) kq

+ 2512 (281A1 g2[PsA; + PsAq] — gC1 [P;A; + P2A1]) ky
* Z]Z ( 4g1A1 + g2[PsA; — PLA ] + & [P2A; — P3A1]) ks
BB4 (2g1A1 — 2g,P A — 28 P3A1) k3
+ 2[]:323 (481A1 g2P4A; — gC1 —[PA; + 3P3A1]) ks
+ ‘“;;3 (2g1 Ay — g, [PsA, + P,A,] — gcl [PA; + 4P2A1]) k, N;—ZzAlk6 (3.404)

Dividing Equation (3.404) by A, gives

28c
Bi1 (281 — 28,P5 — gtl Pz) ky
2
B_Z [281(312 + 2B33) — 82(B1z + 2B33) [Ps + Py]

8c1
— L (By2[P; + P;] + 2B33[P; + 4P, ] )] k,

4g,A 2
+ ( gB1 1[Byz + 2B33] — [322 [B12 + 2B33][Ps + Py] — % [P3 [Bi2 + 2B33] + P2[By, +

8333]]) Kk
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Bzz gc1

64

2 2B
&P3)k3 + 218

(281 2g,P, — B

Nya?

k
D, ©

2B23

(481 g2Py — % [P, + 3P3]) ks =

Rearranging Equation (3.405) gives

Nya?
Do

1 28c¢
= E{Bn (281 —2g,Ps — gt1 Pz) kq

21
+B_2k_ [281(312 + 2B33) — 82(By2 + 2B33)[Ps + Pu]
6
gcl
— 2L (By,[Ps + Py + 2Bys[P; + 4P,]) | K,

e 281
B* ke

(281 2g,P, — P3)k3

2Bx 1 8c1
313 g (—4g1 + g,[Ps — Py] + L [P, — P3]) K,

2By3 1

+B3 ke

(4g1 g.Py — % [P, + 3P3]) ks }

Where Kr; =By (81 — 82P5 —

B1p, )k, (3.407)

(—4g1 + g2[Ps — P4] + — [P,

— P])k,

1 C
Krz = BPke [Zgl(Bu + 2B33) — g2(By2 + 2B33)[Ps + Py] — g *(B12[P3 + P, +

2B33[P; + 4P,]) |k,

Kps = B‘*kze (81 —g2P — %%) k3
B3 c
Kpy = Bke ( 4g, + g; [P —P,] + %[Pz - Ps])k4

Krs = ng (481 g2Py — % [P, + 3P3]) ks

Nxaz _ EO (KTl + KTZ + KT3 + KT4 + KTS)
DO B DO k6
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3.2.6  Numerical Analysis of Thick Laminated Anisotropic Plate for Different
Edge / Boundary Conditions
The analysis of laminated thick plate, consisting of 3 different plate laminas were
considered differently. In the first case, 2 laminated plate with two different laminas. Also the
cases of three, four, five and more laminated conditions can be conducted using the same
numerical procedures. It was observed that as the values of the lamina, m changes, the
corresponding values of Ji. and gi changes both in Bending, Coupling and Axial membrane.

These processes were repeated for all the different plate conditions as shown in the sections

below.
3
—>_
r < z =7 J 6
L 57 my =1 0 1
. — g
So 4 —_ls 4 » O
Bs 1112 “m-—1 =1 .
- < » —1
So 3 Zm-1 — 22 6  _3
\ » —

Figure 3.4 Three Laminated Thick Plate
with m = lamina, z = thichness, s = non dimensional coordinate on z direction and
n = total number of laminas

the mid position is considered as zero.

Two major angles were considered in the orientation of the plate, namely 0° and 90° and the

values obtained were considered as follows:

For  =0,cos0=1,sin0 =0

But when @ = 90,cos90 = 0,sin90 = 1

And considering m as cos @ and n as the sin®

Gyy = 0.5, Gyz = 0.5, Gyz = 0.2, [y = fhy = %“12 =0.01,

E44=d11=E];_101=25, d12=i—102=0.25, d21=E]:3_201=0.25, d22=F];:_2:=1
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E
d3; = 72 = 0.49875, but Ea3 = G12(1 — pizHz1)

E
dag = = = 0.49875 but Eygq = Gy3(1 — pizitz1)

44

Ep
E

dss = Eios = 0.1995 but Ess = G3(1 — tya421)

The case of an angle of 0° was considered. Thatis @ = 0 and the results were as detailed
below Taking m =cos0 =1 and n = sin0 =0 and also considering B;; expressions as

By, = m*dy; +2m?n?(d,, + 2d33) + n*d,, (3.413)
By, = di,(n* + m*) + m2n?(d,, + dyy — 4ds3) (3414)
B3 = m3n(dyy — dyp — 2d33) + mn3(d,, — dyp + 2d33) (3.415)
By, = n*d;; + 2m?n?(d,, + 2d33) + m* (3.416)
By3; = mn3dy; — m3nd,, + (m3n — mn3)(dy, + 2d33) (3.417)
B33 = m®n?(dy; — 2d, + dyy — 2d33) + d33(m* +n%) (3.418)

and B21 = BlZ’ B31 = Bl3 and B32 == B23

Bss = dss

Putting the real values of mj; and di; gives

B;; = 1% %25+ 2% 120%2(0.25 + 2 * 0.49875) + 0% * 1
B,, = 25

Byy = 0.25(0% + 1%) + 12 % 02(25 + 1 — 4 * 0.49875)

By, = 0.25

Bi3 =13 % 0(dyq — dqp — 2d33) + mn®(dy, — dpp + 2d33)
B3 =0

B,; = m03d;; — m30d,, + (m30 — m03)(d;, + 2d33)
By; = 0

Bas = 1202(dyy — 2dy, + dyy — 2d33) + 0.49875(1% + 0%)
Bss = 0.49875
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B,, = 0.49875

Similarly the case of an angle of 90° was considered. Thatis @ = 90° and the results were as
detailed below. Taking m=cos0=1 and n= sin0=0 and substitutitng
B;;expressions as gives

B;; = m*d;; + 2m?n?(d;, + 2d33) + n*d,, (3.419)
B;; =1

By, = dip(n* + m*) + m?n?(dy; + dy, — 4ds3) (3.420)
B, = 0.25

B;; = m3n(d;; — d;; — 2d33) + mn3(d;, — dy, + 2d33) (3.421)
B3 =0

B,, = n*d;; + 2m?n?(d,, + 2d33) + m*d,, (3.422)
B,, = 25

B,; = mn3®d,;; — m3nd,, + (m®n — mn3)(d;, + 2ds;3) (3.423)
B, = 0

B3 = m?n?(dy; — 2d;, + dyy — 2d33) + d33(m* + n*) (3.424)
B., = 0.49875

and B21 = BlZ' B31 = B13 al’ld B32 = B23
Z — values for different lamina arrangement
These explains the outcome of the various stiffnesses when different values of thickness

were substituted at different layer arrangement. As earlier explained, this is traceable to the

changes in lamina, m values as it increases.
3.2.6.1 Analysis of SSSS Thick Laminated Anisotropic Plates

The analysis for the conditions of two and three SSSS plate were considered and the
following observations below were made. Various cases of SSSS plate were considered
depending on the number of laminas in each laminated plate. For example two laminas were
considered in 2-laminated plate. Three laminas were considered for the case of 3-laminated

plate and the entire procedures followed the same trend.
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3.2.6.2 Two Laminated SSSS Thick Anisotropic Plate Condition

Here, the total of two laminas were considered. For the case of m =1 and for the case of m =
2 . The values obtained, were queued in to the appropriate equation for the derivations of the
of the Ji. and gj values needed for the next stage of the analysis. Three stiffness conditions
were considered. For the Bending stiffness, the values of Jij when the total number of laminas,

n is two, were derived as follows

The bending stiffness for for the case of 2—Laminates, when m =1 is given as

3 _ .3
J; = [Ml x 2 (3.425)

Since this is the first lamina, that means m = 1. From Figure (3.5), all the possible values of s
were clearly derived and substituting 1 for m in Equation (3.425) leaves it as

s3—s8 —0.3333)3 — (—0.5)3
= [Sizsol,, [« ) — 099, (3.426)
3 3
Also
(% ~55%) = (shs —5hr)
J2 = 3 * 2 (3.427)
Substituting the values of the unknowns gives
((-03333)* —3(-03333)°) - ((~0.5)° 3 (-05)?)
J = 3 * 2 (3.428)
while the
8 16 8 16
(S‘I?;l - ESTSn ;sZn) - (51311—1 - gSrSn-1 + HSZn—I)
J3 = 3 % 2 (3.429)
From Equation (3.429)comes
3_8.5 16 7 3_8.5 16 7
S{—=S{+— —(Sog —zSg +—
]3=(1 5°1 211)3(0 5°0 210) <2 (3.430)
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Putting the values of the non dimensional coordinates into Equation (3.430) gives

Iy = [((—0.3333)3—%(—0.3333)5+§(—0.3323)7)—((—0.5)3—g(—o.5)5+§(—0.5)7)l ‘2 (3.431)
and finally for the bending stiffness
(35,1” —8s3 + 1—8575,1) - (35,1,1_1 —8s3_,+ %575,1_1)
Ja = 3 * 2 (3.432)
That is
(35} —8s3 + %515) - (353 —8s3 + %505)
Ju = 3 %2 (3.433)
Substituting the values of s into Equation (3.433) gives
Ja =
[—]‘” ; ]‘”] %2 (3.434)
where
Jur = (3(—0.3333)* — 8(—0.3333)3 +2(-0.3333)5 3.434b
5
and
1 3 48 5
Ja = (3(—0.5) —8(=0.5)° + — (-0.5) ) (3.434¢)

Also the coupling stiffness for the case of 2-Laminates, when m =1 and the total number

of laminas, n is two, was derived as follows:

Ja = [@]*2 (3.435)

Thatis  Jo; =[S0« (3.436)

Putting the values of unknown gives
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Joy = [((—0.3333)22—(—0.5)2)]*2 (3.437)
Also for the
(Srzn - ‘th) - (Srzn—l - ‘531—1)
Je2 = 3 * 2 (3.438)
That is
2 2
SZ __54- _ SZ __54
]cz—(1 31)3(0 30)*2 (3.439)
Substituting the values of s gives
2 _ 2 4 2 _ 2 4
((-03333)2 —2(-03333)*) — ((-05)2 = 2(-0.5)*)
Jez = ’ 5 3 ) (3.440)
and finally for
Jes = |(sh —35%) = (shs —5siha)| # 2 (3.441)
That is
Je3 = (S% — gsf) — (s}) — %sg) * 2 (3.442)
Substituting the values of s gives
Jes = [((-0.3333)! = 3(=03333)%) - ((-0.5)! =3 (=0.5)%)] + 2 (3.443)

Similarly the Membrane Stiffness for the case of 2-Laminates, when m =1 and the total

number of laminas, n is two, was derived as follows

Jm = [(sm) = (sm-1)] * 2 (3.445)

That is

152



Ju = [(s1) = (s§)] * 2 (3.446)

Putting the values of s gives
Ju = [(—0.3333)' — (—0.5)"] = 2 (3.447)

Bending Stiffness for 2—Laminates when m = 2, three stiffness conditions were considered.

The values of Jij when the total number of laminas, n is two, were derived as follows

l(sz - S1 ]
J1 = * 2 (3.448)

Since this is the second lamina, that means m = 2. From Figure 3.5, all the possible values of s
were clearly derived and substituting 1 for m in Equation (3.448), leaves it as

S5 —S —0.16667)% — (—0.333)3
h_[u nl _[« el ))l*z (3.449)
Also
(% —5%) = (shs = 5571)
J2 = 3 * 2 (3.450)
Substituting the values of the unknowns gives
3_4 5 3_4 5
((=0.16667)% — 2 (~0.16667)%) — ((—0.3333)° — 2 (-0.3333)°)
J2 = 3 x*2  (3.451)
while the
8 16 8 16
(Sr3n - gSrsn + HSZn) (531-1 - gSrSn—1 +—Sm- 1)
J3 = 3 %2 (3.452)
From Equation (3.452) comes
54 16 7 3_8.5 16 7
52 _‘52 152 S1 T 751 ToTS1
Putting the values of the non dimensional coordinates into Equation (3.453) gives
I, = [((—0.16667)3—%(—0.16667)5+g(—0.16667)73)—((—0.3333)3—%(—0.3333)5+g(—0.3333)7) .2 (34540)

and finally for the bending stiffness
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48
(351111 —8s3 + ?S,Sn) — (35,1,1_1 —8s3_, + ?sm_l)
= 2 (3.455)

That is

(3521 —8s3 + %sg) — (3511 —8s3 + %sls)
3

Ja = * 2 (3.456)

Substituting the values of s into Equation (3.456) gives
Ja =

(3(-0.16667)" — 8(=0.16667)° + == (—0.16667)% ) — (3(~0.333)" — 8(—0.333)% + 2 (—0.333)°)
3

%2 (3.457)

For the Coupling Stiffness for 2-Laminates when m = 2, the values of Jij when the total

number of laminas, n is two, were derived as follows:

For

Jaa = [@]* 2 (3.458)

Thatis  Jo; = [(22)] 2 (3.459)

Putting the values of unknown gives

_ [((—0.16667)2—(—0.333)2)
1= 2

J. ] %2 (3.460)

Also for the

2 = 2 3 %2 (3.461)
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That is

2 _ 2.4 2 _ 2.4
(5 258)~ (s =20

Je2 = * 2 (3.462)

Substituting the values of s gives

((~0.16667)2 — 2 (-0.16667)*) — ((~0.333)2 — 2 (-0.333)*)

Je2 = 3 * 2 (3.463)
and finally for
4 4
Jez = [(Srln - §Sr3n) - (5r1n—1 - §5r3n—1)] * 2 (3.464)
That is
4 4
Jez = (S% - 553) - (S% - §Sf) *2 (3.465)

Substituting the values of s gives
Jes = [((=0.16667)" - 2 (~0.16667)% ) — ((~03333)" —3(~03333)°)| x2 (3.467)

Membrane Stiffness for 2—Laminates when m =2

Jm = [(sp) = (Sm—1)] * 2 (3.468)
That is
Jm = [(s3) = (s1)] 2 (3.469)

Putting the values of s gives
Ju = [(=0.16667) — (—0.3333)1] * 2 (3.470)
3.2.6.3 Two Laminated SSSS Plate for 0° 0° Arrangement

The various values of Z for SSSS plate were derived as shown in Equation (3.787) to
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Z11 = [(B118c2k1)/t? + (2By1ky) /t* + (4By3k,) /Bt? + (2Bssk,) /pAt?
+ (2a®Byskq) /I

. (23121(2) (2313k4) (Zstks) (23331(2)
12 — thz Btz B3t2 thz

Z13 = [(2B128c2K2)/B?t + (2B138c2k1) /t? + (2By3gc2ks) /B3t
+ (2B338c2Kk,) /tB?]

Z14 = [(B118c2k1)/t + (4B138c2Ka) /tB + (2B33gc2k,) /Bt?
+ (2a%g4Basky1) /IMt?]

— (2B238c1ks) /tp?

_ (2B118c1K1) | (ZB128ciks) | (2Byagciks)
15 = [~ + +
t Bt? tf

— (4B338c1k;) /tB?

Zy1 = [(2B12k,) /B*t? + (2By3ks)/B3t? + (2B33k,) /B?t?]

(2B13ks)  (2Byzks)  (4Bysks)  (2Bssky) ZaZB55k3
BtZ B4t2 B3t2 BZtZ tZBZII%/[

Zzzzl

Zy3 = [(2B228c2K3) /B*t 4 (4Ba3gcoks) /B3t + (2Bssgek,) /Bt
+ (2a®Bsskq2) /Bty

(3.471)

(3.472)

(3.473a)

(3.473b)

(3.474a)

(3.474b)

(3.475)

(3.476)

Zp4 = [(2B128c2K2) /tB? + (2B138c2ka) /tB + (2B238c2Ks) /Bt? + (2B33gc2k2) /tB?](3.477)

Zys = [(=2B128c1K2) /tB? — (2B138c1Ka) /tB — (2B228c1Kk3) /tB* — (6B,3gc1ks) /tB3

— (4B338c1k2)/tB?]

Z31 = [(ZBugczkz)/th + (2B13gc2k4)/t32 + (2323gc2k5)/t33
+ (2B338c2Kk,) /tB?]

Z3; = [(2B228c2k3) /B*t + (4B238c2ks) /B3t + (2B338cok,) /1B
+ (2a%g4Bsski2)/B*Iml

Z33 = [(2B2,835k3)/B* + (4By3g3ks) /B + (2B33gsk,) /P>
+ (2a®Bssg,%k,) /B?t?]  (3.481)
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Z34 = [(2B1283K,)/B* + (2B3383k,)/B* + (2B1383ks) /B
+ (2B2383ks) /B°]

(—2B1282k>) _ (2B1382K4) _ (2B2282k3)
B2 B p*

Zss =

* gok,) /B2

Z41[(B118c2K1)/t* + (B118c2K1)/t + (4By38c2ke) /tB + (2B33gc2k,) /tB?
+ (2a®By484Kk11)

/t%Iml
Zaz = [(2B128c2K2) /tB? + (2B138c2K4) /tB + (2B23gcoks) /tB°

+ (2B338c2k2)
/tB?%]

Z43 = [(2B1283Kk,)/B* + (2B13g3ks) /B + (2B,3g3ks) /B3
+ (2B3383k,)/B?]

Z44 = [(2B1181k1) + (4B1383ks) /B + (2B33g3k,)/B* + (284%a°Baske)/
t?] (3.487)

Lys

= [—2 = (B1182ky) — (2B12g2k2)/[32 — (2B1382k4) /B — (2323821(5)/83
— (4B3382k>)

/B%]

Derivation of L-values for SSSS plate

L11 = [(B118c2kq)/t* + (2B11ky)/t? + (4By3k,) /Bt® + (2B33k,) /p2t?
+ (2a®Byaky) /Ji]

L1, = [(2B12k,)/B?t? + (2B13ks) /Bt? + (2B,3ks) /B>t? + (2B33k,) /Bt

L1z = [(2B128c2K2)/B?t + (2B13gc2k1) /t? + (2B23gcoks) /B3t
+ (2B338c2k2) /tB?]
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(3.482)

(3.483)

(3.484)

(3.485)

(3.486)

(3.488)

(3.489)

(3.490)

(3.491)



L1a = [(B118c2K1)/t + (4 * By3gcoka) /tB + (2B33gcok,) /Bt?
+ (2a%g4B4aky1) /Imt?] (3.500)

Lis = [(2B118c1ky) /t + (ZB1zgc1k2)/Bt2 + (2B138c1ks) /tB + (ZBz3gc1k5)/tB3

— (4 * B33gc1 k) /tB?] (3.501)
L1 =72
Z AN
Ly = (Z21 * Z_z - Zzz) (3.502)
Zy3
L,; = (Z * ——
23 21 711
- Z23) (3.503)
L4
L24 = Z21 *— — Zz4 (3504)
Z14

L33 = (221(212Z33 - Z32213) + Z31(222213 - Z23Z12) + le(Z32223 - Z32Z22))/(Z21 * Z12

~211722) (3.505)
L3g = (Z14(ZypZ31 — Z33Z751) + Z13(Z34Zpq — ZpaZ31) + Z11(Z3z 704 — L32734)) [ (Za1Z4
— Z11Z5;)) * As (3.506)
Las = (Z15(Z31Z2p — Z32231) + Z15(Zp1Z35 — Z31Z35) + Z11(Z3zZos — ZppZ35) [ (L1212 —
Z11757)) (3.507)
Laz = (Z13(Z41Z2p — Z43Z51) + Z15(Zy1Z43 — Za1Z33) + Z11(ZapZos — La3Z33) [ (Za1Z4
— Z11Z3,)) (3.508)
Laa = (Z14(Z41Z25 — Z43751) + 215(Z31Z44 — L34741) + 211 (ZazZos — 22744) [ (Z21Z1;
—Z11233)) (3.509)
Lys
= (215(Z32Z41 — Z43721) + Z15(ZasZyy — Z41Z35) + Z11(ZazZ5 — Z33245) [ (Z21Z43
— Z11Z5;)) (3.510)

Derivation of E and P-values for SSSS plate

The values of E were all determined before the generation of P values. This was achieved by
putting the E values in the various Equations of P as demonstrated below. The excel program

gave account of the calculation process.
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E; = Laslss

E; = Laslys
Ez = Lyslss
Ey = Laslys

Py = (E; —E2)/(Ez —E,)

Py = ((L3s — L34P5)/L33)

Py = ((L3s — L3Py —L24Ps)/L22)

P, = ((Lys — Li2P3 + LisPy + L14P5)/Lyy)

Derivation of Kt Values for SSSS plate

For the first case of K,

By1(g81 — 82P5 — (8c1/UP)ky = Kpy
also the second case of K can be expressed as

1

4P2))] k, = Kr;

Further more

B C —_—
34126 (81 — g2P — %%) ks = Krs
and finally,

B13/(Bke) (_481 + 82 % (P, — P3)) ky = Ky

and

B2s/(Bke ) (481 — 82Ps — B2 (P, + 3Py) ) ks = Krs

From the various values of Ky the buckling Equation can be given as
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(3.511)
(3.512)
(3.513)
(3.514)
(3.515)
(3.516)
(3.517)

(3.518)

(3.519)

ok [2g1(B12 + 2B33) — g2(B1z + 2B33)(Ps + P,) — (%) (B12(P; + P,) + 2B33.(P; +

(3.520)

(3.521)

(3.522)

(3.523)



Nya?
Do

Kt11+KT2 +KT3+KT4 +KT5

=y * ( L YD, (3.524)

3.2.6.4 Two Laminated SSSS Plates for 0° 90° Arrangement

In this case, the derivation of Z-values for SSSS plate was conducted by considering to
angles, the 0° and 90°

741 =

[(B118c2k1) /t? + (2B11kq)/t? + (4By3ky) /Bt? + (2B33k,) /Bt + (2a®Bygk,)/

Zy; =
(2B12k3) (2B13ky) (2B,3ks)
(s + S+ S @Bale)/Y] (3:526)

L3 =
[(2B128¢2K2) /Bt + (2B138c2k1) /t? + (2By38c2ks) /B>t (2B33gcok,) /tB?] (3.527a)
L1y =

[(B118c2Kk1)/t + (4B138c2ky) /tB + (2B33gc2k2)/3t2 + (23284344k11)/]M *
t?] (3.527b)

245 =

(2B118c1k1)  (2Bi28cikz)  (2Bi13gciks)  (2By3gciks)
t Bt? tf tp3

— (4B338c1k2)/tB?| (3.528)

Ly =
[(2B1,k,)/B?t? + (2By3ks) /B>t? + (2B3zk,) /B? * t7] (3.520)
Zyy =

[(2B13ky)/Bt® + (2Byok3) /B*t? + (4By3ks)/B3t? + (2B3zk,) /Bt + (2a°Bssks)/
t2%%] (3.521)

Zy3 =
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[(2B228c2ks)/B*t + (4B2sgcaks) /Bt + (2Basgeaka) /B2t + (2a%Bsskyp) /B2t?J5] (3.522)
oy =
[(2B128c2k2) /tB% + (2B138c2ka) /tB + (2B23gcoks) /Bt? + (2Bssgeky)/t* B2]  (3.523)
Zps =

[(—2B128c1k2)/tB* — (2B138c1Ka) /tB — (2B28c1ks) /tB* — (6Ba3gc1ks) /B> —
(4B33gc1k2) /tB%] (3.524)

Z31 =
[(2B128c2K2) /tB? + (2B13gc2ka) /tB% + (2B238c2ks) /tB® + (2B33gcok2) /tB?] (3.525)
L3, =

[(2B228c2k3)/B*t + (4B23gcaks) /B3t + (2B33gcaka) /tB% + (2a°g4Bsskyz) /BAIml (3.526)

Ty =
[(2B2283k3)/B* + (4B23g3ks)/B® + (2Bs3gskz)/B* + (2a”Bssga’k,)/B?t?] (3.527)
Ty =
[(2B1283k2)/B? + (2B33gsk,)/B? + (2B13gska)/B + (2B23gsks)/B°] (3.528)
Zas =

[(—2B12g2k2)/62 — (2B1382K4)/B — (2B2282k3) /B* — (6 ¥ Byz * g, * ks)/B3 — (4=
B3382Kk2)/B?] (3529)

Z41 -

[(B118c2k1)/t? + (Byg * ez * K1)/t + (4B13g8c2ky) /tB + (2B33gc2 k) /tB?
+ (2a®B4484k11) /] (3.530)

Ly =

[(2B1zgc2k2)/t82 + (2B138c2ks) /tB + (2B23gc2k5)/t33 + (2B338c2k2)/t82]
(3.531)
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Zys =

[(2312g3k2)/82 + (2B1383k4) /B + (2323g3k5)/83 + (233383k2)/82] (3.532)

Loy =

[(2B1181k1) + (4B1383ks)/B + (2B3383k,) /B?ke) /t?]
+(2g4%a%Byy (3.533)

Zys =

[—2(B1182kq) — (231282k2)/[32 — (2B1382k4) /B — (2323821(5)/83 — (4B3382:k;)/
B?] (3.534)

Derivation of L-values for SSSS plate

Ly, =
[(B118c2k1)/t? + (2By1ky)/t? + (4By3ky)/Bt? + (2B33k,)/B%t? + (2a®Bysky)/

J] (3.536)

Ly, =

[(2B12k,)/B?t? + (2B13ky)/Bt? + (2 * Bysks)/B3t* + (2Bs3k,) /B2t?] (3.537)

Ly =

|(2B12geaka) /B2t + (2Brsgeaks) /62 + (2Bsgenks) /B3t + CPEze) (3.538)

L1y = [(B118c2K1)/t + (4B138c2ke) /tB + (2B33geKa) /Bt + (2 * % x gy * Byy *
ki11)/Imt?] (3.539)

Lis = [(2]311gc1k1)/t + (2B1zgc1k2)/ﬁt2 + (2B13gc1k4)/t3 + (2B23gc1k5)/t83 -

(4B338c1Kkz)/tB%] (3.540)
=7z
Loz = (Z21Z12/741 — Z32) (3.541)
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Z
L23 = (Zle_ii_ 223) (3542)

Loy = (221214/Z11 - Z24) (3-543)
L3z =

(Z21(Z12733 — Z33743) + Z31(Z32Z13 — Zp3713) + Z41(Z32223 — Z32225)) [ (Z21Z12 —
Z11Z57)) (3.544)
L3y =

(Z14(Z32731 — Z33731) + Z12(Z34Z31 — Zp4731) + Z11(Z32Z24 — Zpp % Z34)) /(L1 * Z13 —
Z11 % Z33)) * As (3.545)
Lys =

(Z15(Z31Z3p — Z33731) + Z15(Zp1Z35 — L31Z35) + Z11 (L3235 — Zpp735) [ (L1212 —
Z11Z37)) (3.546)
Lys =

(213(Z41Z35 — ZLap751) + 215(Zp1Z43 — L41733) + Z11(ZazZy3 — 243755) [ (Z31Z15 —
Z11Z57)) (3.547)
Lys =

(214(Z41Z0p — LapZ31) + Z19(Zp1Z4s — LpaZa1) + 211 (ZapZps — 223744) [ (L1215 —
Z11Z37)) (3.548)
Lys =

(Z15(Z32Z41 — Za3721) + Z12(ZasZyy — Z41Z35) + Z11(ZazZys — Z3245) [ (L1215 — Zyq *
Z,2)) (3.549)

Derivation of E and P-values for SSSS plate

The values of E were all determined before the generation of P values. This was achieved by
putting the E values in the various Equations of P as demonstrated below. The excel program
gave account of the calculation process.

El = L43L35 (35501)
E2 = L33L45 (3551)
E3 = L43L34 ) (3552)
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E4 = L33L44 (3.553)

P; = (E; —E;)/(E5 —E,) (3.554)
P, = ((L3s — L34P5)/L33) (3.555)
P; = ((L3s — Ly3zPy — LyyPs)/Lys) (3.556)
P, = ((Lys — LioP3 + Li3Py + Li4Ps)/Lyy) (3.557)

Derivation of Kt Values for SSSS plate

For the first case of K,

B11(81 — 82Ps — (8c1/DP)ky = Kpy (3.558)
also the second case of K can be expressed as

1 C
kg [2 * g1(B1z + 2B33) — g2(Byy + 2B33)(Ps + Py) — (g—tl) (B12(P3 + P,) + 2B33(P; +

4P,))| k; = Kr, (3.559)

Further more

;126 (gl —82Py — %%) k3 = K3 (3.560)
and finally,

Bus/(Bko) (—4g1 + 82 + 52 (P, = Py) ) ky = Ky (3.561)
and

Bas/(BKs ) (481 — 82Ps — B2 (P, + 3P3) ) ks = Krg (3.562)

From the various values of Kt the buckling Equation can be given as

Nya?
Do

= Eo(Ktqy + Kz + K3 + Kps + Kps) /Ke Dy (3.563)

3.2.6.5 Three Laminated SSSS Thick Anisotropic Plate Condition
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The total of three laminas were considered at this stage. For the cases of m =1, 2 and 3 were
treated separately. The bending , coupling and membrane stiffness showed some differences as
the number of the laminas increases. The values obtained, were queued into the appropriate
equation for the derivations of the of the Ji. and g; values needed for the next stage of the

analysis.
Bending Stiffness For 3—Laminates, whenm =1

Three stiffness conditions, Bending, Coupling and Axial stiffness were considered. For the
Bending stiffness, the values of Jij when the total number of laminas, n is three, were derived

as follows:

I
Ji = [(573"—5,5’”'1)] *3 (3.564)

Since this is the first lamina, that means m = 1. From Figure 3.5, all the possible values of s
were clearly derived and substituting 1 for m in Equation (3.564) leaves it as

s3—s3 —0.333)% — (-0.5)3
h%%l*g =[(( )3 ( ))l*g (3.565)
Also
(% —5%) = (shs —557)
I, = 5 %3 (3.566)
Substituting the values of the unknowns gives
3_4 5 3_4 3
((-03333)* —3(-03333)°) - ((~0.5)° =3 (-05)?)
J = 3 %3 (3.567)
while the
8 16 8 16
(S‘I?;l - ESTSn ;sZn) - (51311—1 - gSrSn-1 + HSZn—I)
J3 = 3 %3 (3.568)
From Equation (3.568) comes
3_8.5_,1 7\_(.3_8_ 16 7
Js = (o =5t +37) - (3558 +ud)| (3.569)
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Putting the values of the non-dimensional coordinates into Equation (3.569) gives

~0.3333)3-2(-0.3333)5+22(-0.3333)7 )~ (—0.5)3 —2(~0.5) 5 +22(-0.5)”
Iy = l(( 3= )5 +23( ’ )7)-((-05)3-3(-0.5)5+2%( ))l*3 (3570)
and finally for the bending stiffness
48 48
(35,1,1 —8s3 + ?sﬁq) - (35,1,1_1 —8s3_,+ ?51511—1)
= - +3 (3.571)
That is
(35} —8s3 + %sf) - (353 —8s3 + %505)
Js = 3 * 3 (3.572)

Substituting the values of s into Equation (3.572) gives
Ja =

(3(-0.3333)" — 8(—0.3333)% + 2 (~0.3333)% ) — (3(=0.5)" — 8(—0.5)* + T (-0.5)°)
3

* 3 (3.573)
Coupling Stiffness for 3-Laminates, when m =1

For the Coupling, the values of Jij when the total number of laminas, n is three, were derived

as follows:

For

Jor = [F==id] 3 (3.876)

Thatis Je, = [22]+3 (3.574)

Putting the values of unknown gives

—0.3333)2—(-0.5)2
Jor = (03200 (3.575)
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Also for the

Substituting the values of s gives

* 3

, [((—0.3333)2 —2(-03333)*) - ((-0.5)? = 2(-05)*)
2= 3

and finally for

4 4
Je3 = [(Srln - §513n> - (Srln—l - §S§n—1>] * 3

That is

Jez = <Si —gsf) - (Sé —gs?,) %3
Substituting the values of s gives
Jes = [((~0.3333)" =5 (-0.3333)%) - ((—0.5)' = 5 (-0.5)%)| + 3
Membrane Stiffness for 3—Laminates when m =1
Ju = [(sm) = (Sm-1)] *3
That is
Ju = [(s1) — (sg)] *3
Putting the values of s gives

Ju = [(=0.3333)1 — (=0.5)1] 3
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For the Bending Stiffness For 3—Laminates Plate when m = 2, three stiffness conditions were
considered. The value of Jij when the total number of laminas, n is three, were derived as

follows

Jy = [(Sz —si l (3.585)

Since this is the second lamina, that means m = 2. From Figure 3.4, all the possible values of s
were clearly derived and substituting 1 for m in Equation (3.889) leaves it as

S —s3 —0.16667)3 — (—0.333)3
Also
(5% ~55%) = (01 = 550-1)
J, = 5 %3 (3.587)
Substituting the values of the unknowns gives
3_4 5 3_4 5
((~0.16667)% — 2 (~0.16667)%) — ((—0.3333)° — 2 (-0.3333)°)
J, = 3 3 (3.588)
while the
8 16 8 16
(s — 258 +575h) = (smor — 2501 + 575m1)
J3 = 3 %3 (3.589)
From Equation (3.893) comes
8 16 8 16
(523—;525+ 527) (sf—gsf+zsl7)
]3 — 3 * 3 (3.590)
Putting the values of the non dimensional coordinates into Equation (3.590) gives
Iy = [((—0.16667)3—g(—o.16667)5+§(—0.16667)73)—((—0.3333)3—g(—o.3333)5+%(—0.3333)7) 3 (3591)

and finally for the bending stiffness
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(351111 —8s3, + %s,sn) - (35,1,1_1 —8s3_, + %S,Sn_l)

Ja = 3 *3
That is

(35% —8s; + 45—855) - (3511 —8s3 + %Sf)
]4 = 3 ES 3

Substituting the values of s into Equation (3.593) gives
Iy = []4r ; ]41] ‘3
where
48
Jar = (3(—0.16667)1 —8(—0.16667)3 + ?(—0.16667)5)
and

Ju = (3(—0.333)1 — 8(—0.333)3 + ?(—0.333)5)

(3.592)

(3.593)

(3.594)

(3.594a)

(3.594b)

For the coupling Stiffness for 3-Laminates when m = 2, the value of Jij when the total number

of laminas, n is three, were derived as follows:

For

Jop = [(Srzn—zrzn—l)]* 3

Thatis J., = [@] * 3

Putting the values of unknown gives

_ [((—0.16667)2—(—0.333)2)
1= 2

]c ]*3

Also for the
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Substituting the values of s gives

* 3

[((—0.16667)2 —2(=0.16667)*) — ((~0.333)? — 2 (~0333)*)
Je2 =
3

and finally for

Jes = [(sh = 3sh) = (shos = 350-1)] + 3
That is

Jo = (s 23) - (s 2s1) 3

Substituting the values of s gives

Jes = [((~0.16667)" — 2 (~0.16667)% ) — ((~0.3333)* — 3 (~0.3333)° )| + 3

Membrane Stiffness for 3-Laminates when m = 2
Ju = [(sm) = (Sm-)] *3

That is
Jm = [(s2) = (s1)]*3

Putting the values of s gives

Ju = [(—0.16667) — (—=0.3333)1] % 3
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(3.598)

(3.599)

(3.600)

(3.601)

(3.602)

(3.603)

(3.604)

(3.605)



For the Bending Stiffness For 3—Laminates when m = 3, three stiffness conditions were
considered. The values of Jij when the total number of laminas, n is three, were derived as

follows

J, = %3 (3.606)

(sm
=5

- 5r3n—1)l

Since this is the second lamina, that means m = 2. From Figure 3.5, all the possible values of s
were clearly derived and substituting 1 for m in Equation (3.606) leaves it as

S — 53 —0.16667)3 — (—0.333)3
Also
(s —35%) = (st — 50m1)
J, = 5 %3 (3.608)
Substituting the values of the unknowns gives
3 _%m\5 3_4 5
((0)* —2(0)°) - ((~0.16667)° — £ (~0.16667)°
2 = 3 * 3 (3.609)
while the
8 16 8 16
(531 - gSrSn + ZS;) (Sr3n—1 - gsrsh—1 + ESZn—1)
J3 = 3 %3 (3.610)
then
3 8 5 16 7 3 8 5 16 7
S3 —£S3 T 7S3 S2 —£S2 TS
Js = ( 5 21 ) e ( 5 21 ) 3 3.611)
Putting the values of the non dimensional coordinates into Equation (3.611) gives
0)3-2(0)5+22(0)7)—((~0.16667)3 —2(=0.16667)5 +22(—0.16667)”
Iy = l(( )3=2(0)5+52(0)7)~(( 3) = )3 +33( ) )l ‘3 (3612)
and finally for the bending stiffness
(35,1n —8s3 + 458 515,1) (35,1,1 . —8s3_, +4—8515n 1)
Jo = * 3 (3.613)

3
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That is

(35§ —8s3 + 1—853) - (35% — 8s3 +%525)
3

J, = %3 (3.614)

Substituting the values of s into Equation (3.614) gives
Ja =

(3(0)* = 8(0)° + % (0)°) — (3(—0.16667)* — 8(~0.16667)* + = (~0.16667)° )
3

%3 (3.615)

For the Coupling Stiffness for 3-Laminates when m = 3, the values of Ji;when the total number

of laminas, n is three, were derived as follows:

For

Je1 = [@]* 3 (3.616)

Thatis o, = [S22] + 3 (3.617)

Putting the values of unknown gives

0)%2—(-0.16667)?
Joa = [(( L > ) )] * 3 (3.618)

Also for the

2 = 2 3 3 %3 (3.619)
That is
2 2
(53 -3s8) — (s3 - 2s7)
Je2 = 3 * 3 (3.620)

Substituting the values of s gives
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((0)2 =2(0)*) - ((~0.16667)% — 2 (~0.16667)*)

Joo = 3 * 3 (3.621)
and finally for
Jes = [(sh =3 50) = (shos = 55h1)| + 3 (3.622)
That is
Jeo = (s8=553) = (sh—3s3) + 3 (3.623)
Substituting the values of s gives
Jeo = [(©" = 2(0)*) - ((-0.16667)* — 3 (~0.16667)* )| « 3 (3.624)
Membrane Stiffness for 3—Laminates when m = 3
Ju = [(sm) = (Sm-1)] * 3 (3.625)
That is
Ju = [(s3) = (s2)]*3 (3.626)
Putting the values of s gives
Ju = [(0)! — (—0.16667)'] * 3 (3.627)

3.2.6.6 Three Laminated SSSS Thick Anisotropic Plate for 0° 0° 0° Arrangement

For the case of SSSS with three laminas, the plates were positioned at the angels 0° 0° 0°

similarly as in the case of two laminated plates, the Z-values were introduced and that gave

the buckling load as shown in Equation (3.628).

Nya?

b, — Eo(Kri +Krz + Kpz + Ky + Krs)/ke * Dy (3.628)
where
By1 * (81 — 82Ps — (8c1/0) * P) *ky = Ky (3.629)
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with

1

2
*Kg

[zgl(B12 + 2B33) — g2(B1z + 2B33)(Ps + Py) — (g_:l) (B12(P; + P,) + 2B33(P; +

=

4P,))| k; = Kr, (3.630)

also

B c —
2 (81— 82Py —E2P3 ) ks = Krs (3631)

t
and then
Bys/(Bke ) (—481 + 82 + 52 (P, = P3) ) k4 = Ky (3.632)
The derived buckling equation was used to run the anaylsis of the palte considering different
Properties and the results were as detailed in Chapter 4.

3.2.6.7 Three Laminted SSSS Thick Anisotropic Plate for 0° 90° 0° Arrangement

Similarly the case of SSSS with three laminas,when the plates were positioned at the angles
0% 90° 0° the buckling load was formulated on the introduction of the Z-values and the
analysis was conducted at different conditions amd different material properties and the

results were as shown in the Chapter 4.
3.2.7 Analysis of CCCC Thick Laminated Anisotropic Plate

In each case of the laminated CCCC analysis, the entire process was iterated severally
depending the on the number of the laminas. In each iteration, the bending stiffness was

considered as

SE—S2,_
JccccBi = (3—1) (3.633)

also for the case of Coupling Stifness as

(Sth—Sh-1)
]ccccci = Tl (3.634)

and finally for the Membrane stiffness as
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Sz —S2,_
]ccchi = (3—1) (3.635)

The introduction of the angle of rotations, out of plane , in plane displacements and other
parameters as earlier listed, into the total potential energy gave rise to coupling, bending and
membrane stiffnesses, upon further minimization. The various deived equations, were initially
expressed as jiand then as gi values. For simplicity, the equations were reduced interms of Z
and L-values, and the resultant equations were solved using Gauss Elimination method. The
final values of P which are all functions of L were substituted into equation. The A-values
were introduced into the equations and that further reduced the entire process into smaller
expression. On introduction of the stiffness coefficients ki, the various Kri values were
generated. These were finally substituted into Equation (3.628) for the derivation of the
Buckling loads.

Nccccxa2
T Dy = Eg * (Keeeer1 + Keeeerz + Keeeers + Keeeers + Keeeers) /Ke * Do (3.636)

For the analysis of all the angles considered cccc plate, the same approach in the case ssss
plate was adopted. Also the same procedures were adopted in the analysis of the entire plate
considered in this work. The buckling load Equations derived as explained were used to
conduct numerical analysis for all the laminated plate cases considered. In each case, the

materials were assumed to passes the following properties:
0.5 to -0.5 thickness in compression and tension zone respectively,
Elastic Modulus, Ey=1GPa Ex=25Pa

Poison Ratio iy, = 0.25
Shear Modulus G,,, = 0.5Pa

In the analysis, two selected angles were considered, 0° and 90°. The same process was
adopted in the analysis of CCCC plate and other plates studied in this work. Firstly, the total
of two laminas were considered. For the case of m = 1 and for the case of m = 2. The values
obtained, were queued in to the appropriate equation for the derivations of the of the Ji. and gi
values needed for the next stage of the analysis. Three stiffness conditions also were
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considered. For the Bending stiffness, the values of Jij when the total number of laminas, n is

two, were derived. The results derived in all the treated plates were discussed in Chapter 4.

CHAPTER FOUR
RESULTS AND DICUSSIONS
4.1 Results

As detailed in Chapter 3, the analysis of thick laminated anisotropic plate was conducted ,
using 3 order Energy functional. Upon substitution of the stiffness coefficients into the
derived Equations, different observations and values were recorded. The processes involving
the generation of the various formulas adopted in the analysis were all detailed in Chapter 3

while the results were all recorded in sub sections below.
4.1.1 The strain of Thick Laminated Anisotropic Plate

Equation (4.1) is the strain of thick laminated anisotropic plate.

duy tS0°w  tH 04y
adR a?0dR?> a OR
dv, tS 62w+tH ag,
aBoQ B?a?dQ? aBf 9Q
[e] = du, + dvy — 2tS 0w +ﬂ. %+ﬁ% (4.1)
aBdQ adR Pa?0dRIQ Pa \ dQ oR
duy, OH
(2420
tdS = 0S
(dv0+aH )
tdS = as Y

4.1.2 The stress of Thick Laminated Anisotropic Plate

The stress of thick laminted anisotrpic plate is also gives as:
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duo _ tS°w \ tH Ody
adR a2 dR? a’ dR
By1 Bz Biz 0 0 dvg _ _ts 0w  tH 0%y
B,y By, Byz 0 0 ] apoQ  p%a?0Q*  af’ 9Q
_ Eo du, dv, 2tS 9w tH (04 o4
ol = B B B 0 0 0 4 %% 2 9 W 7 (T Y 4.2
[ ] 1-py2t21 031 82 38 B 0 afoqQ + adR  Ba?dRAQ + Ba’ (OQ + ﬁ aR) ( )
0 0 B Lo 1 M g
0 0 55 tds ' as X
dvg . OH

4.1.3 The Total Potential Energy

Based on the constitutive relationship developed, the total potential energy was formulated by
bringing the strain and stress of the thick laminated anisotropic plate. Upon further
minimization the result of the stress-strain equations, the Total Potential energy was

formulated as

duy tS0°w  tH 0y
adR a?0dR? a OR
dv, tS 62w+tH ag,
afoQ [%a%0Q% aB 0Q [311 By, Biz 0 0]
B B B 0 0
E 21 D22 23
aBoQ " adR  Ba’dRaQ ' Ba’\aQ ' R llo 0 0 By 0 J|
(du0+6H ) 0 0 0 0 B
tdS  9S 7 *
dvy, O0H
Bie)
tdS 0dS

duy _tS0°w  tH 0y
adR a20R? a OR
dv, tS 62w+tH ag,
apoQ p*a*dQ* af 9Q
N, rdw\?
dup  dvo _ 2t 0°w L %Jrﬁ o¢, dxdydz—ff(0+7x(d—w) +0)dxdy  (43)
aBdQ ' adR Pa?dRIQ  Ba \dQ " AR x

(du0 N JH )

tdS  aS " *
dvy, O0H

(50,
tdS  aS
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The functional was further expanded and presented in terms of bending, coupling and
membrane stiffness as

0.5 3 2,,,\ 2 2 2
E,t d“w d0%w 0¢ 0%w 0¢
. =———8 2— | —aHS.—.—=% —aHS.—.—=
f—o.sa eds [1— pxypyx] (S <6R2> atis arRz R ° S OR2" OR

2
+ a?S2. <%) )

S% 9*w 9?w aHS 9*w 04, aHSd?w 04, a’H? 09, 0¢x>

+2312(ﬁ_2'6R2'6Q2_ 5 ARZ° 90 B2 Q2 @R T B 90 OR
25% 0*w 0*w aHS0*w 09, HSaZW 8¢y 2aHS 0*w 09,
B 0RIQ OR® B ORZ'aQ '°B8RZ'OR B ORAQ 4R
a’H? 34, 04, e ¢, 99,
B AR 40 "OR " OR

+2B3 (—

S2 /92w\*  aHS 9%w 6¢y aHS 0%*w 6¢y a’H? 6¢y 2
+ B — — ) ) — ) + )
22\ p+\0Q> B3 "9Qz aQ B3 4Q2 aQ @ B% '\ aQ

- 252 9*w 9*w aSH 04, 0°w aSH 09, 9*w 2aHS 9*w 09,
2\ B3 OROQ 302 B3 T0Q 0Q? B? " OR 4Q2 B2 ARAQ AQ
+a2H2 a¢, a(lﬁy_l_azH2 ag, 04,
B2 90 aQ ' B “OR A0

452 ( 92w \* 2aHS 9*w 04, 2aHS d*w 09,
+B33 - -

52 \@RaQ B2 9RIQ 9Q B ORAQ OR

v p.. [_2aHS 0Pw g, a’H (94, 2+a2H26¢y 04,
33 B2 ARAQ aQ = Bz "\ aQ B AR 90
2
+B33 _2aHS o*w .a¢y+(121_12.(’)¢x.a<[5y+azH2 %
B ORIQ AR ' B 0Q R oR
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Eyt3 a_ 0*w du, a* duy, 0¢_ aS 0*w du,

+ Bll - = e - -_-_x__-_-_
a’? 04, duo
TR dR>

a. 9*w dv, a*Hdvy 04, aS d*w du,

+ 2By, + k. i )

"R 30 Vi 30 9R T 132902 dR

a’H 994, du, a 0°w du, a 0%*w dv,

+ t,B'(’)Q'dR) 13<_¥SaR2'aQ__SaR2'dR
a*H duy 94, a*Hdv, 0¢x+2a5 0w duo a*H ¢, du,
t BOQ OR t dR OR tf OROQ’ dR tp 0Q dR

a’H 994, du,
8 "R " dR

5 aS 9*w dv, aZHde 6¢y aS 9%w dv, a?H 99, dv,
T P2\ "1p3 902 90 T TpE 90 9Q tB70Q7 9Q | B2 9Q 0Q

B (_ aS du, 0*w _a$ dvg 2w N a’H du, 99, N a’Hdv, 99,
23\ tB30Q "90% tB2dR 3Q%  tB?2 4Q  AQ
+a2H a9, dvo_l_aZH a¢, dv0>
tBZ 30 9Q ' B OR 9Q

2aS 9*w dv,
tB dR 0Q tB20RAQ 00

tB2 9ROQ 0Q  tB ORIQ dR tB2 9Q 9Q ' tB dR 9Q

1B, 2Hduo ag, +a2Hdv0 a4, 2aS 0w du0+a2H 09, du0+a2Ha¢y du,
t,8 30 " OR t dR AR 3\ tB2ORIQ AQ ' tB2 0Q 9Q = tB OR AQ

2aS 0°w dv, a?H 0¢. dv, a’HO®, dv
+B33<— >+ % 4% - °>

< 2aS 0*w du, 2aS 0*w dv0> <a2Hdu0 d¢. a*Hdv, 5¢x>
+B33 - . . - +

tB OROQ dR ' tB 9Q dR 't OR dR

E,t3 a? a? du, dvy
S Ter— T ( + 2B, +—
xvHyx

t28 dR 00
B a? du, du0+a dv, du, 2B a?
B3\ t2BaQ" dR dR " dR 22 tZ,BZ
a? dugdvy a? dv, dv a? a2 dv, du
22 90 9Q ' t?B dR 00 t2p%" T 25 AR "3Q
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a? du, dv, N a? (dv0)2
3\t28 0Q "dR ' t2\dR

+B44a—4<(® .a—H) +0,. 50 24, 2 0 (C 5)2)

t2 X' 9s X' ds " as X' 9s
a* oH\?2 dvy 0H 0H dv dvy\2
+Bes t—z(((z)y.i) +.0,. 50 4 g, 20 S0 4 (S) ) (4.4)
Categorically grouped as
= (s + (a8 +(ae)y dRAQdS (4.5)

where Strain Energy for case of Bending Stiffness, Uy is

Ub =

E,t3 92w\’ 92w 04 92w 04 96\
—— B, |S%*=—) —aHS.—.—% — aHS.— . =X + a?52.| —=
1 — tayivg] 2 (5 <0R2> S-Sz R ~ WS Gz R TS\ GR
2B S 9w 8*w aHS 8*w 09, aHSd?w 0¢x+a2H2 09, 0¢,

12\B2°0R2°0Q2 B "OR?2°4Q B2 3Q% OR B "0Q OR

2B 25% 9w 0*w aHSOd*w 04, u 0%w 04, 2aHS 9°w 04,
13\" 73 9RaQ Rz~ B oRz2 a0 " 3R? OR B ORAQ OR
a?H? 09, a¢x+ - 94, 09,
B AR aQ "OR " OR

B S2 (32w\*  aHS 92w 6¢y aHS 0%*w 5¢ azH2 6¢y 2
TP\ pa\a0z) BT 907 90 BF 007 aQ T B2 \aQ

- 252 9*w 9*w aSH 04, 0°w aSH 09, 9*w 2aHS d*w 09,
2\ B3 OROQ 302 B3 "0Q 0Q? B2 "OR 4Q2 B2 ARAQ AQ
+a2H2 09, a¢y_l_a2H2 ag, 04,
B2 "0Q 4Q ' B "OR 4Q

<4SZ<62W )2 2aHS 92w 04, 2aHS 0%*w 0¢y>

3\ B2 \aRrRaQ B2 "9RAQ dQ S ORAQ AR
2aHS 0*w 0¢, a*H? (09, 2 a’H?0¢, 0¢,
+B33<_ g aRaQ'aQ-I- g <6Q> + 5 R 30
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2aHS 0?w 04, a?H? 94, 94, 4,\’
— 22 (7Y
+B33< 5 arog Rt 3 '6Q'8R+aH<6R> (4.6)

Also for the case of Coupling Stiffness, Uc is given as

_ Eot3
Ue " [1-pxyuyxlat By
_e 6_Wduo dug by _ oS 9w dug | @ 04, dug
( "ORZ " +5 HdR'aR t'aRZ'aR+ 9R dR)-I_ZB12
_ag 9%w dv, +a2Hdv0 04, ﬁazw du, +a2H 04, du,
tB OR2°0Q tf 0Q OR tB2aQ? dR tf 9Q dR
2w dug a 6_w dvy , a Hduo a4, az_Hm 0¢,  2aS 6 w  dug
+2312( tﬁSaRZ a0 tSaR2 dR T t BOQ' OR t dR'OR  tB ORAQ  dR
a’Hdg, duo_l_aH a4, duo)
tp 9Q dR tB " 9R " dR
LB ( as 9*w dvy, |, a’Hdvg a4, 9%y as 3*w dvy aH%dvo)
22\ tp3 902" 9@ ' tB? 9Q 0Q  tp30Q2°9Q ' tB2 0Q " 0Q
B aS du, 0*°w aS dv, 02W+a2Hdu0 a¢y+a2Hdvo a4,
23\ tB30Q "90Q% tB2dR3Q% tB2 AQ AQ tB dR AQ

_ 2aS 0w dvo a*H 04, dv0+a2H 99, dv,
tBZ 9R0Q 90 | tFZ 9Q 90 | if R 90

N 2aS 0*w du, 2aS 0*w dv, a’H du, 0¢x+a2Hdv0 09,
3\ tB2°0RAQ 3Q tB ORIQ dR tB2 9Q "9Q = tB dR A4Q
a?H du, 09 2H dv, 0¢
+ Bas [ + 0o Ty 2% Ty
tg 90 OR t dR OR

N 2aS 0%*w duo_l_aZH 04, du, a’HO9, du,
3\ tB2ORIQ 0Q ' tB2 0Q 9Q = tB OR AQ
2aS 0*w dv, a*H 04, dv,
+ 33 - . + . .
tf ORAQ dR ' tf 9Q dR
+a2Ha¢y dv, 47
t OR dR 47

and finally for Axial/Membrane Stiffness, Uwm is expressed as
_ E0t3 a_z duo a duo d‘UO
UM - [l—ﬂxyﬂyx]a4 Bll <t2 ) ( dRr ) ) + 2312 (tzﬁ dRr BQ)
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B a? du, du0+a2 dv, du, B a? (dvo)z
BA\t2B0Q drR ' t2 dR dR 22\t2p2°\ 90

a’? duydv, a? dv, dvo) ( a? (du0)2 a? dv, du())

225290 90 T 2B dR 80 T 25 dR 30

B a? du, dv, N a? (dv(,)Z
3\t2 00 "dR ' t2\dR

a* OH\? du, 0 H OH duy, /dug)’
+ B ((0055) +0. 52 5040, 52 20 4 (B2

t oS *dS oS oS’ dS as
a* oH\2 dvg 0H dvg
+Bss t_Z((Q)y'E) +0y-25 as+®y a5 as T
dvo 2
(52) ) (4.8)

4.1.4 Resultant Governing Equation of Laminated Thick Anisotropic Plate

The derived Total potential energy as shown in subsection 4.1.2 was further differentiated with
respect to the out of plane displacement (deflection) and the Governing Equation as shown in
Equation (4.9)

j{ZB 52 2 (B, ] d*w +4B13SZ d*w +8B23SZ o*w
1 aR4- pz ' v19Rr29Q2 B OR30Q p° ORAQ3
B,,2S2 64 a3¢x 2aHS | %9,
2B,;aHS 0%,  2B,zaSH 9%¢, n Hsa3¢y ZaHS[ 120 0%,
B oRZaQ  p° oQd BT GRI TP Byl 3Rz0Q

2aSH (B, + 2B,1] 0%, 2ByyaHs 63¢y_2B as 63u0+2B13aS 93y,
23 231 9R 0Q?2 pd Q3 1t 9R3 tp  OR29Q

aS [B ] 63u0 282338 a3u0 28133 63V0 ZaS[ ] aBVO
2 vlGRar T T a@  t Core | wigREaq
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_ 6By3aS 23 2B,,aS 93 N,a?
e~ - arag
(p? OROQZ  tp° 9Q® D,

=0 (4.9)

415  Compatibility Equation

The general Total potential Energy derived, was further differentiated with respect to middle
layer inplane displacement and shear rotaions on both x and y components respectively and
these formed the four compatibility Equation as shown in Equation (4.10), (4.11), (4.12) and
(4.13). The middle layer in-plane displacemet in x direction is givens as:

2aS d%w | 2a? 9%u, , 2a’H 0%,
t 'OR3 t2 " gR2 t " OR2

Uo = By4 [—

By, | 2as a3w +2a28 9%v, 2aZHp 0%¢,
B2 t dRoQ%z t2 'dROQ t "0R0OQ

Byz| 3aS 3w 2a2 6u0+ 0%vy| a®H
B t aRZaQ t2 B t

%9, 02¢y]

RETEN) R2 "3R0Q | IR

Bys| 2BjsaS 3w 2B,sa’B 9%v, 2B,3a’HB 0%, ]

B3 t  0Q3 t2 1 0Q2 t " 0Q2

B 4aS 9w 2a® [0%u 0%v 2a%H [92 0%
B+t o[+ . ¢X+B. Y (4.10)
B2 | "t '9R00Q2 ' 2 "|aQz ' YaQar|” t ‘|aqz T F'aQaRr

While the middle layer in-plane displacement in y direction, is expressed as:

B12 2aS aSW +2a2 HaZ(I)X-l_ aZVO
B t '9QoR%2 t |0RAQ tdRAQ

Bys [ 2aSp 63w+2a2[3 (')Zuo %9, ]
B t "OR3 toR? 0R? |

Bz | 2aS 63w+4a2[3 9%v, 2a%BH %9,
B> t 9Q3 t2 "0Q2 t " 0Q?

B,;| 6aS 03w 4a2l62u0 GZVOl 2a’H

ra "t R T |aq TPaqer| T Tt | BRaq T

2p 09, azq)X]
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By;| 4aS 9w 2a2 92y, +2a2[3 92v, +2;;12113 02¢y+za2H 929,
B t aRZGQ t2 9QAR ' tZ ' ORZ t ~OR2 t "0R0OQ
a2 62
+B55 682 .}dR dQ
The shear rotation on the y-z components were given as:
By, ’w  2a?H 0%u, 2¢
= —|—2aHS. . 2a’H% —X%X
%= |*™aqere T Tt araq T M aRaq
Bis[ 93w  2a’H 9%y, piign 070,
e | TPt e YA PR
B,, | 3w 0?0, 2a%HPB d2v,
—=|—23HS.—— + 2 2H2 y
+83 aSE)Q3+ a BOQ2+ NPT
B, | 3w 2a?H 9%u, 4a%HPB 0%v, 9%, 2
—=> |- 6aHS. : 2a%H2. —2 + 2H?B.—~=
T | TS e T e Tt aqar T e A B 5qaR
AaHS 3w +2a2H 0%y, +2a2HB 62V0+2 oz, O oo 0?
T R T I TV [ S A L Ty T BaR2
a* a* dv,
+2B55.t_2. g4 Qy + BSS.t_3. [ch3g] . }dR dQ
The shear rotation on X-Z components is also given as
93 W 2a’H 0%u, 0%
— 2¢2 __x
0, = Bnl 2aHS. = — opz +2a°S 'aRZl
. B ' GE 2a2Hp 92 %4,
12| _oaps—0 W ZHB 0o | o opeg 20
BZ 0R0Q? t aRaQ 0RAQ
Bys | 3w 4a’H 9%y, 2a2HsaZVO 9%,
—|—5aHS. . 2a%H?
T |50 T Tt aRaq Tt ar® T B3re
Bz3 ow ZaZHB 02 Vo 2 2 62&
+ | —2asH. aQ3+ 52 T 2a°H?B.o

(4.11)

(4.12)



N Bss AaHS 3w N 2a’H [0%u, N 0%v, e 020, N azd)y
a2 | TS arae T [a TP arag TR |5 TP aRag
a* du, at
+B44. t_3 [ch3 . d—S] + 2B44. t—z - 84. @X}dR dQ (413)

4.15.1 Stiffness Coefficients

The bending stiffnesses for n-laminates J; (i = 1 to 3) are given respectively as:

[(s3, — s3,_
= | = 1)l*n (4.14)
(Sr3n - gsrsn) - (Sr3n—1 - gsrsn—1)
J2 = 3 * N (4.15)
[ 8 16 8 16
(Sr3n - gSrSn + ZSTZL) - (Sr3n—1 - gsrsn—1 + ZSZn—l)
J3 = 3 * N (4.16)
_(35,1,1 —8s3 + %sﬁl) - (35,111_1 —8s3_, + %sﬁl_l)
Jo = 3 * N (4.17)
The coupling stiffnesses for n-laminates J; (i = 1 to 3) are given respectively as:
2 _ o2
Ja = [M]* n (4.18)
[ 2 2
(% ~55h) — (shos — S5hs)
Joo = 3 *n (4.19)
[ 4 4
Jez = (Srln - 5313;1) - (Sr1n—1 - 55%—1>] * 1 (4.20)
Finally for Membrane Stiffness with n—Laminates , it is gives as
Jm = [(sm) = (sm-p)] ¥ 7 (4.21)

4.1.5.2 Buckling Load Equation and the Stiffness Coefficients
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The resolution of the four compatibility Equation, finally produced Equation needed for the
numerical analysis. The buckling Equation for the laminated thick anisotropic plate is as

shown in Equation (4.22)

Nya? Kt1+Kts +K13+KT4 +KT5
= o+ ( - ) /Do (4.22)
where
K1 =By (g1 —g,Ps — %Pz) kq (4.23)

1 C
Kp, = ke [281(312 + 2B33) — 82(B1z + 2B33)[Ps + P4] — % (B12[P; + P,] +

2B35[P; + 4P,]) |k, (4.24)
B ’
Kps = ﬁ (81 —g.P — %P3) k3 (4.25)
K —%(—4 +0,[P. —P,] + E2L[P, — P,] )k 426
T4 = gy 81 82[5 4]+t[2 3] 4 (4.26)
6
B ;
Krs = 22 (4g1 — goPy — 52 [P, + 3P4] ) ks (427)

4.1.6 Results of the Numerical Analysis For Different Laminated Anisotropic Thick

Plate Cases.

In the process of deriving the buckling load equation which was needed for the proper
numerical analysis, other engineering material properties were introduced at different levels.
These values were introduced into the equation to reduce the lengthy mathematical expressions
into simpler form. The process helped in converting the derived values into solvable equation

using Gauss elimination method.

The results derived show some differences when different angles were considered and also on
introduction of other engineering properties. These properties were adopted in the analysis of

various plate conditions as ealier discussed and findings were as detailed preceding sectons.

4.1.6.1 Detailed Output For SSSS Thick Laminated Anisotropic Plate.
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For different lamina combination for SSSS plate, the results of the analysis are as detailed in
this section.

4.1.6.2 The case of Two Combined SSSS Plate with 0° 0° arrangement.
The results from the analysis when the laminates were positioned at the angles 0° 0° are as

presented in Table 4.1

Table 4.1 The Bending, Coupling and Membrane stiffness for the SSSS at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=10.05397 Jca= 0.6666
J4=10.53333

Lamina, m =2

J1=10.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=10.20833 Membrane, Ju=1
J3=10.05397 Jcs3=0.66667
J4=10.53333

4.1.6.3 The case of Two combined SSSS Plate with 0° 90° arrangement.

The formulated values from the analysis when the laminates were positioned at the angles 0°
90° are as presented in Table 4.2

Table 4.2 The Bending, Coupling and Membrane stiffness for the SSSS plate with 0° 90°

Lamina, m=1

J1=10.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=10.05397 Jcz= 0.6666
J4=10.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=0.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jcs=0.66667
J4=10.53333

4.1.6.4 Results of Three laminated Simple Simple Simple Simple Thick Plate

187




Results of Three laminated Simple Simple Simple Simple Thick Plate were detailed at
different plate arrangements

4.1.6.5 The case of Three Combined SSSS plate with 0° 0° 0° angle arrangement.

The formulated values from the analysis when the layer orientation is 0° 0° 0°

are as presented in Table 4.3

Table 4.3 The Bending, Coupling and Membrane stiffness for the SSSS plate with 0° 0°0°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jco=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m =2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Ju =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jc3=-0.51851
Js=-0.33579

4.1.6.6 The case of Three Combined SSSS Plate with angle 0° 90° 0°,

The values derived for the case of the angles 0° 90° 0°, are as presented in Table 4.4

Table 4.4 The Bending, Coupling and Membrane stiffness for the SSSS plate with 0° 90° 0°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333

Bending J2=-0.09547 Coupling Jco=-0.2716 Membrane Jv=-1
J3=-0.07653 Jcz=-0.51852
Js=-0.3358

Lamina, m =2

J1=-0.00926 Jc1=0.0000

Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Ju =-1.0002
J3=-0.00885 Jc3=-0.96298
J;s=-0.92841
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Lamina, m =3
J1=-0.12037 Jc1=10.3333
Bending J2=-0.09547 Coupling Jc2=0.2716
J3=-0.07653 Jc3=-0.51851
Js=-0.33579

Membrane Jw =-0.9999

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.5, 4.6, 4.7 4.8 and 4.9 show the values of the unknown parameters and the

buckling Load equations, for the case of SSSS plate,

Table 4.5 The Coefficicents of The Formulated Parameters for the SSSS plate

P> P3 Pa Ps Ps
-1.71315 -0.84346 -0.02373 -1.70727
Ar As Au As As
-1.71315 Az -0.84346 Az -0.02373A1 -1.70727A1

The Buckling Load Equation for SSSS at Orientattion of 0° Q°

Table 4.6 The Buckling Load Equation for SSSS Lamina 1

when @ =0° SSSS Ky —Values
Ksssst1 KssssT2 Ksssst3 KsssST4 Kssssts
-58.861689 | 535.451846 | -40.4594018 0 0
Nx 18248.1488
Do
Table 4.7 The Buckling Load Equation for SSSS Lamina 2
when @ =0° SSSS Ky — Values
Ksssst1 KssssT2 Ksssst3 KsssST4 Kssssts
-58.861689 | 535.451846 | -40.4594018 0 0
Nx 18248.1488
Do

The Buckling Load Equation for SSSS at Orientattion of 0° 90°

Table 4.8 The Buckling Load Equation for SSSS Lamina 1

| when @#=0°  SSSS Kr-—Values
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KssssT1 KssssT KssssT3 KsssST4 KssssTs
-58.861689 535.451846 | -40.4594018 0

Nx 18248.1488

Do

Table 4.9 The Buckling Load Equation for SSSS Lamina 2

when @=90° SSSS Kr— Values
KssssTt1 KssssT2 KssssT3 KssssTa KssssTs
0.541604 -13.7691 725.3688 0 0
Nx 29796.71
Do

The Buckling Load Equation for SSSS at Orientattion of 0° 0° Q°

Table 4.10 The Buckling Load Equation for SSSS Lamina 1

when @ =0° SSSS Kt - Values
KssssT1 KssssT2 KssssTs KssssTa KssssTs
-354.763 -850.473 -236.822 0 0
Nx -60337.2
Do
Table 4.11 The Buckling Load Equation for SSSS Lamina 2
when @ =0Q° SSSS K- Values
KssssTt1 KssssT2 KssssT3 KssssTa KssssTs
-2.77491 -2.78887 -1.11691 0 0
Nx -279.527
Do
Table 4.12 The Buckling Load Equation for SSSS Lamina 3
when @ =0Q° SSSS Kt - Values
KssssTt1 KssssT2 KssssT3 KssssTa KssssTs
115.399 113.441 1967.58 0 0
Nx 82407.4
Do

4.1.7 Results of different aspect ratios for Two laminates of SSSS plate with 0°Q°

Arrangement.
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On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.13

considering

Ksssst1 + Ksssst2 + Kssssts + Kssssta + KSSSSTS) (4.28)

KssssT = (
Ksssste

Table 4.13 Buckling results of different aspect ratios for SSSS plate with 0° 0° arrangement

m=1 m=2
a Fo ¢ a Eo

B=1 D, Kosss 15 -98312.4 B=1 D, Kosss 15 4784.868
1 -60337.2 16 | -109181 1 3374.795 16 5166.446
-65137.2 -120924 3531.464 5564.728

1.1 1.7 1.1 1.7
-71619 -133509 3780.832 5978.708

1.2 1.8 1.2 1.8
1.3 | -79431.2 1.9 | -146911 1.3 4084.393 1.9 6408.17
14 | -88370 2.0 161115 1.4 4422 462 2.0 6853.303

4.1.7.1 Results of different aspect ratios for Two laminates of SSSS plate with 0° 90°
Arrangement.

Similarly, on introducing different aspect ratios, which ranges from 1 to 2 with arithmetic
increase of 0.1, gave the results as detailed in Table 4.14

where

KssssT — (KssssTl + KssssTZ + EssssT3 + KssssT4 + KssssTS) (4.29)

ssssT6
Table 4.14 Buckling results of different aspect ratios for SSSS plate with 0° 90°
arrangement
m=1 m=2

B = % E—"-Kssss 15 |-98312.4 B =% ?_KSSSS 15 8067.506

1 -60337.2 1.6 | -109181 1 29796.71 1.6 7671.104
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11 | -65137.2 1.7 | -120924 1.1 19760.6 1.7 7665.017
12 | -71619 1.8 | -133509 1.2 14120.64 1.8 7936.754
13 | -88370 19 | -146911 13 10875.66 1.9 8413.808
14 | -98312.4 20 | 161115 14 9034.924 20 9047.97

4.1.7.2 Results of different aspect ratios for Three laminates of SSSS plate with
0°0°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.15

where
Kssss — (KssssTl + KssssTZ + KssssT3 + KssssT4 + KssssTS) (430)
KssssT6
Table 4.15a Buckling results of different aspect ratios for SSSS plate with 0° 0° 0°
arrangement
m=1 m=2
R - 15 | -98312.4 R . 15 | -388.789
1 -60337.2 1.6 -109181 1 -279.527 1.6 -423.222

1.1 -65137.2 1.7 -120924 1.1 -289.29 1.7 -460.627
1.2 -71619 1.8 -133509 1.2 -306.873 1.8 -500.839
1.3 -79431.2 1.9 -146911 1.3 -330.048 1.9 -543.75
1.4 -88370 2.0 161115 1.4 -357.59 2.0 -589.292

Table 4.15b
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m=1
B =% oL Kssss 1.5 | -15787.3
1 | 824074 1.6 | -27545.9
1.1 | 50768.8 1.7 | -38851.9
1.2 | 28433 1.8 | 50000.6
1.3 | 11207.8 1.9 | -61186.9
1.4 | -3116.64 2.0 | -725428

4.1.7.3 Detailed Output For CCCC Thick Laminated Anisotropic Plate.

For different lamina combination for CCCC plate, the results of the analysis are as detailed in

this section.

4.1.7.4 The case of Two Combined CCCC with angles of 0° 0°

The results from the analysis when the laminates were positioned at the angles 0° 0° are as

presented in Table 4.16

Table 4.16 The Bending, Coupling and Membrane stiffness for the CCCC at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.1250

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=10.05397 Jca= 0.66667
J4=10.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=10.05397 Jc3=0.66667
J4=10.53333

4.1.7.5 The case of Two combined CCCC plate layer at angle 0° 90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.17




Table 4.17 The Bending, Coupling and Membrane stiffness for the CCCC plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.8 Results of Three laminated Clamped Clamped Clamped Clamped Thick Plate

Results of Three laminated Clamped Clamped Clamped Clamped Thick Plate were detailed at
different plate orientation

4.1.8.1 The case of Three Combined CCCC with angles of 0°0°Q°

The formulated values from the analysis when the layer orientation is 0° 0° 0°

are as presented in Table 4.18

Table 4.18 The Bending, Coupling and Membrane stiffness for the CCCC plate with 0° 0°Q°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jco=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m =2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Ju =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jc3=-0.51851
Js=-0.33579

4.1.8.2 The Buckling Values For The Case of CCCC Plate




As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as explained in chapter
three. Tables 4.19. 4.20, 4.21, 4.22 and 4.23 show the values of the unknown parameters
and the buckling Load equations, for the case of CCCC plate,

Table 4.19 The Coefficicents of The Formulated Parameters for the CCCC plate

P, P3 Pa Ps Ps
-1.62510668 -0.18390167 -0.02291 0.078824
Ao As As As As
-1.62510668 A1 | -0.18390167A1 -0.02291A1 0.078824A1

The Buckling Load Equation for CCCC at Orientattion of 0° 0°

Table 4.20 The Buckling Load Equation for CCCC Plate for Lamina 1

@=0° CCCC  Kr—Values
Kty K2 Krs K14 Kts
28.1026 60.1968 -3.474301 0 0
Nx 3549.17272
Do

Table 4.21 The Buckling Load Equation for CCCC Plate for Lamina 2

@=0° CCCC  Kr—Values
Ky K2 Krs K14 Kts
24.14129 29.32363 0.242578 0 0
Nx 2247.176
Do

The Buckling Load Equation for CCCC at Orientattion of 0° 90°

Table 4.22 The Buckling Load Equation for CCCC Plate for Lamina 1
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@=0° CCCC  Kr—Values
K1 KT Krs Krs Krs
28.1026 60.1968 -3.474301 0
Nx 3549.17272
Do

Table 4.23 The Buckling Load Equation for CCCC Plate for Lamina 2

@ =90° CCCC  Kr—Values

K1 K2 K3 K14 Krs
0.909098 -287.342 8.448973 0

Nx -11631.1

Do

The Buckling Load Equation for CCCC at Orientattion of 0° 0° 0° as shown in Fig 4.24,

4.25and 4.26 .

Table 4.24 The Buckling Load Equation for CCCC plate fof Lamina 1

@=0° CCCC  Kr—Values

Kcceers Kceeer? Kcceers Kcceers Kceers
-10.3757 -118.72 -56.2501 0

Nx -7755.05

Do

Table 4.25 The Buckling Load Equation for CCCC plate fof Lamina 2

@ =0 CCCC Ky —Values

Kceecer: Kcceer Kcceers Kccccera Kccers
-2.77539 7.3529 0.35498 0

Nx 206.38

Do
Table 4.26 The Buckling Load Equation for CCCC plate Lamina 3
@ =0 CCCC Ky —Values

Kceecer: Kcceer Kcceers Kccccera Kccers
-142.78 -357.792 -6.98085 0

Nx -21236.5

Do

4.1.8.3 Results of different aspect ratios for Two laminates of CCCC plate with 0°0°

Arrangement.
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On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.27

where

chcch + chccTZ + chccT3 + chccT4 + KCCCCTS) (4‘ 31)

Keeee = (
chccT6

Table 4.27 Buckling results of different aspect ratios for CCCC plate with 0° 0° arrangement

m=1 m=2
p= E_Z.KCSCS 1.5 | 6424.126 8 =% E_Z.Kcscs 1.5 | 1510.281
1 |[3549.173 1.6 | 711054 1 971.792 1.6 | 1648.629
1.1 | 4060.632 1.7 | 783847 1.1 1044.116 1.7 | 1792.207
1.2 | 4599.265 1.8 | 8608.794 1.2 1141.366 1.8 | 1940.211
1.3 | 5170.54 1.9 | 9422.159 1.3 1254.391 1.9 | 2092.03
1.4 | 5778.022 2.0 | 10279.04 1.4 1378.296 2.0 | 2247.176

4.1.8.4 Results of different aspect ratios for Two laminates of CCCC plate with 90°
0% Arrangement.

For case of CCCC, on introducting different aspect ratios, which ranges from 1 to 2 with
arithmetic increase of 0.1, gave the results as detailed in Table 4.28

where

chcch + chccTZ + chccTS + chccT4 + chccTS)

chccTé

Kioee =( (4.32)

Table 4.28 Buckling results of different aspect ratios for CCCC plate with 0°

90%rrangement
m=1 m=2
E 2 | oKecee 1.5| 6424.126 B=% B ecee 15 | -11908.9
1 309173 | | 16| 71105 1 | 836107 16 | -11965.7
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1.1 | 4060.632 1.7 | 783847 1.1 -9945.92 1.7 | -11949.7

1.2 | 4599.265 1.8 | 8608.794 1.2 -10881.6 1.8 | -11880.7
1.3 | 5170.54 1.9 | 9422.159 1.3 -11433.8 19 | -11771.6
1.4 | 5778.022 2.0 | 10279.04 14 -11748.3 2.0 | -11631.1

4.1.8.5 Results of different aspect ratios for Three laminates of CCCC plate with
0°0°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.29

where

chcch + chccTZ + chccT3 + chccT4 + chccTS)
chccTé

Koeee = ( (4.33)

Table 4.29a Buckling results of different aspect ratios for CCCC plate with 0° 0°0°

arrangement
m=1 m=2
a Eo a Eo
B=1 p, " Keeee 15| -11848.6 B=1 b, Keeee 1.5 | 35.8437
1 | 7755.05| [1.6| 129089 1 40.4146 1.6 | 57.3488
11 - 1.7 | -14034.7 1.1 18.4929 1.7 84.9027
8346.65
1.2 - 1.8 15226.5 1.2 10.2222 1.8 118.683
9088.11
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13 - 19| 16485.3 13 | 11.5626 19 | 159.026
9931.49
- 20| -17812.3 1.4 | 20.4424 20 | 206.38
1.4 |10854.9
Table 4.29b
m=3

Eo

p="| beeee | | 15| 18687.1

1 | 2344228 | |16| -18772.4

1.1 | -21416.2 1.7 | -19074.9

1.2 | -20109 1.8 | -19583.4

1.3 | -19293.7 1.9 | -20299.4

1.4 | 188453 20| 212365

4.1.8.6 Detailed Output For CSCS Thick Laminated Anisotropic Plate.

For different lamina combination for CSCS plate, the results of the analysis are as detailed in
this section.

4.1.8.7 The case of Two Combined CSCS with angles of 0°Q°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.30

Table 4.30 The Bending, Coupling and Membrane stiffness for the CSCS at 0° 0° angle
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Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J;s=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.9 The case of Two combined CSCS plate layer at angle 0°90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.31

Table 4.31 The Bending, Coupling and Membrane stiffness for the CSCS plate with 0° 90°

Lamina, m=1

J1=10.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jco=-0.20833 Membrane Ju=1
J3=10.05397 Jcz= 0.6666
J4=10.53333

Lamina, m =2

J1=10.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=10.05397 Jc3=0.66667
J4=10.53333

4.1.9.1 Results of Three laminated Clamped Simple Clamped Simple Thick Plate

After analyzing a thick plate considering different angles of orientation, the results for a three
laminated Clamped Simple Clamped Simple Thick Plate condititon as as detailed.

4.1.9.2 The case of Three Combined CSCS with angles of

0%00Q°

The formulated values from the analysis when the layer orientation is 0° 0° 0°

are as presented in Table 4.32




Table 4.32 The Bending, Coupling and Membrane stiffness for the CSCS plate with 0° 0° 0°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

4.1.9.3 The Buckling Values For The Case of CSCS Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.33, 4.34, 4.35, 4.36 and 4.37 show values of the unknown parameters and the
buckling Load equations, for the case of CSCS plate,

Table 4.33 The Coefficicents of The Formulated Parameters for the CSCS plate

P> P3 Pa Ps Ps
-1.71790018 -1.33466069 -0.72489 -0.87140285

Ao As Ay As As
-1.71790018 A; | -1.33466069 A1 | -0.72489 Az -0.87140285 A;

The Buckling Load Equation for CSCS at Orientattion of 0° 0°

Table 4.34 The Buckling Load Equation for CSCS plate lamina 1

7=0°

CSCS

Kt — Values

Kcscsrs |

Kr2 |

Krs |

Kra ‘

Kts
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25.5196245 | 2517.2375 | -5.97988635 |0 [0
Nx 106141.307
Do

Table 4.35 The Buckling Load Equation for CSCS plate lamina 2

@ =0° CSCS Ky Values
KcscsTi Kt Ktz Kta Kts
0
Nx
Do

The Buckling Load Equation for CSCS at Orientattion of 0° 90°

Table 4.36 The Buckling Load Equation for CSCS plate lamina 1

@ =0° CSCS Kt - Values

KcsesTa K2 K3 K14 Krs
25.5196245 | 2517.2375 -5.97988635 | 0 0

Nx 106141.3037

Do

Table 4.37 The Buckling Load Equation for CSCS plate lamina 2

@ =90° CSCS Ky — Values

Kcsesta K2 Krs K14 Krs
0.949074 113.2725 24.03654 0 0

Nx 5784.859

Do

The Buckling Load Equation for CSCS at Orientattion of 0° 0° 0°

Table 4.38 The Buckling Load Equation for CSCS plate lamina 1

@=0° CSCS Ky - Values
KcscsTi Kt Krs Kta Kts
-153.038 -960.098 -263.35 0
Nx -57593.6
Do

Table 4.39 The Buckling Load Equation for CSCS plate lamina 2

@=0° CSCS Kt — Values
KcscsT: K2 Ktz Kta Kts
-2.76531 -2.80237 -0.92845 0
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Nx
Do

-271.805

Table 4.40 The Buckling Load Equation for CSCS plate lamina 3

@=0° CSCS Kt - Values

Kcsesta K2 K3 K14 Krs
-71.0673 -178.127 -203.917

Nx 18958.6

Do

4.1.9.4 Results of different aspect ratios for Two laminates of CSCS plate with 0°Q°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of

0.1, gave the results as detailed in Table 4.41

where

Keses = (

Table 4.41 Buckling results of different aspect ratios for CSCS plate with 0° 0° arrangement

KcscsT6

KcscsT1 + KcscsT2 + KcscsT3 + Kcs:cs;T4 + Kcs:cs:TS)

m=1 m=2
B = % E—Z.Kcscs 1.5 | 57890.26 B = % E_Z_Kcscs 1.5 | 2646.98
1 | 23437.04 | |1.6| 66406.28 1 1832.743 1.6 | 2925.146
1.1 | 2931324 | | 1.7 | 75487.72 1.1 1856.741 1.7 | 3224.44
1.2 | 35665.48 1.8 | 85136.94 1.2 1981.82 1.8 | 3543.681
1.3 | 42531.46 1.9 | 95354.81 1.3 2167.318 1.9 | 3882.445
1.4 | 4993487 | |2.0| 106141.3 1.4 2392575 2.0 | 4240.683

4.1.9.5 Results of different aspect ratios for Two laminates of CSCS plate with

0% 90° Arrangement.
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On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.42

where
Kesest1 + Kesestz + Kesests + Kesesta + KesesTs
Keges = ( e ) (4.35)
Table 4.42 Buckling results of different aspect ratios for CSCS plate with 0°
90%rrangement
m=1 m=2
B = % E_Z.KCSCS 1.5 | 57890.26 B = % E_Z_KCSCS 1.5 | 3211.923
1 23437.04 1.6 66406.28 1 14687.88 1.6 3297.836
1.1 | 29313.24 1.7 75487.72 11 9222.368 1.7 3658.217
1.2 | 35665.48 1.8 | 85136.94 12 6105.374 1.8 4221.755
1.3 | 42531.46 1.9 | 95354.81 1.3 4376.233 1.9 4941.316
1.4 | 49934.87 2.0 106141.3 14 3511.66 2.0 5784.857

4.1.9.6 Results of different aspect ratios for Three laminates of CSCS plate with
0°20°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.43

where

KcscsTl + KcscsTZ + KcscsT3 + KcscsT4 + KcscsTS)

Keses = ( Kre

(4.36)

Table 4.43a Buckling results of different aspect ratios for CSCS plate with 0° 0° 0°

arrangement
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m=1 m=2
a Eo a Eo
B=3 p, Keses 15| -103275 B = - D, Kescs 1.5 -388.58
1 |- 1.6 | -116193 1 -271.805 1.6 -423.75
57593.6
1.1 |- 1.7 | -130147 1.1 -284.236 1.7 -461.864
63610.2
1.2 | -71456 1.8 | -145100 1.2 -303.596 1.8 | -502.794
1.3 | 80802.6 1.9 | -161022 13 -328.041 1.9 | -546.462
1.4 | 91451.1 20| -177894 1.4 -356.563 2.0 -592.82
Table 4.43b
m=3
B = % o Kescs 1.5 | 14310.6

-18958.6 1.6 12894.8

11 -18095.8 1.7 -11180.8

1.2 -17289 1.8 -9132.46

13 16443.3 1.9 -6721.96

14 15474.2 2.0 -3928.38

4.1.10 The case of Two Combined CSSS with angles of 0° Q°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.44

Table 4.44 The Bending, Coupling and Membrane stiffness for the CSSS at 0° 0° angle

Lamina, m=1
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J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.11 The case of Two combined CSSS plate layer at angle 0° 90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.45

Table 4.45 The Bending, Coupling and Membrane stiffness for the CSSS plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J>=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.11.1 Results of Three laminated Clamped Simple Simple Simple Thick Plate

The case of Three Combined CSSS with angles of 0°0°0°. The formulated values from

the analysis when the layer orientation is 0° 0° 0%re as presented in Table 4.46




Table 4.46 The Bending, Coupling and Membrane stiffness for the CSSS plate with 0° 0°Q°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

4.1.11.2 The Buckling Values For The Case of CSSS Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.47, 4.48, 4.49 4.50 and 4.51 show the values of the unknown parameters and

the buckling Load equations respectively, for the case of CSSS plate,

Table 4.47 The Coefficicents of The Formulated Parameters for the CSSS plate

P> P3 Pa Ps Ps
-1.70516953 -0.65796316 -0.39344 -0.74941697

Ao As Ay As As
-1.70516953 A; | -0.65796316 A1 | -0.39344 A: -0.74941697A1

The Buckling Load Equation for CSSS at Orientattion of 0° 0°

Table 4.48 The Buckling Load Equation for CSSS plate Lamina 1

@=0° CSSS Ky - Values

KesssT1 ‘ KesssT2 ‘ KesssTs ‘ KesssTa ‘ KesssTs
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2.23119684 |566.673229 | -45.2604353 |0 [0
Nx 21909.7904
Do

Table 4.49 The Buckling Load Equation for CSSS plate Lamina 2

@=0° CSSS Kt — Values
KcsssTl KcsssTZ KcsssTS KcsssT4 KcsssTS
17.13819 39.96587 10.46921
Nx 2827.333
Do
The Buckling Load Equation for CSSS at Orientattion of 0° 90°
Table 4.50 The Buckling Load Equation for CSSS plate Lamina 1
@=0° CSSS Kt - Values
KcsssTl KcsssTZ KcsssTS KcsssT4 KcsssTS
2.23119684 | 566.673229 -45.2604353
Nx 21909.7904
Do
Table 4.51 The Buckling Load Equation for CSSS plate Lamina 2
@ =90° CSSS Kt — Values
KcsssTl KcsssTZ KcsssT3 KcsssT4 KcsssTS
0.737247 -33.3125 530.5905
Nx 20837.45
Do

The Buckling Load Equation for CSSS at Orientattion of 0° 0° 0°

Table 4.52 The Buckling Load Equation for CSSS plate Lamina 1

@ =0° CSSS Ky — Values
KcsssTl KcsssTZ KcsssT3 KcsssT4 KcsssTS
-203.367 -920.297 -249.569
Nx -57457.4
Do

Table 4.53 The Buckling Load Equation for CSSS plate lamina 2

| 2=0° CSSS  Kr— Values
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KcsssTl KcsssTZ KcsssT3 KcsssT4 KcsssTS
-2.77161 -2.81097 -0.98294 0 0

Nx -274.708

Do
Table 4.54 The Buckling Load Equation for CSSS plate lamina 3

@ =0° CSSS Ky — Values

KcsssTl KcsssTZ KcsssT3 KcsssT4 KcsssTS
-89.8141 -164.077 -443.437 0 0

Nx -29176.9

Do

4.1.11.3 Results of different aspect ratios for Two laminates of CSSS plate with 0°Q°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.55

where
Kcsss — (KcsssTl + KcsssT2 + ECSSSTIS + KcsssT4» + KcsssTS) (4.38)
csssTé6
Table 4.55 Buckling results of different aspect ratios for CSSS plate with 0° 0°
arrangement
m=1 m=2
B = % E_Z,KCSSSC 1.5 | 54489.03 B = % E—Z-KCSSSC 1.5 | 4134.957
1 21909.79 1.6 62484.22 1 2827.333 1.6 4495.923
1.1 | 27498.82 1.7 70992.39 1.1 2970.348 1.7 4875
1.2 | 33523.84 1.8 80015.84 1.2 3199.07 1.8 5271.582
1.3 40018.4 1.9 89555.81 1.3 3794.623 1.9 5684.823
1.4 | 47002.78 2.0 99612.99 1.4 3794.623 2.0 6114.86

4.1.11.4 Results of different aspect ratios for Two laminates of CSSS plate with 90°
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0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.56

where

KcsssTl + KcsssTZ + KcsssT3 + KcsssT4 + KcsssTS)

Keses = (
KcsssT6

(4.39)

Table 4.56 Buckling results of different aspect ratios for CSSS Splate with 0° 90°

arrangement.
m=1 m=2
1.5 | 54489.03 1.5 |54489.03
1 |21909.79 | | 1.6 |62484.22 1 |20837.45 1.6 |6181.931
H 27498.82 | | 1.7 | 70992.39 1.1 | 14097.3 1.7 |6390.926
+ 33523.84 | | 1.8 |80015.84 1.2 | 10225.16 1.8 | 6824337
+ 40018.4 1.9 | 89555.81 1.3 | 8014.104 1.9 |7427.155
e 47002.78 | | 2.0 | 99612.99 1.4 | 6820.436 20 |8162.242

4.1.11.5 Results of different aspect ratios for Three laminates of CSSS plate with
0°0°0° Arrangement.
A structure with different laminas was treated considering the layers in compression and

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.57

where

_ KcsssTl + KcsssTZ + KcsssT3 + KcsssT4 + KCsssTS
Kesss =

KcsssT6

(4.40)

Table 4.57a Buckling results of different aspect ratios for CSSS plate with 0° 0° 0°
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Arrangement.

m=1 m=2
P=5 | Ekesss | | L5 |-100325 B=p | ptesss 15 | -389.978
1 -57457.4 1.6 | -112491 1 -274.708 1.6 | -425.121
1.1 |-63033.2 1.7 -125636 1.1 | -286.468 1.7 | -463.236
1.2 |-70383.3 1.8 | -139724 1.2 |-305.43 1.8 | -504.188
1.3 |-79169.3 1.9 | 154729 1.3 | -329.642 1.9 |-547.89
1.4 |-79169.3 2.0 -170632 1.4 | -358.029 2.0 -594.291
Table 4.57b.
m =3

B=1 B s 15 |-111813

1 -29176.9 1.6 | -6659.44

11 -25620.2 1.7 | -1548.33

1.2 -22254.8 1.8 | 422161

1.3 -18846 1.9 | 10703.2

1.4 -15204.6 2.0 | 179359

4.1.12 Detailed Output For CCSS Thick Laminated Anisotropic Plate.

For different lamina combination for CCSS plate, the results of the analysis are as detailed in

this section.

4.1.12.1 The case of Two Combined CCSS with angles of 0° 0°

The results from the analysis when the laminates were positioned at the angles 0° 0° are as

presented in Table 4.58

Table 4.58 The Bending, Coupling and Membrane stiffness for the CCSS at 0° 0° angle
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Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J;s=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.12.2 The case of Two combined CCSS plate layer at angle 0°90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.59

Table 4.59 The Bending, Coupling and Membrane stiffness for the CCSS plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jco=-0.20833 Membrane Ju=1
J3=10.05397 Jcz= 0.6666
J4=10.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=10.05397 Jc3=0.66667
J4=10.53333

4.1.12.3 Results of Three laminated Clamped Clamped Simple Simple Thick Plate

The case of Three Combined CCSS with angles of 0°0°0°.The formulated values from

the analysis when the layer orientation is 0° 0°0° are as presented in Table 4.60

Table 4.60 The Bending, Coupling and Membrane stiffness for the CCSS plate with 0° 0° 0°




Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Ju =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jc3=-0.51851
Js=-0.33579

4.1.12.4 The Buckling Values For The Case of CCSS Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.61, 4.62, 4.63, 4.64, 4.65 and 4.66 show the values of the unknown parameters
and the buckling Load equations, for the case of CCSS plate,

Table 4.61 The Coefficicents of The Formulated Parameters for the CSSS plate

P, Ps P4 Ps Ps
-1.1557213 17.1059846 0.02912 0.09553618
Ao As Au As As
-1.1557213 A1 | 17.1059846 A1 0.02912 A: 0.09553618 A1

The Buckling Load Equation for CCSS at Orientation of 0° 0°

Table 4.62 The Buckling Load Equation for CCSS plate Lamina 1

@=0° CCSS  Kry- Values

KeessT1 Keesst2 KeessTs KeessTa KecessTs
19.1684919 | -4887.501 226.21473 0

Nx -194230.87

Do

Table 4.63 The Buckling Load Equation for CCSS plate Lamina 2
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@=0° CCSS K- Values
chssTl chssTZ chssT3 chssT4 chssTS
28.5734 -1143.16 -52.2499
Nx -48821.8
Do
The Buckling Load Equation for CCSS at Orientation of 0° 90°
Table 4.64 The Buckling Load Equation for CCSS plate Lamina 1
@=0° CCSS K- Values
chssTl chssTZ chssT3 chssT4 chssTS
19.1684919 -4887.501 226.21473
Nx -194230.87
Do
Table 4.65 The Buckling Load Equation for CCSS plate Lamina 2
@ =90° CCSS Kt - Values
chssTl chssTZ chssT3 chssT4 chssTS
1.01412 384.364 111.683
Nx 20797.5
Do

The Buckling Load Equation for CCSS at Orientattion of 0° 0° Q°

Table 4.66 The Buckling Load Equation for CCSS plate Lamina 1

@ =0° CSSS Ky — Values
KcsssTl KcsssTZ KcsssT3 KcsssT4 KcsssTS
-25.1863 -486.795 1667.89
Nx 48364.2
Do
Table 4.67 The Buckling Load Equation for CCSS plate Lamina 2
@ =0 CSSS Ky — Values
KcsssTl KcsssTZ KcsssT3 KcsssT4 KcsssTS
-2.77896 -3.23106 -2.3378
Nx -349.282
Do

Table 4.68 The Buckling Load Equation for CCSS plate Lamina 3
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@=0° CSSS Ky —Values
KcsssTl KcsssTZ KcsssT3 KcsssT4 KcsssTS
-46.626 -484.331 867.593 0 0
Nx 14085.2
Do

4.1.12.5 Results of different aspect ratios for Two laminates of CCSS plate with 0°0°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.69.

Where
K. = (chssTl + KeessTz + I;::iz + KeessTa + chssTS) (4.41)
Table 4.69 Buckling results of different aspect ratios for CCSS plate with 0° 0°
arrangement.
m=1 m=2
B= 2 E B= 2 E
b | 5o Keess 15| -34775.3 b b, Keess 15 | 1248.71
1 375225 16| -58262.1 1 17134.2 1.6 | -4689.39
1.1 | 274057 17| -85698.6 1.1 14111.1 17 | -12436.1
12 | 15687.5 18| -117363 1.2 11622.3 1.8 | -22244.2
1.3 | 1764.66 19| -153482 1.3 8995.02 1.9 | -343186
1.4 | -14900.1 20| -194231 1.4 5686.29 20 | -48821.8

4.1.12.6 Results of different aspect ratios for Two laminates of CCSS plate with 90°
0% Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.70

where

chssTl + chssTZ + chssT3 + chssT4 + chssTS)

Keess = ( K
ccssTeé

(4.42)
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Table 4.70 Buckling results of different aspect ratios for CCSS Splate with 0° 90°

arrangement
m=1 m=2
a | By a Ey

== | Ko 1.5 | -34775.3 B=¢ b, Kessse 15 3782.97
37522.5 -58262.1 1681235 9174.53

1 1.6 1 1.6
27405.7 -85698.6 -309217 12801.7

1.1 1.7 1.1 1.7
15687.5 -117363 -78054.6 15666.8

1.2 1.8 1.2 1.8
1764.66 -153482 -25555 18249.6

1.3 1.9 1.3 1.9
1764.66 -194231 -5696.46 20797.5

1.4 2.0 1.4 2.0

4.1.12.7 Results of different aspect ratios for Three laminates of CCSS plate with
0°20°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.71

where

chssTl + chssTZ + KCCSST3 + chssT4 + chssTS)

4.43
chssT6 ( )

Keess = (

Table 4.71a Buckling results of different aspect ratios for CCSS plate with 0° 0° 0°

216




arrangement

m=1 m=2
a Eo a Eo _
B= 5 D—O.chss L5 19784.2 B= 5 D_O'KCCSS Ls 440.674
48364.2 22067.5 -349.282 -478.492
1 1.6 1 1.6
36922.5 26617.6 -346.769 -520.241
1.1 1.7 1.1 1.7
28340 33286.2 -358.364 -565.56
1.2 1.8 1.2 1.8
22725.8 41946.1 -379.415 -614.21
1.3 1.9 1.3 1.9
19939.5 52487.6 -407.349 -666.03
1.4 2.0 1.4 2.0
Table 4.71b
m =3
. =% E—Z-chss s 19481.5
14085.2 -10329.1
1 1.6
-4067.3 4185.66
1.1 1.7
-15937.4 24261.1
1.2 1.8
-22280.8 50096.9
1.3 1.9
-23437.6 81874.8
1.4 2.0

4.1.13 Detailed Output For SCCS Thick Laminated Anisotropic Plate.

For different lamina combination for SCCS plate, the results of the analysis are as detailed in
this section.

4.1.13.1 The case of Two Combined SCCS with angles of 0°0°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.72

Table 4.72 The Bending, Coupling and Membrane stiffness for the SCCS at 0° 0° angle

217




Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J;s=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.13. 2 The case of Two combined SCCS plate layer at angle 0° 90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.73

Table 4.73 The Bending, Coupling and Membrane stiffness for the SCCS plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jco=-0.20833 Membrane Ju=1
J3=10.05397 Jcz= 0.6666
J4=10.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=10.05397 Jc3=0.66667
J4=10.53333

4.1.13.3 Results of Three laminated Simple Clamped Clamped Simple Thick Plate

The case of Three Combined SCCS with angles of 0° 0°0°. The formulated values from

the analysis when the layer orientation is 0° 0° 0%are as presented in Table 4.74

Table 4.74 The Bending, Coupling and Membrane stiffness for the SCCS plate with 0° 0° 0°




Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Ju =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jc3=-0.51851
Js=-0.33579

4.1.13.4 The Buckling Values For The Case of SCCS Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.75, 4.76, 4.77, 4.78 and 4.79 shows values of the unknown parameters and
the buckling Load equations respectively, for the case of SCCS plate,

Table 4.75 The Coefficicents of The Formulated Parameters for the SCCS plate

P, Ps P4 Ps Ps
-2.087033 -0.8435068 -0.46911 0.49518372
Ao As Au As As
-2.087033 Az -0.8435068 A1 -0.46911 A: 0.49518372 A1

Buckling Load Equation for SCCS at Orientattion of 0°Q°

Table 4.76 The Buckling Load Equation for SCCS plate Lamina 1

@=0° SCCS  Kry-—Values
KseesT1 KscesT2 KseesTs KscesTa Kscess
10.152872 729.891629 | -55.541193 0
Nx 28640.3058
Do

Table 4.77 The Buckling Load Equation for SCCS plate Lamina 2
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@=0° SCCS  Kr—Values
KsccsTl KsccsTZ KsccsT3 KsccsT4 KsccsTS
36.3161 125.938 25.3229
Nx 7848.41
Do
The Buckling Load Equation for SCCS at Orientattion of 0° 90°
Table 4.78 The Buckling Load Equation for SCCS plate Lamina 1
@=0° CCSS  Kr—Values
KsccsTl KsccsTZ KsccsT3 KsccsT4 KsccsTS
10.152872 729.891629 -55.541193
Nx 28640.3058
Do
Table 4.79 The Buckling Load Equation for SCCS plate Lamina 2
@ =90° CCSS Kt —Values
KsccsTl KsccsTZ KsccsT3 KsccsT4 KsccsTS
1.23766 106.487 1298.29
Nx 58828.9
Do

The Buckling Load Equation for SCCS at Orientattion of 0° 0° Q°

Table 4.80 The Buckling Load Equation for SCCS plate Lamina 1

@ =0° SCCS  Kr—Values
KsccsTl KsccsTZ KsccsT3 KsccsT4 KsccsTS
-4.06398 -1019.87 -310.184
Nx -55820.7
Do
Table 4.81 The Buckling Load Equation for SCCS plate Lamina 2
@ =0° SCCS Ky — Values
KsccsTl KsccsTZ KsccsT3 KsccsT4 KsccsTS
-2.82067 -3.94909 -2.44069
Nx -385.375
Do

Table 4.82 The Buckling Load Equation for SCCS plate Lamina 3




@ =0 SCCS  Kry-—Values
KsccsTl KsccsTZ KsccsT3 KsccsT4 KsccsTS
-65.6531 -309.749 15.8151 0
Nx -15045.5
Do

4.1.13.5 Results of different aspect ratios for Two laminates of SCCS plate with 0°Q°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.83

Where
Ksccs — (KsccsTl + KsccsTZ + ESCCST3 + KsccsT4 + KsccsTS) (4.44)
scesT6
Table 4.83 Buckling results of different aspect ratios for SCCS plate with 0° 0°
arrangement
m=1 m=2
a E K a E K
B=r | b Cssse 1.5 | 70548.5 B=1¢ D, CSSSe 1.5 | 12096.6
28640.3 81003.5 7848.41 13340.4
1 1.6 1 1.6
35732.3 92194.6 8301.63 14671.8
1.1 1.7 1.1 1.7
43433.8 104134 9017.38 14671.8
1.2 1.8 1.2 1.8
51784.7 116830 9914.79 17576.1
1.3 1.9 1.3 1.9
60815.1 130291 10949.6 19142.7
1.4 2.0 1.4 2.0

4.1.13.6 Results of different aspect ratios for Two laminates of SCCS plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.84

where
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Ksccs — (KsccsTl + KsccsTZ + ESCCST3 + Ksccstl— + KsccsTS) (445)
scesT6
Table 4.84 Buckling results of different aspect ratios for SCCS Splate with 0° 90°
arrangement
m=1 m=2
B= % E—Z-Kcsssc 1.5 70548.5 B= % E_E-KCSSSC 1.5 19573.5
28640.3 81003.5 41717.7 18519.5
1 1.6 1 1.6
35732.3 92194.6 41717.7 18203.5
1.1 1.7 11 1.7
43433.8 104134 31538.7 18421.1
1.2 1.8 1.2 1.8
51784.7 116830 25381.1 19038.4
1.3 1.9 1.3 1.9
60815.1 130291 21686.6 19965
14 2.0 1.4 2.0

4.1.13.7 Results of different aspect ratios for Three laminates of SCCS plate with
0°0°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.85

where

KsccsTl + KSCCSTZ + KSCCST3 + KsccsT4 + KSCCSTS)

4.46
KsccsT6 ( )

Ksees = (
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Table 4.85a Buckling results of different aspect ratios for SCCS plate with 0° 0° 0°

arrangement
m=1 m=2
a E K a E K
B= n p, ksces 15 -99456.7 B= o p, ksces 15 -509.734
-55820.7 -112507 -385.375 -556.941
1 1.6 1 1.6
-60619.7 -126660 -387.049 -608.869
1.1 1.7 1.1 1.7
-67887.1 -141871 -404.325 -665.143
1.2 1.8 1.2 1.8
-76989.1 -158115 -432.167 -725.519
1.3 1.9 1.3 19
-87578.4 -175374 -467.828 -789.83
1.4 2.0 14 2.0
Table 4.85b
m =3
a Eo
=% D, Ksces 1.5 | -28356.3
1 -15045.5 1.6 | -30613.2
1.1 18439.9 1.7 | -32848.3
1.2 -21221.7 1.8 -35062
1.3 -23712.7 1.9 -37250
1.4 -26066.7 2.0 -39405.7

4.1.13.8 Detailed Output For SCSC Thick Laminated Anisotropic Plate.

For different lamina combination for SCSC plate, the results of the analysis are as detailed in
this section.

4.1.13.9 The case of Two Combined SCSC with angles of 0° 0°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.86
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Table 4.86 The Bending, Coupling and Membrane stiffness for the SCSC at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.14 The case of Two combined SCSC plate layer at angle 0° 90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.87

Table 4.87 The Bending, Coupling and Membrane stiffness for the SCSC plate with 0° 90°

Lamina, m=1

J1=10.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jco=-0.20833 Membrane Ju=1
J3=10.05397 Jcz= 0.6666
J4=10.53333

Lamina, m =2

J1=10.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=10.05397 Jc3=0.66667
J4=10.53333

4.1.14.1 Results of Three laminated Simple Clamped Simple Clamped Thick Plate

The case of Three Combined SCSC with angles of 0°0°0°- The formulated values from

the analysis when the layer orientation is 0° 0° 0°

are as presented in Table 4.88.
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Table 4.88 The Bending, Coupling and Membrane stiffness for the SCSC plate with 0° 0°0°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

Table 4.90 The Buckling Load Equation for SCSC plate Lamina 1

@=0° SCSC Kt - Values
Kscsch KscscTZ KscscT3 KscscT4 KscscTS
-2.77527 -3.53329 -6.31396 0
Nx -528.138
Do
Table 4.91 The Buckling Load Equation for SCSC plate Lamina 2
@ =90° SCSC Ky — Values
Kscsch KscscTZ KscscT3 KscscT4 KscscTS
0.39314 -1355.02 3530.65 0
Nx 91047.3
Do

The Buckling Load Equation for SCSC at Orientattion of 0°0° Q°

Table 4.92 The Buckling Load Equation for SCSC Plate Lamina 1

@ =0 SCSC Ky - Values

KseseT1 KseseT2 KsescTs KsescTa Kseses
-63.2779 -1020.75 -820.003 0

Nx -79666.7

Do




Table 4.93 The Buckling Load Equation for SCSC Plate Lamina 2

@ =0 SCSC Ky - Values

KseseT1 KseseT2 KsescTs KsescTa Kiseses
-2.77527 -3.53329 -6.31396 0 0

Nx -528.138

Do

Table 4.94 The Buckling Load Equation for SCSC Plate Lamina 3

@ =0 SCSC Kt - Values
KseseT1 KseseT2 KsescTs KsescTa Kiseses
-2.77527 -3.53326 -3.53326 0 0
Nx -528.138
Do

4.1.14.2 Results of different aspect ratios for Two laminates of SCSC plate with 0°0°

Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of

0.1, gave the results as detailed in Table 4.95

where
Kscsc — (Kscsch + KscscTZ + ESCSCTIS + KscscT4 + KscscTS) (4'47)
scscTé
Table 4.95 Buckling results of different aspect ratios for SCSC plate with 0°0°
arrangement
m=1 m=2
a E k a L
== | By 15 66021.5 =1 D, CSSSe 15 | 6663.76
26072.3 74406 6220.5 7367.29
1 1.6 1 1.6
31584.2 37524 5520.1 8149.16
1.1 1.7 1.1 1.7
37524 83314.2 5395.63 8991.12
1.2 1.8 1.2 1.8
50789.5 92752.8 5619.53 9880..79
1.3 1.9 1.3 1.9
58152.8 102727 6066.47 10809.6
1.4 2.0 1.4 2.0

226




4.1.14.3 Results of different aspect ratios for Two laminates of SCSC plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.96

where Ksccs — (KsccsTl + KsccsTZ + KsccsT3 + KsccsT4 + KsccsT5> (448)
KsccsT6
Table 4.96 Buckling results of different aspect ratios for SCSC Splate with 90° 0°
arrangement
m=1 m=2
a E K a E K

B=p | Bytesss 1.5 66021.5 B=¢ D, Kessse 15 | -14296.3
26072.3 74406 91047.3 -18172.9

1 1.6 1 1.6
31584.2 37524 44572.2 -20486.7

1.1 1.7 1.1 1.7
37524 83314.2 17928.8 -21729.9

1.2 1.8 1.2 1.8
50789.5 83314.2 1886.6 -22215.9

1.3 1.9 1.3 1.9
58152.8 102727 -8059 -22150.1

1.4 2.0 1.4 2.0

4.1.14.4 Results of different aspect ratios for Three laminates of SCSC plate with
0°0°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.97

where

Kscsch + KscscTZ + KscscT3 + KscscT4 + KSCSCTS)

4.49
KscscT6 ( )

Ksese = (
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Table 4.97a Buckling results of different aspect ratios for SCSC plate with 0° 0°Q°

arrangement
m=1 m=2
a Eo a Eo
p=1r D, Kscsc 1.5 -106194 B=¢ D, Kscsc 1.5 -493.038
1 -79666.7 1.6 -117603 1 -528.138 1.6 -526.018
1.1 | -78686.5 1.7 -130301 1.1 -472.095 1.7 -565.084
1.2 | -81900.8 1.8 -144180 1.2 -451.415 1.8 -609.264
1.3 -87996 1.9 -159168 1.3 -452.399 1.9 -657.929
1.4 | -96237.2 2.0 -175217 1.4 -467.67 2.0 -710.658
Table 4.97b.
m =3
a Eg
B=% D, Kscsc 1.5 | -94074.6
-110208
1 1.6
-100932 -94074.6
11 1.7
-96782.4 -102457
1.2 1.8
-93428.8 -106287
1.3 19
-93040.5 -110351
14 2.0

4.1.145 Detailed Output For SSCS Thick Laminated Anisotropic Plate.

For different lamina combination for SSCS plate, the results of the analysis are as detailed in
this section.

4.1.14.6 The case of Two Combined SSCS with angles of 0°Q°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.98
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Table 4.98 The Bending, Coupling and Membrane stiffness for the SSCS at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.14.7 The case of Two combined SSCS plate layer at angle 0°90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.99

Table 4.99 The Bending, Coupling and Membrane stiffness for the SSCS plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J>=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
Js=0.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.14.8 Results of Three laminated Simple Simple Clamped Simple Thick Plate

The case of Three Combined SSCS with angles of 0°0°0° . The formulated values from

the analysis when the layer orientation is 0° 0°0° are as presented in Table 4.100
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Table 4.100 The Bending, Coupling and Membrane stiffness for the SSCS plate with 0°0° 0°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

4.1.14.9 The Buckling Values For The Case of SSCS Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.101 and 4.102 shows values of the unknown parameters and the buckling

Load equations respectively, for the case of SSCS plate,

Table 4.101 The Coefficicents of The Formulated Parameters for the SSCS plate

P> P3 Pa Ps Ps
-2.8170182 -0.4638003 -0.24131 -0.0048141
Ao As Ay As As
-2.8170182 A1 | -0.4638003 A -0.24131 A: -0.0048141 A1

230




The Buckling Load Equation for SSCS at Orientattion of 0° 0°

Table 4.102 The Buckling Load Equation for SSCS plate Lamina 1

@=0° SSCS Kr— Values
KssesT1 KssesT2 KsscsTa KsscsT4 KssesTs
18.8586291 | 852.65048 -29.615188
Nx 35225.6871
Do

Table 4.103 The Buckling Load Equation for SSCS plate Lamina 2

@=0° SSCS Kr-—Values
KsscsTl KsscsTZ KsscsTS KsscsT4 KsscsTS
25.4795 68.3211 6.14581
Nx 4181.86
Do

The Buckling Load Equation for SSCS at Orientattion of 0° 90°

Table 4.104 The Buckling Load Equation for SSCS plate Lamina 1

@ =0 SSCS  Kr—Values

KsscsT1 KssesT2 KsscsT3 KsscsT4 KssesTs
18.8586291 | 852.65048 -29.615188

Nx 35225.6871

Do

Table 4.105 The Buckling Load Equation for SSCS plate Lamina 2

@ =90° SSCS Kt — Values

KsscsT1 KssesT2 KsscsTa KsscsT4 KssesTs
1.00104 79.849 28.0257

Nx 4555.47

Do

The Buckling Load Equation for SSCS at Orientattion of 0° 0° 0°

Table 4.106 The Buckling Load Equation for SSCS plate Lamina 1

@=0° SSCS Kt — Values
KissesT1 KssesT2 KsscsTa KsscsT4 KssesTs
-46.1784 -912.289 -142.169
Nx -46051.7
Do




Table 4.107 The Buckling Load Equation for SSCS plate Lamina 2

@=0Q° SSCS Ky —Values
KsscsT1 KssesT2 KsscsTa KsscsT4 KssesTs
-2.77801 -2.77621 -0.95859 0
Nx -272.502
Do

Table 4.108 The Buckling Load Equation for SSCS plate Lamina 3

@=0° SSCS Ky —Values
KsscsTl KsscsTZ KsscsT3 KsscsT4 KsscsTS
-37.8302 -220.863 24.863 0
Nx -9797.04
Do
4.1.15 Results of different aspect ratios for Two laminates of SSCS plate with 0°0°

Arrangement.
On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of

0.1, gave the results as detailed in Table 4.1.109

where

Ksses = (

KsscsT6

KsscsTl + KsscsTZ + KsscsT3 + KsscsT4 + KsscsTS)

Table 4.109 Buckling results of different aspect ratios for SSCS plate with 0°0°

arrangement
m=1 m=2
E
E _O-KSSCS 700792
p=2 | b 15 | 732787 p=2 | " 15
35225.7 87790.3 4181.86 7747.91
1 1.6 1 1.6
1.1 | 404032 109831 4597.6 8544.55
1.7 1.1 1.7
12 | 465821 149110 5100.24 9400.76
1.8 1.2 1.8
1.3 | 538407 230865 5687.86 10318.8
1.9 1.3 1.9
14 | 624982 394270 6321.7 11300
2.0 1.4 2.0
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4.1.15.1 Results of different aspect ratios for Two laminates of SSCS plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.111

where
Kosest1 + Kssest2z + KssesTz + KssesTa + KesesTs
T 50
Table 4.111 Buckling results of different aspect ratios for SSCS Splate with 90° 0°
arrangement
m=1 m=2
p=2 | motess | |15 | 732787 | | p=2 | piress 15 | 307724
1 35225.7 16| 877903 1 57533.7 16 | 2593.64
1.1 | 404032 1.7 | 109831 1.1 232955 1.7 | 2623.22
1.2 46582.1 1.8 149110 1.2 12062.9 1.8 3014.97
1.3 53840.7 1.9 230865 1.3 6931.81 1.9 3678.25
14 | 624982 20| 394270 1.4 4344.78 20 | 4555.47

4.1.15.2 Results of different aspect ratios for Three laminates of SSCS plate with
0°0°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.112

considering

KsscsTl + KsscsTZ + KsscsT3 + KsscsT4 + KsscsTS)

Keoes = (
SSCS
KsscsT6

(4.52)
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Table 4.112a Buckling results of different aspect ratios for SSCS plate with 0° 0° 0°

Arrangement
m=1 m=2
p=2 o Kesss: 15 | -89577.8 p=2 o Kesss: 15 | -89577.8
1 | -46051.7 16 | -101211 1 -46051.7 16 | -101211
1.1 | -52489.8 1.7 | -113707 1.1 -52489.8 1.7 | -113707
12 | -60205 18 | -127045 1.2 -60205 1.8 | -127045
1.3 | -69021.4 1.9 | -127045 1.3 -69021.4 1.9 141214
14 | -78834 20 | -156204 1.4 -78834 20 -156204
Table 4.112b.
m =3
_2 E
B - E D—Z.Kcsssc 15 '421435
-284.352 -421.435
1 1.6
-303.233 -458.9
1.1 1.7
-327.235 -499.074
1.2 1.8
-355.303 -541.86
1.3 1.9
-386.826 -587.194
1.4 2.0

4.1.15.3 The case of Two Combined SCCC with angles of 0°Q°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as

presented in Table 4.113




Table 4.113 The Bending, Coupling and Membrane stiffness for the SCCC at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.15.4 The case of Two combined SCCC plate layer at angle 0°90°

The formulated values from the analysis when the laminates were positioned at the angles 0°
90° are as presented in Table 4.114

Table 4.114 The Bending, Coupling and Membrane stiffness for the SCCC plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J>=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
Js=0.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.15.5 Results of Three laminated Simple Clamped Clamped Clamped Thick Plate

The case of Three Combined SCCC with angles of 0°0°0° .The formulated values from

the analysis when the layer orientation is 0° 0°0° are as presented in Table 4.115
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Table 4.115 The Bending, Coupling and Membrane stiffness for the SCCC plate with 0° 0° 0°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

4.1.15.6 The Buckling Values For The Case of SCCC Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.115, 4.116, 4.117, 4.118 and 4.119 show the values of the unknown
parameters and the buckling Load equations , for the case of SCCC plate,

Table 4.115b The Coefficients of The Formulated Parameters for the SCCC plate

P> P3 Pa Ps Ps
-1.8517343 -0.211339 -0.05305 0.02400065

Ao As Ay As As
-1.8517343 A; -0.211339 Az -0.05305 Az 0.02400065 A1

The Buckling Load Equation for SCCC at Orientattion of 0° 0°

Table 4.116 The Buckling Load Equation for SCCC plate Lamina 1

@ =0° SCCC Ky - Values

KseeeT1 KsceeT2 KsceeTs KsceeT4 KsceeTs
23.1973858 | 678.238721 | -47.49981 0 0

Nx 27361.3513

Do
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Table 4.117 The Buckling Load Equation for SCCC plate Lamina 2

@=0° SCCC Kr—Values

KsceeT1 Ksceet2 KsceeTs KsceeT4 KsceeTs
27.8916 106.634 77.35

Nx 8865.1

Do

The Buckling Load Equation for SCCC at Orientattion of 0° 90°

Table 4.118 The Buckling Load Equation for SCCC plate Lamina 1

@=0° SCCC Kr—Values
Ksccch KSCCCTZ KSCCCT3 KscccT4 KscccTS
23.1973858 | 678.238721 | -47.49981
Nx 27361.3513
Do

Table 4.119 The Buckling Load Equation for SCCC plate Lamina 2

@ =90° SCCC Kt —Values

KseeeT1 KsceeT2 KsceeTs KsceeT4 KsceeTs
1.13953 67.9388 2545

Nx 109376

Do

The Buckling Load Equation for SCCC at Orientattion of 0° 0° Q°

Table 4.120 The Buckling Load Equation for SCCC plate Lamina 1

@=0° SCCC Kr—Values
KsceeT1 Ksceet2 KsceeTs KsceeT4 KsceeTs
-40 -1116.87 -677.413
Nx -76748.1
Do

Table 4.121 The Buckling Load Equation for SCCC plate Lamina 2

@=0° SCCC Kr—Values
KseeeT1 KsceeT2 KsceeTs KsceeT4 KsceeTs
-2.77813 -3.71966 -5.97843
Nx -522.018
Do




Table 4.122 The Buckling Load Equation for SCCC plate Lamina 3

@=0° SCCC Kr—Values
KsceeT1 Ksceet2 KsceeTs KsceeT4 KsceeTs
-59.7418 -339.412 422.808 0 0
Nx 989.701
Do

4.1.16.7 Results of different aspect ratios for Two laminates of SCCC plate with 0° 0°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.1.123

K +K +K +K +K
where Ksccc — ( scccT1 scccT2 scccT3 scccT4 scccTs) (4 5 3)

KscccT6

Table 4.123 Buckling results of different aspect ratios for SCCC plate with 0°0°

arrangement
m=1 m=2
a Eo a Eo
B=r | Dy 15 64221.4 B=5 D, Kscee 15 11208.4
27361.4 73349 8865.1 12302.1
1 1.6 1 1.6
1.1 33616.8 83091 8616.2 13503.6
1.7 1.1 1.7
1.2 40411.6 83091 8869.9 14798.6
1.8 1.2 1.8
1.3 47766.1 104451 9445.93 16177.5
1.9 1.3 1.9
14 55697.8 116081 10244.7 17633.4
2.0 1.4 2.0

4.1.16.8 Results of different aspect ratios for Two laminates of SCCC plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.1.124

Ksccch + KscccTZ + KscccT3 + KscccT4 + KscccTS)

where K. =< K
scccT6

(4.54)
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Table 4.124 Buckling results of different aspect ratios for SCCC Splate with 0° 90°

arrangement
m=1 m=2
a Eo K a Eo
B=1 | D Cssse 15 | 642214 B=1 D, Kessse 15 28438.5
27361.4 73349 109376 25146.2
1 1.6 1 1.6
1.1 33616.8 83091 75575.6 23218.7
1.7 1.1 1.7
1.2 40411.6 93455.8 54951.4 22259.7
1.8 1.2 1.8
1.3 47766.1 104451 41990.7 2209.3
1.9 1.3 1.9
1.4 55697.8 116081 33717.6 22292.6
2.0 1.4 2.0

4.1.15.9 Results of different aspect ratios for Three laminates of SCCC plate with
0°20°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.1.125

Ksccch + KscccTZ + KscccT3 + KscccT4 + KSCCCTS) (4 55)

where K. =< K
scccTée

Table 4.125a Buckling results of different aspect ratios for SCCC plate with 0° 0° 0°

arrangement
m=1 m=2
a Eo X a Eo
B==- | by 15 | -99166.8 B=¢ b, Kscee 15 | -502.017
-76748.1 -122993 -522.018 -537.167
1 1.6 1 1.6
11 -77487.4 -136908 -469.931 -578.353
1.7 1.1 1.7
1.2 -82192.7 -152014 -452.656 -624.66
1.8 1.2 1.8
1.3 -89645.3 -168245 -456.542 -675.522
1.9 1.3 1.9
1.4 | -99166.8 -185560 -474.349 -730.538
2.0 1.4 2.0
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Table 4.125b.

m =3
B= 5 E—Z-Ksccc 15 -29353.9
989.701 -33640.4
1 1.6
-7968.63 -37873
1.1 1.7
-14652.6 -42117.1
1.2 18
-20110 -42117.1
13 1.9
-24904.9 -50783.5
1.4 2.0

4.1.16 Detailed Output For CCCS Thick Laminated Anisotropic Plate

The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.1.126

4.1.16.1 The case of Two Combined CCCS with angles of 0°Q°

Table 4.126 The Bending, Coupling and Membrane stiffness for the CCCS at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J>=10.06667 Coupling Jco=-0.20833 Membrane Ju=1
J3=0.05397 Jcz= 0.6666
Js=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.16. 2 The case of Two combined CCCS plate layer at angle 0°90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.127




Table 4.127 The Bending, Coupling and Membrane stiffness for the CCCS plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.16.3 Results of Three laminated Clamped Clamped Clamped Simple Thick Plate

The Laminated cases of the CCCS were considered, at different angle orientations.

It was

observed that the noticeable changes occurred as the plates were positioned at different

inclination.

4.1.16.4 The case of Three Combined CCCS with angles of

0%09Q°

The formulated values from the analysis when the layer orientation is 0° 0° 0°

are as presented in Table 4.128

Table 4.128 The Bending, Coupling and Membrane stiffness for the CCCS plate with 0° 0°Q°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jco=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m =2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Ju =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jc3=-0.51851
Js=-0.33579
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4.1.16.5 The Buckling Values For The Case of CCCS Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.129, 4.130, 4.131, 4.132 and 4.132 show the values of the unknown
parameters and the buckling Load equations, for the case of CCCS plate,

Table 4.129 The Coefficicents of The Formulated Parameters for the CCCS plate

P, P3 Pa Ps Ps
-1.651565 7.49428833 0.00786 -1.0705183

A2 As Ay As As
-1.651565 A1 7.49428833 A1 0.00786 A1 -1.0705183 A1

The Buckling Load Equation for CCCS at Orientattion of 0° 0°

Table 4.130 The Buckling Load Equation for CCCS plate Lamina 1

@ =0 CCCS Ky —Values

KeeesT1 KeeesT2 KeeesTs KeeesT4 KeeesTs
43.9198068 | -13.778319 1517.13882 |0 0

Nx 64739.7619

Do

Table 4.131 The Buckling Load Equation for CCCS plate Lamina 2

@ =0 CCCS K- Values
KeeesT1 Keeest2 KeeesTs KeeesTa KeeesTs
-6.11488 60.5749 1292.91 0 0
Nx 56375.2
Do

The Buckling Load Equation for CCCS at Orientattion of 0° 90°

Table 4.132 The Buckling Load Equation for CCCS Plate Lamina 1

@ =0° CCCS Kr—Values

KeeesT1 KeeesT2 KeeesTs KeeesT4 KeeesTs
43.9198068 | -13.778319 1517.13882 |0 0

Nx 64739.7619

Do
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Table 4.133 The Buckling Load Equation for CCCS Plate Lamina 2

@=90° CCCS K- Values
KeeesT1 Keeest? KeeesTs KeeesT4 KeeesTs
2.37232 144412 -155.004
Nx -343.929
Do

The Buckling Load Equation for CCCS at Orientattion of 0° 0° 0°

Table 4.134 The Buckling Load Equation for CCCS plate Lamina 1

@=0° CCCS Kr—Values
chcsTl chcsTZ chcsTS chcsT4 chcsTS
-114.646 57.2149 5830.55
Nx 241553
Do

Table 4.135 The Buckling Load Equation for CCCS plate Lamina 2

@ =0 CCCS Ky —Values

KeeesT1 KeeesT2 KeeesTs KeeesT4 KeeesTs
-0.1111 -1.27291 -3.4689

Nx -203.05

Do

Table 4.136 The Buckling Load Equation for CCCS plate Lamina 3

@=0° CCCS Kr—Values
KeeesT1 Keeest2 KeeesTs KeeesTa KeeesTs
-128.153 -1693.53 944.543
Nx -36700.3
Do

4.1.16.6 Results of different aspect ratios for Two laminates of CCCS plate with 0°
0% Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.137

Where

chcsTl + chcsTZ + chcsTB + chcsT4 + chcsTS) (4 56)

Keees = ( K
ccesT6
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Table 4.137 Buckling results of different aspect ratios for CCCS plate with 0°Q°

arrangement
m=1 m=2
a Bo a E,

B = o D, cces 15 20973.2 B = T b, Keces 1.5 30637.3
64739.8 13431.9 56375.2 29985.5

1 1.6 1 1.6
1.1 53424 5424.28 46774 30214.4

1.7 1.1 1.7
1.2 44071.7 -3313.92 40014 31177.7

1.8 1.2 1.8
1.3 35901.1 -13025.4 35366.7 32750.1

1.9 1.3 1.9
1.4 28346.1 2.0 -23939.2 14 32351.5 2.0 34817.9

4.1.16.7 Results of different aspect ratios for Two laminates of CCCS plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.138

where

K — (chcsTl + chcsTZ + chcsTB + chcsT4 + chcsTS) (4 57)
cees KscccT6 -
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Table 4.138 Buckling results of different aspect ratios for CCCS Splate with 90° 0°

arrangement
m=1 m=2
a Eo a Eo
B=1r b, Keces 15 20973.2 B=1 b, Keces 15 24721.6
64739.8 13431.9 -343.929 22977.8
1 1.6 1 1.6
1.1 53424 5424.28 20303.2 21331.8
1.7 1.1 1.7
1.2 44071.7 -3313.92 26397.7 19871.3
1.8 1.2 1.8
1.3 35901.1 -13025.4 27325.4 18626
1.9 1.3 1.9
14
28346.1 2.0 -23939.2 1.4 26344.8 2.0 17600.1

4.1.16.8 Results of different aspect ratios for Three laminates of CCCS plate with
0°20°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.139

where

K — Ksssch + KssscTZ + KssscT3 + KssscT4 + KSSSCTS (4 58)
585¢ KssscT6 .
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Table 4.139 Buckling results of different aspect ratios for CCCS plate with 0° 0°0°

arrangement
m=1 m=2
p=2 | o | | 15 | 124383 p=2 Dy Kssse 15 | -163.989
241553 117973 -221.892 -163.942
1 1.6 1 1.6
1.1 202262 115388 -195,242 -165.284
1.7 1.1 1.7
1.2 172776 116283 -179.655 -167.671
1.8 1.2 1.8
1.3 150899 120424 -170.709 -170.878
1.9 1.3 1.9
1.4 135117 127655 -165.96 -174.751
2.0 1.4 2.0
Table 4.139
m =3
a Ey
B=1 D, Ksssc 1.5 | 55048.5
225051 34035.9
1 1.6
1760.95 14769.2
1.1 1.7
137263 -3241.82
1.2 1.8
105436 -20328.3
1.3 1.9
1.4 78512.7 2.0 -36700.3

4.1.17 Detailed Output For SSSC Thick Laminated Anisotropic Plate.

For different lamina combination for SSSC plate, the results of the analysis are as detailed in

this section.

4.1.17.1 The case of Two Combined SSSC with angles of 0° Q°

The results from the analysis when the laminates were positioned at the angles 0° 0° are as

presented in Table 4.140




Table 4.140 The Bending, Coupling and Membrane stiffness for the SSSC at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.17. 2 The case of Two combined SSSC plate layer at angle 0° 90°

The formulated values from the analysis when the laminates were positioned at the angles 0°
90° are as presented in Table 4.141

Table 4.141 The Bending, Coupling and Membrane stiffness for the SSSC plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J>=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
Js=0.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.17.3 Results of Three laminated Simple Simple Simple Clamped Thick Plate

Results of Three laminated Simple Simple Simple Clamped Thick Plate were recorded at
different material properties

4.1.17.4 The case of Three Combined SSSC with angles of 0°0°0°

The formulated values from the analysis when the layer orientation is 0° 0° 0°

are as presented in Table 4.142




Table 4.142 The Bending, Coupling and Membrane stiffness for the SSSC plate with 0° 0°0°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

4.1.17.5 The Buckling Values For The Case of SSSC Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.143, 4.144 |, 4145 |, 4.146 and 4.147 show the values of the unknown
parameters and the buckling Load equations, for the case of SSSC plate,

Table 4.143 The Coefficicents of The Formulated Parameters for the SSSC plate

P> P3 Pa Ps Ps
-1.2709609 0.12048523 0.33585 -0.7381277
Ao As Ay As As
-1.2709609 A1 | 0.12048523 A1 0.33585 Az -0.7381277 A1

The Buckling Load Equation for SSSC at Orientattion of 0° 0°

Table 4.144 The Buckling Load Equation for SSSC plate Lamina 1

@ = 0" SSSC Ky - Values
KssscT1 KssscT2 KssscT3 KssscT4 KssscTs
28.2628994 | 429.943337 | 46.8279743 | 0O 0
Nx 21131.1385
Do
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Table 4.145 The Buckling Load Equation for SSSC plate Lamina 2

@=0° SSSC Ky - Values
KssscT1 KssscT2 KssscTa KssscT4 KssscTs
1.11341 410.717 -27.6844
Nx 16073.1
Do

The Buckling Load Equation for SSSC at Orientattion of 0° 90°

Table 4.146 The Buckling Load Equation for SSSC plate Lamina 1

@=0° SSSC Kt — Values
Ksssch KssscTZ KssscTS KsscsT4 KssscTS
28.2628994 | 429.943337 | 46.8279743
Nx 21131.1385
Do

Table 4.147 The Buckling Load Equation for SSSC plate Lamina 2

@ =90° SSSC Kt —Values
KissseT1 KssscT2 KssscT3 KsscsT4 KssscTs
-0.36719 -903.839 6186.35 0 0
Nx 221010
Do

The Buckling Load Equation for SSSC at Orientattion of 0° 0° 0°

Table 4.148 The Buckling Load Equation for SSSC plate Lamina 1

@=0° SSSC  Kr— Values
KssscT1 KssscT2 KssscT3 KssscT4 KssscTs
-128.562 -784.181 9.03391 0 0
Nx -37812.1
Do

Table 4.149 The Buckling Load Equation for SSSC plate Lamina 2

@ =0 SSSC Kt — Values
KissseT1 KssseT2 KssscT3 KssscT4 KssscTs
-2.77483 -3.17585 -2.68758 0 0
Nx -361.433
Do

249




Table 4.150 The Buckling Load Equation for SSSC plate Lamina 3

@ =0 SSSC Ky - Values
KssscT1 KssscT2 KssscTa KssscT4 KssscTs
77.5737 40.8818 191.911 0 0
Nx 12986
Do

4.1.17.8 Results of different aspect ratios for Two laminates of SSSC plate with 0°Q°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.151

where

KssscT1 + KssscT2 + KssscT3 + KssscT4 + KssscTS) (4 59)

Kssse = ( K
ssscT6

Table 4.151 Buckling results of different aspect ratios for SSSC plate with 0°0° arrangement

m=1 m=2
a EO K a EO
B = : D, Ksssc 15 18894.6 B= 0 D, Ksssc 15 4092.8
21131.1 13675.9 9549.88 2139.65
1 1.6 1 1.6
1.1 26404.3 7007.23 8297.14 -510.691
1.7 1.1 1.7
1.2 26783.1 1.8 1224.75 1.2 7381.77 1.8 -3985
1.3 25415.6 1.9 -11122.1 1.3 6526.77 1.9 -8390.09
1.4 22778.3 2.0 -22772.1 1.4 5497 .47 2.0 -13814.6

4.1.17.9 Results of different aspect ratios for Two laminates of SSSC plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.152

where
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K. = (Ksssm + Kggserz + E::Zzz + Kggsers + KssscTS) (4.60)
Table 4.152 Buckling results of different aspect ratios for SSSC Splate with 90° 0°
arrangement
m=1 m=2
p=2 o Kesss: 15 | 18894.6 p=2 o Kesss: 15 | -6367.46
1 21131.1 1.6 | 13675.9 1 221010 16 | 7088.78
1.1 | 26404.3 1.7 | 7007.23 1.1 187750 1.7 11922.6
12 | 26783.1 1.8 | 1224.75 1.2 208261 18 14052.3
1.3 | 25415.6 1.9 | -11122.1 1.3 1611859 1.9 15220.7
14 | 227783 20 | -22772.1 1.4 -61999.9 20 16073.1

4.1.18 Results of different aspect ratios for Three laminates of SSSC plate with
0°20°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.153

Where

Ksssch + KssscTZ + KssscT3 + KssscT4 + KssscTS)

KssscT6

Koo = ( (4.61)
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Table 4.153 Buckling results of different aspect ratios for SSSC plate with 0° 0°0°

arrangement
m=1 m=2
a ED K a EO
B=y | Do 15 -46310.7 B=1 D, Ksssc 15 -438.088
1 -37812.1 1.6 | -50849.8 1 -361.433 1.6 | -474.481
-31153.4 -55038.6 -353.792 -514.925
1.1 1.7 1.1 1.7
-32748.5 -58833 -361.906 -559.006
1.2 1.8 1.2 1.8
-36795.3 -62222.7 -380.426 -606.448
1.3 1.9 1.3 1.9
14 | -41535.4 20 | -65213.3 1.4 -406.391 20 | -657.066
Table 4.2.153
m =3
a Eo
B=5 | D, sssc 1.5 | 19470
1 12986 1.6 26475
1.1 11370.6 1.7 35841.5
1.2 10839.3 1.8 | 47730.8
1.3 11845.2 1.9 62290
1.4 14654.3 2.0 79651.2

4.1.18.1 Detailed Output For CCSC Thick Laminated Anisotropic Plate.

The results from the analysis when the laminates were positioned at the angles 0° 0° are as
resented in Table 4.154
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4.1.18 .2 The case of Two Combined CCSC with angles of 0° Q°

Table 4. 154 The Bending, Coupling and Membrane stiffness for the SSSC at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J;s=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.18.3 The case of Two combined CCSC plate layer at angle 0° 90°

The formulated values from the analysis when the laminates were positioned at the angles 0°
90° are as presented in Table 4.155

Table 4.155 The Bending, Coupling and Membrane stiffness for the CCSC plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=10.05397 Jcz= 0.6666
J4=10.53333

Lamina, m =2

J1=10.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=10.05397 Jc3=0.66667
J4=10.53333

4.1.19 Results of Three laminated Clamped Clamped Simple Clamped Thick Plate

The case of Three Combined CCSC with angles of 0°0°0° -The formulated values from

the analysis when the layer orientation is 0° 0°0° are as presented in Table 4.156

Table 4.156 The Bending, Coupling and Membrane stiffness for the CCSC plate with 0° 0°0°
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Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Ju =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jc3=-0.51851
Js=-0.33579

4.1.19.1 The Buckling Values For The Case of CCSC Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter
three. Tables 4.157, 4.158, 4.159, 4.160 and 4.161 show the values of the unknown
parameters and the buckling Load equations , for the case of CCSC plate,

Table 4.157 The Coefficicents of The Formulated Parameters for the CCSC plate

P> P3 Pa Ps Ps
-1.8522734 -0.2127422 -0.05621 0.02140941
Ao As Au As As
-1.8522734 A1 | -0.2127422 A, -0.05621 Az 0.02140941 A:

The Buckling Load Equation for CCSC at Orientattion of 0° Q°

Table 4.158 The Buckling Load Equation for CCSC plate Lamina 1

@ = 0" CCSC  Ky-—Values

KeeseT1 Keescr2 KeeseTs KeescT4 KeeseTs
23.2488256 | 678.629808 | -48.010003 0 0

Nx 27358.5201

Do
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Table 4.159 The Buckling Load Equation for CCSC plate Lamina 2

@ =0 CCSC  Ky-—Values

KeeseT1 Keeser2 KeescTs KeescT4 KeescTs
27.9501 106.825 77.7656 0

Nx 8892.93

Do

The Buckling Load Equation for CCSC at Orientattion of 0° 90°

Table 4.160 The Buckling Load Equation for CCSC plate Lamina 1

@=0° SSSC Kt — Values

chsch chscTZ chscTS chcsT4 chscTS
23.2488256 | 678.629808 | -48.010003 0

Nx 27358.5201

Do

Table 4.161 The Buckling Load Equation for CCSC plate Lamina 2

@ = 90" SSSC Kt —Values

KeeseT1 KeeseT2 KeeseTs KeeesT4 KeeseTs
1.13981 67.9664 2546.44 0

Nx 109437

Do

The Buckling Load Equation for CCSC at Orientattion of 0° 0° Q°

Table 4.162 The Buckling Load Equation for CCSC plate Lamina 1

@ =0" CCSC Kr— Values

KeeseT1 Keesct2 KeeseTs KeescT4 KeeseTs
-40.0912 -1117.84 -679.204 0

Nx -76867.8

Do

Table 4.163 The Buckling Load Equation for CCSC plate Lamina 2

@ =0 CCSC Kt —Values
KeeseT1 KeeseT2 KeeseTs KeescT4 KeeseTs
-0.11112 -14.259 -8.7434 0
Nx -967.092
Do
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Table 4.164 The Buckling Load Equation for CCSC plate Lamina 3

@ =0 CCSC Kr—Values

KeeseT1 Keeser2 KeescTs KeescT4 KeescTs
-59.8892 -339.693 424.459 0 0

Nx 1040.89

Do

4.1.19.2 Results of different aspect ratios for Two laminates of CCSC plate with 0°0°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.165

Where

chsch + chscTZ + chscTS + chscT4— + chscTS) (4 62)

Keese = ( K
ccscT6é

Table 4.165 Buckling results of different aspect ratios for CCSC plate with 0° 0° arrangement

m=1 m=2
a Eo a Eo
B=r | cesc 1.5 64292.7 B=1 b, Keesc 15 112115
1 27358.5 1.6 73446.5 1 8892.93 1.6 12298.9
1.1
33623.5 1.7 93622.7 1.1 8638.2 1.7 13492.9
1.2
40429.9 1.8 | 936227 1.2 8887.14 1.8 14778.8
1.3 | 47798.6 1.9 | 1044662 13 9458.76 1.9 16146.7
1.4 55747.7 116346
20 1.4 10253 20 17589.8

4.1.19.3 Results of different aspect ratios for Two laminates of CCSC plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.166
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where chsc — (chsch + KccscTZ + chscT3 + chscT4— + KccscTS) (463)

chscT6

Table 4.166 Buckling results of different aspect ratios for CCSC Splate with 90° 0°

arrangement

m=1 m=2
a ED K a EO
p=2 | uKeese 15 | 642927 B=1 b, Keese 1.5 28463
1 27358.5 1.6 | 734465 1 109437 16 | 251682
1.1 | 336235 1.7 83220 1.1 75623.8 1.7 | 232389

22278.7

1.2 | 40429.9 1.8 | 936227 1.2 54990.4 1.8
1.3 | 47798.6 1.9 | 1044662 1.3 42023.2 1.9 | 220275
1.4 | 55747.7 2.0 116346 1.4 33745.5 20 | 223105

4.1.19.4 Results of different aspect ratios for Three laminates of CCSC plate with
0°0°0° Arrangement.
A structure with different laminas was treated considering the layers in compression and

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.167

where

K — (chsch + chscTZ + chscTB + chscT4 + chscTS) (4 64)
cese chscT6 .
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Table 4.167 Buckling results of different aspect ratios for CCSC plate with 0° 0°0°

arrangement.
a Eo K a Ey
B= - p, feesc 15 -110520 B= o b, Kcesc 15 -478.195
1 -76867.8 1.6 -123170 1 -470.888 1.6 -512.886
1.1 -77605.5 1.7 -137109 1.1 -433.121 1.7 -553.01
1.2 -82314.5 1.8 -152241 1.2 -423.162 1.8 -597.789
1.3 -89775.1 1.9 -168503 1.3 -430.724 1.9 -646.709
1.4 -99308.7 2.0 -185853 1.4 -450.155 2.0 -699.425
Table 4.167.
m =3
a Eo
B=% D, Keese 1.5 | -29360.8
1 1040.89 1.6 | -33649.9
1.1 -7937 1.7 | -37882.8
1.2 -14635.9 1.8 -42125
-46416.3
1.3 -20104.1 1.9
1.4 -24906.7 2.0 -50780.6

4.1.19.5 The case of Two Combined CSSC with angles of 0°0°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.2.42
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Table 4.168 The Bending, Coupling and Membrane stiffness for the CSSC at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.19.6 The case of Two combined CSSC plate layer at angle 0°90°

The formulated values from the analysis when the laminates were positioned at the angles 0°
90° are as presented in Table 4.169

Table 4.169 The Bending, Coupling and Membrane stiffness for the CSSC plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J>=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
Js=0.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.19.7 Results of Three laminated Clamped Simple Simple Clamped Thick Plate

The case of Three Combined CSSC with angles of 0°0°0° - The formulated values from

the analysis when the layer orientation is 0° 0°0° are as presented in Table 4.170
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Table 4.170 The Bending, Coupling and Membrane stiffness for the CSSC plate with 0° 0° Q°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

4.1.19.8 The Buckling Values For The Case of CSSC Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter

three. Tables 4.171, 4.172, 4.173, 4.174 and 4.175 show the values of the unknown
parameters and the buckling Load equations , for the case of CSSC plate,
Table 4.171 The Coefficicents of The Formulated Parameters for the CSSC plate

P Ps3 P4 Ps Ps
-2.0786844 -0.3780362 -0.17041 0.38968325

Az Az Az As As
-2.0786844 A1 -0.3780362A1 -0.17041A 0.38968325A1

The Buckling Load Equation for CSSC at Orientattion of 0° 0°

Table 4.172 The Buckling Load Equation for CSSC plate Lamina 1

@=0° CSSC Kr—Values

KesseT1 KesseT2 KesseTs KesscTa Kesscs
10.1543982 | 729.896495 | -55.541141 0 0

Nx 28640.5754

Do
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Table 4.173 The Buckling Load Equation for CSSC plate Lamina 2

@ =0 CSSC Ky - Values

KesseT1 KesseT2 KesscTs KesscTa Kesscs
34.5877 119.871 26.3029

Nx 7563.24

Do

The Buckling Load Equation for CSSC at Orientattion of 0° 90°

Table 4.174 The Buckling Load Equation for CSSC plate Lamina 1

@ =0 CSSC Ky —Values

Kcssch KcsscTZ KcsscTS KcsscT4 KcsscTS
10.1543982 | 729.896495 | -55.541141

Nx 28640.5754

Do

Table 4.175 The Buckling Load Equation for CSSC plate Lamina 2

@ = 90" CSSC Kt — Values

KesseT1 KesseT2 KesseTs KesscTa Kesses
1.21089 97.9503 1297.48

Nx 58436.9

Do

The Buckling Load Equation for CSSC at Orientattion of 0° 0° 0°

Table 4.175 The Buckling Load Equation for CSSC plate Lamina 1

@ =0" CSSC Ky —Values
KesseT1 KesseT2 KesscTs KesscTa Kesses
-4.07233 -1019.87 -310.172
Nx -55820.7
Do

Table 4.175 The Buckling Load Equation for CSSC plate Lamina 2

@ =0 CSSC Kt —Values

Kcssch KcsscTZ KcsscT3 KcsscT4 KcsscTS
-2.82064 -3.9487 -2.44054

Nx -385.351

Do
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Table 4.176 The Buckling Load Equation for CSSC plate Lamina 3

@=0° CSSC  Kr—Values

KesseT1 KesseT2 KesscTs KesscTa Kesscs
-65.6511 -309.746 15.8055 0 0

Nx -15045.7

Do

4.1.19.9 Results of different aspect ratios for Two laminates of CSSC plate with 0°0°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.177

where

KcsscT1 + KcsscTZ + KcsscT3 + KcsscT4— + Kcs:scTS)

Keese = ( K
csscT6

(4.65)

Table 4.177 Buckling results of different aspect ratios for CSSC plate with 0° 0°

arrangement.
m=1 m=2

B=1 o Kesss. 15 | 70549.1 B=1 oL Kesss: 15 | 116296

1 | 28640.6 16 | 81004.2 1 7563.24 16 | 1286.6
1.1 | 35732.6 17 | 921954 11 7985.2 17 | 14107.1
12 | 434342 18 | 104135 1.2 8668.06 18 | 15465.1
13 | 51785.1 19 | 116831 1.3 9529.81 19 | 16896.9
14 | 608156 20 | 130292 1.4 10525.6 20 | 18400

4.1.20 Results of different aspect ratios for Two laminates of CSSC plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.178
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where Kesse

— (Kcssch + KcsscTZ + KcsscT3 + KcsscT4 + KCSSCTS) (466)
KcsscT6
Table 4.178 Buckling results of different aspect ratios for CSSC Splate with 90° 0°
arrangement
m=1 m=2
a Eo K a Eq
B=r | Do e 15 70549.1 B=1 D, Kessc 15 19247.1
1 28640.6 1.6 81004.2 1 58436.9 1.6 18196.5
1.1 35732.6 1.7 92195.4 1.1 41351 1.7 17882.4
1.2 | 434342 1.8 104135 1.2 31188.5 1.8 18100.8
18718
1.3 | 51785.1 1.9 | 116831 1.3 25042.1 1.9
1.4 | 60815.6 2.0 130292 1.4 21355.2 2.0 19644.4

4.1.21.1 Results of different aspect ratios for Three laminates of CSSC plate with
0°0°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.179

where

(4.67)

K _ (Kcssch + Kesserz + Kessers + Kessera + KcsscTS)
e Kessers
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Table 4.179a Buckling results of different aspect ratios for CSSC plate with 0° 0° 0°

arrangement

m=1 m=2
p=2 | porese 15 | -09458.1 p=2 - Kesse 15 | 509.696
1 | 558207 | | 16 | -112509 1 385,351 16 | -556.9
11 | 606201 | | 1.7 | -126662 11 387.024 17 | -608.823
12 | 678877 | | 18 | -141873 1.2 1494.298 18 | -665.002
13 | -76990 19 | -158117 13 432138 19 | -725461
14 | 875795 | | 20 | -175377 1.4 467.795 00 | -789.766
Table 4.179b

m =3

p=p | pkese | | 15 | -28356
1 -15045.7 1.6 -30612.9
1.1 -18439.9 1.7 -32848
1.2 | -212216 1.8 | -35061.8
1.3 | 237124 1.9 | -37249.8
14 | 260864 | |0 | -304055

4.1.20.2 Detailed Output For SSCC Thick Laminated Anisotropic Plate.

For different lamina combination for SSCC plate, the results of the analysis are as detailed in
this section.

4.1.20.3 The case of Two Combined SSCC with angles of 0° 0°
The results from the analysis when the laminates were positioned at the angles 0° 0° are as
presented in Table 4.180
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Table 4.180 The Bending, Coupling and Membrane stiffness for the SSCC at 0° 0° angle

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J2=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
J4=0.53333

Lamina, m=2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.20.4 The case of Two combined SSCC plate layer at angle 0°90°

The formulated values from the analysis when the laminates were positioned at the angles 0°

90° are as presented in Table 4.181

Table 4.181 The Bending, Coupling and Membrane stiffness for the SSCC plate with 0° 90°

Lamina, m=1

J1=0.08333 Jc1=-0.125

Bending J>=10.06667 Coupling Jc2=-0.20833 Membrane Ju=1
J3=0.05397 Jca= 0.6666
Js=0.53333

Lamina, m =2

J1=0.08333 Jc1=0.125

Bending J2=10.06667 Coupling Jc2=0.20833 Membrane, Ju=1
J3=0.05397 Jc3=0.66667
J4=0.53333

4.1.20.5 Results of Three laminated Simple Simple Clamped Clamped Thick Plate

The case of Three Combined SSCC with angles of 0°0°0° The formulated values from

the analysis when the layer orientation is 0° 0°0° are as presented in Table 4.182
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Table 4.182 The Bending, Coupling and Membrane stiffness for the SSCC plate with 0° 0° Q°

Lamina, m=1

J1=-0.12037 Jc1=-0.33333
Bending J2=-0.09547 Coupling Jc2=-0.2716 Membrane Jv=-1
J3=-0.07653 Jc3=-0.51852
J4=-0.3358
Lamina, m=2
J1=-0.00926 Jc1=0.0000
Bending J2=-0.00905 Coupling Jc2=0.0000 Membrane, Jv =-1.0002
J3=-0.00885 Jc3=-0.96298
Js=-0.92841
Lamina, m =3
J1=-0.12037 Jc1=0.3333
Bending J2=-0.09547 Coupling Jc2=0.2716 Membrane Jv=-0.9999
J3=-0.07653 Jcs=-0.51851
J4=-0.33579

4.1.20.6 The Buckling Values For The Case of SSCC Plate

As ealier explained, the lengthy mathematical expressions formulated were further collapsed
into smaller fractions yielding the coefficients, which were considered as the unknown
parameters. These were derived using the guass elimination method as expalained in chapter

three. Tables 4.183, 4.184, 4.185, 4.186 and 4.187

parameters and the buckling Load equations , for the case of SSCC plate,

Table 4.183 The Coefficicents of The Formulated Parameters for the SSCC plate

show the values of the unknown

P> P3 Pa Ps Ps
-1.1551685 17.1064216 0.0291 0.09542725
Ao As Ay As As
-1.1551685A1 17.1064216A1 0.0291A: 0.09542725 A1

The Buckling Load Equation for SSCC at Orientattion of 0° Q°

Table 4.184 The Buckling Load Equation for SSCC plate Lamina 1

@ =0 SSCC Ky - Values

KsseeT1 KsseeT2 KsseeTs KssceT4 Kissees
19.1395653 | 11.4850383 | 864.30001 0 0

Nx 37444.5445

Do
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Table 4.185 The Buckling Load Equation for SSCC plate Lamina 2

@ =0° SSCC Ky - Values

KsseeTt KssceT2 KssceTs KssceTs Kissees
28.362 176.288 204.285

Nx 17110.2

Do

The Buckling Load Equation for SSCC at Orientattion of 0° 90°

Table 4.186 The Buckling Load Equation for SSCC plate Lamina 1

@ =0° SSCC Kt - Values
Ksscch KssccTZ KssccTS KssccT4 KssccTS
19.1395653 | 11.4850383 | 864.30001
Nx 374445445
Do

Table 4.187 The Buckling Load Equation for SSCC plate Lamina 2

@ =90° SSCC Ky — Values

KsseeT1 KsseeT2 KssceTs KssceT4 Kissces
3.31589 934.152 39078

Nx 1674286

Do

The Buckling Load Equation for SSCC at Orientattion of 0° 0° Q°

Table 4.188 The Buckling Load Equation for SSCC plate Lamina 1

@ =0° SSCC Ky —Values

KsseeT1 KssceT2 KssceTs KssceTa Kissees
-28.6657 983.767 296.705

Nx 52376.8

Do

Table 4.189 The Buckling Load Equation for SSCC plate Lamina 2

@ =0° SSCC K- Values

Ksscch KssccTZ KssccT3 KssccT4 KssccTS
-0.11112 -11.4138 -4.47733

Nx -669.551

Do




Table 4.190 The Buckling Load Equation for SSCC plate Lamina 3

@ =0Q° SSCC Ky —Values

KsseeTt KssceT2 KssceTs KssceTs Kissees
-46.6296 -483.342 866.602 0 0

Nx 14085

Do

4.1.20.7 Results of different aspect ratios for Two laminates of SSCC plate with 0°0°
Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.191

where

(4.68)

KssccT1 + KssccTZ + KssccT3 + KssccT4 + KssccTS)

Kssee = ( K
ssccT6

Table 4.191 Buckling results of different aspect ratios for SSCC plate with 0° 0° arrangement

m=1 m=2
a ED a EO
B=1 D, Ksscc 1.5 -34690.8 B=1 D, Ksscc 1.5 1268.94
1 374445 1.6 | -58124.3 1 17110.2 1.6 | -4651.51
1.1 27349.5 1.7 -85498.8 1.1 14093.6 1.7 -12375.8
1.2 | 15657.2 1.8 -117093 1.2 11611.2 1.8 -22156.6
13 | 1765.89 1.9 -153131 13 8991.57 1.9 -34198.1
14 | -14860.9 20 -193790 1.4 5692.99 20 -48662.7

4.1.20.8 Results of different aspect ratios for Two laminates of SSCC plate with 0°
90° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.192

where

— (Ksscch + KssccTZ + KssccT3 + KssccT4 + KssccTS) (4 69)

Ksscc K
ssccT6
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Table 4.192 Buckling results of different aspect ratios for SSCC Splate with 90° 0°

arrangement
m=1 m=2
B= % i Kesss 15 | -34690.8 B = % oL Kessse 15 | 3769.69
1 | 374445 16 | -58124.3 1 1674286 16 | 915157
11 | 273495 17 | -85498.8 1.1 -308891 17 | 1271717
1.2 | 15657.2 1.8 | -117093 1.2 -77946.5 1.8 | 156308
1.3 | 1765.89 19 | -153131 1.3 -25521.3 19 | 18207.8
14 | -14860.9 20 | -193790 14 -5693.87 20 | 20749.9

4.1.20.9 Results of different aspect ratios for Three laminates of SSCC plate with
0°0°0° Arrangement.

On introduction of different aspect ratios, which ranges from 1 to 2 with arithmetic increase of
0.1, gave the results as detailed in Table 4.193

where

K _ (Ksscch + Ksscerz + Ksseers + Ksseera + KSSCCTS)
o5 Ksscete

(4.70)
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Table 4.193a Buckling results of different aspect ratios for SSCC plate with 0° 0° 0°

arrangement
m=1 m=2
a Eo a Eo
B=1 D, Kessse 1.5 19745.8 B=1 D, Kessse 1.5 -439.902
1 48276.5 1.6 22022.7 1 -348.774 1.6 -477.626
1.1 36856.6 1.7 26562.2 1.1 -346.249 1.7 -564.481
1.2 28289.7 1.8 33216.1 1.2 -357.805 1.8 -564.481
1.3 22685.1 1.9 41857.4 1.3 -378.798 1.9 -613.013
1.4 19902.5 2.0 52376.8 1.4 -406.66 2.0 -664.707
Table 4.193b.
m =3
a Eo
B=% D, Kessse 1.5 | -19469.3
1 14085 1.6 | -10351.8
1.1 -4038.47 1.7 | 4115.39
1.2 -15893.8 1.8 | 24130.5
1.3 -2223.5 1.9 | 49892.8
81583.9
1.4 -23402.7 2.0

4.2 Discussions of Results

The work done in this project is large enough and elaborate to accomadate other plate
conditions and different angle orientatations which were not treated in the work. The
developed computer programes also, is very flexible and can handle plate structure of any
number of layers or laminas. In each case of plate treated, the same buckling load equation
were applied in deriving their various coefficients. It was observed that values derived by

substitutitng the 3™ order stiffness coefficients are very similar to those gotten using 2" and
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4™ stiffness coefficients as in the case of Ritz and Garlerkin. From the direct and general
variation, the formulated four compatible equation were resolved using Guass elimination
method. The gauss soluuons provided the P-values, which were used to calculate the various
Buckling Coefficients. The iteration processes continued repeatedly for ech lamina or layer up

to the laminate.
4.2.1 Stiffness Coefficients

Three major stiffness were formulated in the course of the work. They include bending
stiffness, coupling stiffness and axil stiffness. Theaxial stiffness is sometimes knowns as
membrane stiffness. The derived strain energy equation can be grouped categorically under
these three stifnesses or as a function of the engineering properties which includes

(w, uo, v, @ , @y). These properties are either out of plane displacement, middle layer inplane

displacement or shear rotation.
4.2.2 Derivation of The Various Stiffnesses

From the mathematical expression, it was observed that some of the coefficients have values
like S? or H? other have S or H and the rest have neither S nor H. A close look shows that the
first category with S? or H? are multiplying either w.w or @. @ while the second category with S
or H is either multiplying w.u or w.v and final categories which have neither S nor H. They
just possess either u,, v, oru,.v, Vvalues. The first category is considered the bending
stiffness, while the the second and the third are called the coupling and axial stiffness

respectively.
4.2.3 Derivation of The Compatibility Equation

The total Potential Energy, which is the sum of the Strain Energy andwork done by external
Load applied was differentiated at five different stages. The first stage was with respect to the
amplitude otherwise known as the Governing Equation. Secondly it was differentiated with the
second amplitude A2 while the third and forth compatibility equations were derived using As
and As respectively. The stages involved in the formulation of the four equations were solved

using Gauss elimination method as detailed in chapter 3.
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4.2.4 Ilteration Process For the SSSS Laminated Thick Plate

The First Laminated thick SSSS plate considered, has 0°, 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.
425 Iteration Process for The CCCC Laminated Thick Plate

The First Laminated thick CCCC plate considered, has 0° 0° arrangement other shape
orientation 90° 0°, 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0 ° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.

4.2.6 Iteration Process for The CSCS Laminated Thick Plate

The First Laminated thick CSCS plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of

inclination. Also the values of the buckling coefficients were significantly ultered when the
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values of the angle were changed. The angles considered are 0 ° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase as already demonstrated.

4.2.7 Iteration Process for The CSSS Laminated Thick Plate

The First Laminated thick CSSS plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase as shown in the tables.

4.2.8 Iteration Process for The SCCS Laminated Thick Plate

The First Laminated thick SCCS plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.
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4.2.9 Iteration Process for The SCSC Laminated Thick Plate

The First Laminated thick SCSC plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.

4.2.10 Iteration Process for The SSCS Laminated Thick Plate

The First Laminated thick SSCS plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.

4211 Iteration Process for The SCCC Laminated Thick Plate

The First Laminated thick SCCC plate considered, has 0° 0° arrangement other shape
orientation 90° 0°, 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0 ° and 90° . The entire process
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was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.

4.2.12 Iteration Process for The CCCS Laminated Thick Plate

The First Laminated thick CCCS plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.

4.2.13 Iteration Process for The SSSC Laminated Thick Plate

The First Laminated thick SSSC plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.
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4.2.14 Iteration Process for The CCSC Laminated Thick Plate

The First Laminated thick CCSC plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.

4.2.15 Iteration Process for The CSSC Laminated Thick Plate

The First Laminated thick CSSC plate considered, has 0° 0° arrangement other shape
orientation 90° 0° , 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0° and 90° . The entire process
was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.

4.2.16 Iteration Process for The SSCC Laminated Thick Plate

The First Laminated thick SSCC plate considered, has 0° 0° arrangement other shape
orientation 90° 0°, 0° 90° 0° and 0° 0° 0° were considered. On the introduction of the shear
Modulus, Elastic Modulus and Elastic Modulus tangible changes were observed when the
number of the laminas were increased, thereby increasing the number of the angles of
inclination. Also the values of the buckling coefficients were significantly ultered when the
values of the angle were changed. The angles considered are 0 ° and 90° . The entire process
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was programmed to iterate up to the number of the Laminates. For the case of 2 Lamintes, the
programme authomatically iterated twice and more, when the angle of inclination is ultered.
For the case of 3 Laminates, the programmes iterates thrice and more, when the values of
the angles are changed. Also on introduction of different aspect ratio, the buckling Equation

shows remarkable arithemetic increase.
4.3 Comparison of the Present Work with Previuos Establishment

Using Equation (4.71) results from the present work were compared with those from existing
literature, it was discovered that the derived values gotten from this present research were in
good agreement with the previous. The percentage differences were very infitestimal and in

some cases almost the same.

Percentage Difference = (@ X 100%) (4.71)
pr

where

Vo and V,,, are Present and Previous study respectively.

Table 4.2.70 shows the comparison the stiffness coefficients generated from the present work
(Third order principle) with those from previous work. The previous work were done based

on Ritz and Garlekin approach.

277



Table 4.194: Comparison of Third order stiffeness with those from previous work done using
Ritz and Garlekin approach for the cases of CSCS and CCCS thick laminated

anisotropic plates .

Period Plate Stiffeness Period Plate Stiffness
ki =0.00762 ki1 =0.007612
Present CSCS k2 = 0.009252 Previous CSCS ko =0.00925
k 3= 0.03937 ks =0.03937
ki = 0.002857 k1 = 0.002856
Present CCCS ko =0.0016327 Previous CCCS k. = 0. 001633
ks =0.0060317 ks =0.00603
Percentage | ki 0.053% Percentage | ki 0.033%
Diff. for ko 0.001% Diff. for k2 0.0012%
CSCS ks 0.0363% CSSS k3 0.0298

Table 4.195: Comparison of Third order stiffeness with those from previous work done using
Ritz and Garlekin approach for the cases of CCCC and CCSS thick laminated
anisotropic plates .

Period Plate Stiffeness Period Plate Stiffness
ki1=0.00127 k1 =0.00195
Present CCCC k2 =0.00036 Previous CCCC | k2= 0.003600
ks =0.00127 ks =0.00127
ki=0.013572 k1 =0.013566
Present CCSS ko = 0.007347 Previous CCSS ko= 0.007346
ks =0.013572 ks= 0.013571
Percentage | ki 0.02% Percentage | ki 0.0441%
Diff. for k2 0.001% Diff. for ko 0.0091%
CCCC ks 0.063% CCSS ks 0.0081%

The various buckling loads were detailed in Table 4.2.70 and compared with previous
researchers. The values derived from the works of Megson (2010), Chajes (1794) were
achieved using 2" and 4" order functional. The work of Ventsel & Krauthermmer (2001) also
showed great similarity both in their stiffnesses and buckling load. For the cases of SCSC and
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CSSS thick laminated anisotropic plates. The consideration was done for different intervals of
the aspect as shown in Table 4.2.70 and Table 4.2.71. The thick laminated anisotropic plates
were considered to be in angle orientation of 0° 0°-

Table 4.196: Comparison of Buckling Loads results from previous works done using

Ritz and Garlekin approach, with the results from this present work for the
case of CSSS thick laminated anisotropic plates.

Aspect (Previous Study) % Diff.

Ratios Present Study Ventse |1& Present and

(p = b/a) Krauthermmer Previous work
(2001),

1 21909.79 21909.85 -0.00028
1.1 27498.82 27498.73 0.000329
1.6 62484.22 62483.25 0.001547
1.9 89555.81 89554.27 0.001723

2 99612.99 99612.6 0.000392
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Table 4.197: Comparison of Buckling Loads results from previous works done using
Ritz and Garlekin approach, with the results from this present work for the
case of SCSC thick laminated anisotropic plates.

Aspect (Previous Study) % Diff.

Ratios Present Study Ventse |1& Present and

(p = b/a) Krauthermmer Previous work
(2001),

1 26072.3 26072.23 -0.00028
1.1 31584.2 31584.1 0.000329
1.6 74406 74405.76 0.001547
1.9 92752.8 92751.2 0.001723

2 102727 102726.6 0.000392
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CHAPTERS5
CONCLUSIONS AND RECOMMEDATIONS
5.1 Conclusions

The shape functions of the various plates were formulated. This made it possible to know the
various stiffness coefficients of all the plate elements. The kinematic relation were derived,
together with stress — strain relation. The formulation of the above mention parameters
contributed immensely in the determination of strain Energy of Thick a laminated plate. The
strain was transformed from global to local coordinate system and also the relationship
between strain vector and the strain tensor was established. The strain energy was categorized
in to 3 stiffness namely Bending stiffness Ug, Coupling stiffness, Uc and Membrane / Axial
stiffness, Um. These values of strain energy were differentiated to obtain the equation of
equilibrium of forces. The total potential functional of thick rectangular anisotropic plate was
derived by adding the differential values of strain Energy and the external work done on the
plate .From the various process adopted in the course of the work the following conclusion

can be drawn from the entire research work.

(i)  The strain equations of the thick laminated anisotropic plates was formulated .

(i)  The stress equation of the thick laminated anisotropic plates was derived.

(if) The Stress-Strain Relation for a lamina of the thick laminated plates were determined
and translated from Local coordinate to Global coordinate system.

(iv) The Strain Energy, Total Potential Energy functional and Governing Equation of
Equilibrium were obtained by minimizing the Total Potential Energy for a thick
laminated rectangular anisotropic plate

(v) The numerical analysis of thick laminated Anisotropic plate was conducted

considering different edge/boundary orientations.

5.2 Recommendations

The following recommendations were made:

i. More research work on laminated thick plate should be carried out to determine free

vibration analysis.
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ii. Other researchers should carry out further investigation on pure bending analysis of thick
plate

iii. Third other energy functional should be adopted in carry out research on laminated case of
thin plate element

iv. .Gauss Elimination Program developed can be used in resolving high engineering

problems.

5.3 Contributions To Knowledge
This research work “Stability Analysis of Thick Laminated anisotropic plate using third other

energy Functional” has contribution in the following knowledge :

i.  The research work has created platform for the resolution of thin plate and other thick

plates using third order energy functional.

The research work clearly shows the different results of the Strain Energy when the dealing
with thick anisotropic plate, in terms of Bending, Coupling and Axial Stiffness

mathematically as:

abt

U= T(G S)B + (G. S)C + (G. S)M dR dQ ds (51)

where Strain Energy for case of Bending Stiffness, Uy is

Eot3 2w\’ 9w 0 3*w 0 3.\
_ B ([s2(2) _apslW D yg OW O ge (90
[1 — I.lxyl.lyx] aRz aRZ aR aRZ aR aR

2B S? 9w 9%*w aHS 8%w 06, aHSd*w 6¢X+a2H2 a9, 09,
12\B2°9R2°0Q%2 B "9R2°9Q PB? 4Q? AR B " 0Q dR
28 2S% 9*w 9*w aHSd*w 09, Hsazw 09, 2aHS 0?w 09,

13 B 0RGQ ORZ B ORZ 9Q ~ °BRZ OR B ORAQ IR

a’H? 0, 09, , , 90y 3¢,
B R aQ "7 3R AR

B S2 /92w\® aHS 9%w 6¢y aHS 92w 6(|>y a?H?2 6¢y 2
T TR O QB aQr aQ T B \aQ
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2B (252 0?w azw_aSH a0, 62W_aSH a¢y 62W_ 2aHS 0%*w 6¢y
2\ B3 0ROQ 4Q% B3 "0Q 9Q* P2 OR 9Q%2 B2 ARAQ 4Q
a’H? d¢, a¢y+a2H2 6¢y 6¢y>
B2 "9Q 9Q = B AR aQ

+B g(azw)z_zaHs 9®w 9, 2aHS 9°w  Ody
33\ g2 \oraQ B2 "ARAQ " 4Q B "ARAQ AR

2
‘B, <_2aHS 9*w 9, a’H? <a¢x> +a2H26¢y a¢x)

B2 araQ 9Q © p2 \aqQ B 3R 9Q
2aHS 9w 00, aZH? 3¢, 09, 99,\*
+B33 <— 5 9R9Q R + 530 3R +a2H2<ﬁ> (5.2)

also for the case of Coupling Stiffness, Uc is given as

E,t3 a 0’w duo_l_a2 du, d¢, aS d*w duo_l_a2 96, dug
[1— pxypyxla® "\ t70R2°dR 't dR'OR t OR2°AR t AR dR

2B ——S. . . - — . . .
+ 12( tBS dR2 6Q+ tp 9Q AR  tB2 9Q>2 aR T tp ~0Q dR
+ 2B, _isazwlduo _3502W_dVo+a2H dug .a¢x aszvo.ad)X
tB OR? 0Q t 0R? dR t BAQ OR t dR 0R
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tB 9RAQ dR = tB dQ dR ' tB AR dR

a  0°w dvy a’Hdv, 09,  aS d%w du, a%H 99, duo)
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~ tB2'9RIQ 9Q tB 'ORAQ dR

tpZ 9Q 9Q ' tB dR 9Q
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B 2aS 9*w dv, N a’H 99, dv, +a2Ha¢y dv,
3\ tBORAQ AR tp 0Q dR t AR dR

finally for Axial/Membrane Stiffness, Um is expressed as
Eot3 2 rdug)’ 2 dug d
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ii.  Thisresearch has produced mathematical expression of thick plate as
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and for the strain of Thick Laminated Anisotropic Plate while for the stress as

(ﬂ_éaz_w tH %)
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Based on the constitutive relationship developed, the total potential energy was
formulated in the course of the work mathematically as
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derived other thick plate properties.
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The computer program developed in the course of the work can be used to further



iv. This research has developed excel program for resolving higher equations involving
Gauss Elimination method .

v.  The research has added to the literature, in the area of thick plate analysis
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