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ABSTRACT

New deterministic models that assess the impact of treatment, condom use, vaccination, vaccine-
induced cross-immunity and co-infection with tuberculosis (TB) on the transmission dynamics
of human papillomavirus (HPV), are designed and rigorously analyzed. The treatment model
includes new compartments for infected females and males treated of HPV symptoms and al-
lows for disease transmission by individuals treated of HPV symptoms. The two-strain model
incorporates the dynamics of cross-immunity due to vaccination (n; # 0, 1, # 0), while some of
the new features of the HPV-TB co-infection model include the dynamics of homogeneous trans-
mission of HPV (& # 0,&, # 0), as well as new compartments for individuals dually infected
with HPV and latent(active) TB. The models are shown to exhibit the phenomenon of backward
bifurcation when the associated reproduction numbers are less than unity. Numerical simulations
of the treatment model reveal that the impact of treatment on effective control of the disease is
conditional and depends on the sign of a certain threshold. Furthermore, if condom compliance
by males is 70%, then a female vaccine with 45% efficacy is sufficient for effective control of the
HPV in a population. Analyses on the two-strain model reveal that vaccination for one strain
could lead to significant decrease in the strain not included in the vaccine, while simulations of
the co-infection model show that TB-only treatment strategy could significantly bring down the

burden of the co-infection of both HPV and TB in a population.

Keywords: HPV, Treatment, Strains, Co-infection, Stability, Simulations.
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Chapter 1

Introduction

1.1 Background information

The Human Papilloma Virus (HPV) infection is among the most common sexually transmitted
infections (STIs) worldwide (Baseman and Koutsky, 2005; Foreman et al., 2012). There are
about 200 HPV types, which are classified into high and low risks HPV, based on their oncogenic
potentials (Ault, 2007; Ahmed et al., 2015). Low risk types include types -6, -11, -42, -43, and
-44 while types -16, -18, -31, -33, -35, -39, -45, -51, -52, -56, -58, -59, -68, -73 and -82 form the
high risk HPV types (Ahmed et al., 2015; Kumar et al., 2007). Human Papilloma Virus types
(HPV)-16 and -18 are the most common high-risk types and are responsible for the about 70% of
global cervical cancer cases. Overall, HPV-16 is the most prevalent type, found in about 54% of
cervical cancer cases, and HPV-18 is the second most prominent (Ault, 2007; Smith et al., 2007).
Other oncogenic HPV types cause the remaining cancers. Particularly, HPV-45 and -31, being
the third and the fourth most prevalent types, are responsible for approximately 10% of cervical
cancer cases. Generally, the four HPV types, HPV-16, -18, -45, and -31 all together account for
80% of global cervical cancer cases (Smith et al., 2007; Munoz et al., 2004). The global prevalence
of HPV infection is around 11-12%. There is a regional variation in this prevalence around the
world, with prevalence highest in Sub-Saharan Africa (24%), Eastern Europe (21%) and Latin
America (16%). In Particular, high prevalence is observed in Eastern Africa and the Carribean,
where rates exceed 30% (Baseman and Koutsky, 2005; Foreman et al., 2012). Cancer is the
major cause of death in developed countries and the second leading cause of death in developing

countries (Jemal et al., 2011). Approximately 80% of global cancer cases are attributed to the



oncogenic Human Papilloma Virus (HPV) (Ahmed, et al., 2015). Human Papilloma Virus (HPV)
infection is responsible for approximately 270,000 cervical cancer deaths and roughly 97,000 cases
of other deaths (e.g. anal, oropharyngeal) globally every year (Tota et al., 2011; Murall et al.,
2014). Presently in Nigeria, estimates indicate that every year, 14,943 women are diagnosed with
cervical cancer and 10,403 die from the disease (Human Papilloma Virus and Related Cancers,
Nigeria summary report, Fact Sheet 2018).

HPV transmission occurs most frequently with sexual intercourse but can occur following
non-penetrative sexual activity. Genital HPV infection also may be transmitted by nonsexual
routes (from a woman to a newborn infant at the time of birth) (Saslow et al., 2012). .Most HPV
infections are asymptomatic and result in no clinical symptoms. Clinical manifestations of HPV
infection include genital warts, recurrent respiratory papillomatosis, cervical cancer precursors
(cervical intraepithelial neoplasia), and cancers, including cervical, anal, vaginal, vulva, penile
cancer as well as cancer of the mouth or throat (Saslow et al., 2012). Genital warts appear
as flesh-coloured, round bumps of varying sizes. Warts do not cause any symptoms, although
the warts can bleed and become painful with intercourse if they are located within the vagina
(for women). HPV transmission can be reduced through the use of condom. Recent studies
demonstrated a significant reduction among young women after initiation of sexual activity when
their partners used condoms consistently and correctly (Winer et al., 2006). Abstaining from
sexual activity (i.e. refraining from any genital contact with another individual) is the surest
way to prevent genital HPV infection. For those who chose to be sexually active, a monogamous
relationship with an uninfected partner is the strategy most likely to prevent future genital HPV
infections (Winer et al., 2003). There are currently three major anti-HPV vaccines: the bivalent
Cervariz vaccine (which targets HPV-16 and -18), the quadrivalent Gardasil 4 vaccine (which
targets the oncogenic HPV types -16 and -18 and the warts causing HPV types -6 and -11) and
the recently introduced nonavalent Gardasil 9 vaccine (which targets the high risk HPV types
-16, -18, -31, -33, 45, -52, and -58 and the low risk HPV types -6 and -11) (van Damme et al.,
2016). The Gardasil 4 and Gardasil 9 vaccines are approved for both females and males while
the Cervariz vaccine is only approved for females (Public Health Agency of Canada, 2010; Public
Health Agency of Canada, 2007; World Health Organization, 2009; Alsaleh and Gumel, 2014b).
There are no specific treatment for HPV infection. Medical management depends on treatment

of the specific clinical manifestation of the infection (such as genital warts or abnormal cervical



cell cytology) (Saslow et al., 2012). The goal of treatment is to remove visible warts and decrease
the risk of spreading the virus.

Tuberculosis (TB) caused by Mycobacterium tuberculosis (MTB), continues to remain a major
cause of global mortality and morbidity, even though it is curable and preventable (Yang et al.,
2015; Zhu et al., 2017). Tuberculosis is spread through the air when people who have active TB
in their lungs cough, spit, speak, or sneeze. People with latent TB do not spread the disease.
Active infection occurs more often in people with immune suppresion, due to infection with other
diseases like AIDS, cancer, etc and in those who smoke. The classic symptoms of active TB
are a chronic cough with blood-containing mucus, fever, night sweats, and weight loss. It was
historically called ”consumption” due to the weight loss. Infection of other organs can cause a
wide range of symptoms. Diagnosis of active TB is based on chest X-rays, as well as microscopic
examination and culture of body fluids. Diagnosis of latent TB relies on the tuberculin skin test
(TST) or blood tests. Treatment requires the use of multiple antibiotics over a long period of time.
Antibiotic resistance is a growing problem with increasing rates of multiple drug-resistant tuber-
culosis (MDR-TB) and extensively drug-resistant tuberculosis (XDR-TB). A number of factors
make people more susceptible to TB infections. The most important risk factor globally is HIV;
13% of all people with TB are infected by the virus. This is a particular problem in sub-Saharan
Africa, where rates of HIV are high. Of people without HIV who are infected with tuberculosis,
about 5-10% develop active disease during their lifetimes;(Gibson et al., 2005) in contrast, 30%
of those coinfected with HIV develop the active disease (Gibson et al., 2005). Tuberculosis is
closely linked to both overcrowding and malnutrition, making it one of the principal diseases of
poverty (Lawn and Zumla, 2011). Those at high risk thus include: people who inject illicit drugs,
inhabitants and employees of locales where vulnerable people gather (e.g. prisons and homeless
shelters), medically underprivileged and resource-poor communities, high-risk ethnic minorities,
children in close contact with high-risk category patients, and health-care providers serving these
patients (Griffit and Kerr, 1996). Tuberculosis prevention and control efforts rely primarily on
the vaccination of infants and the detection and appropriate treatment of active cases (Lawn and
Zumla, 2011). The World Health Organization (WHO) has achieved some success with improved
treatment regimens, and a small decrease in case numbers (Lawn and Zumla, 2011). The only
available vaccine as of 2011 is Bacillus Calmette-Guérin (BCG) (McShane, 2011). In children it

decreases the risk of getting the infection by 20% and the risk of infection turning into active



disease by nearly 60% (Roy et al., 2014). It is the most widely used vaccine worldwide, with more
than 90% of all children being vaccinated (Lawn and Zumla, 2011). The immunity it induces

decreases after about ten years (Lawn and Zumla, 2011).

1.2 Problem Statement

Human Papilloma Virus (HPV) infection is responsible for almost all cancer cases worldwide.
Presently in Nigeria, estimates indicate that every year, a good number of women are diagnosed
with cervical cancer and many die from the disease. Despite the threat to life posed by Human
Papilloma Virus (HPV) and its contribution in the development of cancers, no mathematical
models have been formulated to assess the impact of treatment, condom use, vaccine-derived

cross-immunity and co-infection with tuberculosis, on the management and control of the disease.

1.3 Objectives of Study

The general objective of this dissertation is to develop deterministic mathematical mod-
els for Human Papilloma Virus (HPV) transmission dynamics that will provide epidemiological
and medical insights to current open questions (that is, to assess the impact of condom use
and treatment, vaccine-derived cross-immunity and co-infection with tuberculosis, on the general
transmission dynamics and control of Human papilloma Virus in a population).

The specific objectives of the study are as follows:

i. To establish the basic properties of the developed models (that is, positivity and boundedness

of the solutions of the developed models).

ii. Determine the existence of the equilibrium points of the formulated models (disease-free

equilibrium and endemic equilibrium points).

iii. To establish the global asymptotic stability of the equilibrium points using the Lyapunov

function method.

iv. To carry out numerical simulations & global sensitivity analyses of the models, using relevant

data.



v. To provide robust public health control strategies for HPV management from the qualitative

& quantitative results of the formulated models.

1.4 Justification of study

Approximately 80% of global cancer cases are attributed to the oncogenic Human Papilloma Virus
(HPV), and many are dying as a result of the disease. Hence, it is very appropriate to develop
mathematical models that can proffer ways of eliminating or reducing the burden of the disease,
as well as assessing the impact of HPV symptoms treatment, condom-use, vaccine derived cross-

immunity and co-infection with tuberculosis on the control and management of HPV infections.

1.5 Scope of study

We shall use mathematical models to examine impact of treatment, condom use and vaccination
on the transmission dynamics of human papilloma virus (HPV). We shall examine a case where
individuals treated of HPV symptoms can still transmit infections. We shall also consider the
co-infection of human papilloma virus and tuberculosis (TB) in a population where dually infected
individuals can transmit either HPV or TB but not the mixed infection. In the co-infection model,
we assume that transmission of HPV can occur between homosexuals. We want to examine a case

where TB treatment is easily available, and clearing of HPV infection can only occur naturally.



Chapter 2

Literature Review

2.1 Conceptual Literature

Epidemiological reports have shown interactions among HPV types (Thomas et al., 2000). Liaw
et al. (2001) pointed out that women could be susceptible to subsequent infections upon recovery
from an initial infection with HPV type, although there may be a reduced risk of getting infected
with the same strain (Ho et al., 2002). Studies have recently pointed out that HPV vaccines
offer cross-protection against strains that are related (Ault, 2007; de Villers et al., 2004; Jemal et
al., 2011). Vaccination against one strain of HPV can confer some cross-protection against other
HPV infections (Ault, 2007; de Villers et al., 2004). Ho et al (2002) observed that vulnerability
to subsequent infection with some HPV types could be reduced by antibodies against other HPV
types. Moreover, Ault et al. (2007) observed that the bivalent Cervariz HPV vaccine which
protects primarily against HPV types 16/18, could induce “cross-protection against incident and
persistent infection with HPV types 31/45”. Harari et al. (2016) reported “partial cross-protection
by the bivalent human papillomavirus (HPV) vaccine, which targets HPV-16 and HPV-18, against
HPV-31, -33, and -45 infection...”. These claims were strongly supported by recent findings
carried out in Scotland (Kavanagh et al., 2017) and the Netherlands (Woestenberg et al., 2018).
There are currently three major anti-HPV vaccines: the bivalent Cervariz vaccine (which targets
HPV-16 and -18), the quadrivalent Gardasil vaccine (which targets the oncogenic HPV types -16
and -18 and the warts causing HPV types -6 and -11) and the recently introduced nonavalent
Gardasil 9 vaccine (which targets the high risk HPV types -16, -18, -31, -33, 45, -52, and -

58 and the low risk HPV types -6 and -11) (van Damme et al., 2016). The newly developed



nonavalent Gardasil 9 HPV vaccine, though very effective, may likely be too expensive for poor
and developing countries, where cervical cancer continues to remain a major cause of female
mortality, and as such the poorest countries may not easily afford it (Brotherton, 2017; Clendinen
et al., 2016). Although the costs of the quadrivalent Gardasil vaccine and the bivalent Cervariz
vaccine do not differ much, the “higher cross-protection potential of the bivalent vaccine gives it
preference over the quadrivalent vaccine” (Bornstein, 2010). The cross-protection offered by the
bivalent Cervariz vaccine proves to be effective and lasting in women (Brotherton, 2017). Kudo
et al. (2018) confirmed this thus: “The bivalent HPV vaccine is highly effective against HPV 16
and 18. Furthermore, significant cross-protection against HPV 31, 45, and 52 was demonstrated
and sustained up to 6 years after vaccination. These findings should reassure politicians about
the vaccine effectiveness (VE) of bivalent HPV vaccine in a Japanese population”. Therefore,
the bivalent vaccine’s role in the global fight against cervical cancer can not be underestimated
(Brotherton, 2017).

Reports indicate that anal HPV infection is more prevalent among men who have sex with men
(MSM) than heterosexual men (MSW), and that anal HPV prevalence rates could be much higher
in MSM compared to MSW (Nyitray et al., 2011; Goldstone et al., 2011). Clinical data strongly
support the claim that HPV infections are common among women who have sex with women
(WSW) (Marrazzo et al., 1998; Marrazzo et al., 2001; Gorgos and Marrazzo, 2011). Although
only a few people (about five to ten percent) infected with tuberculosis develop the active TB in
their lifetime (Zhu et al., 2017), estimates indicate that tuberculosis has infected more than thirty
percent of the world’s population, with prevalence highest in Africa and Asia (WHO, 2016). Zetola
et al. (2015) reported most patients with cervical cancer usually record prior TB infection. Zhao
et al. (2011) pointed out that TB infection is linked with increased vulnerability to infection with
oncogenic HPV. TB and cancer usually co-exist, according to epidemiological reports, and the
immune suppression caused by cancer or its treatment could bring about the reactivation of latent
TB infections (Zetola et al., 2015). Also, “chronic inflammation due to persistent gynecologic TB
infection might be a contributing factor in the development of cervical cancer” (Zhao et al., 2011;

Zetola et al., 2015).



2.2 Related Literature

Several mathematical models have been developed to analyze interactions among strains of dif-
ferent disease types (Agusto and Gumel, 2013; Alsaleh and Gumel, 2014b; Elbasha and Galvani,
2005; Elbasha et al., 2008; Esteva et al., 2009; Gumel, 2009; Garba and Gumel, 2010; Okuonghae
et al., 2015). Gumel (2008) discussed the global dynamics of two strains of avian Influenza model,
incorporating the dynamics of both wild and domestic birds and the isolation of individuals with
symptoms of both the avian and mutant strains. He showed that the isolation of individuals
with the avian strain is more beneficial than isolating those with the mutant strain. Esteva et
al. (2009) developed and rigorously analyzed a deterministic mathematical model for the dy-
namics of wild and drug resistant malaria strains. Numerical simulations of their model revealed
that for high treatment rates, the resistant strain can dominate, and drive out the wild strain
to extinction. In addition, they showed that, when the two strains co-exist, the proportion of
individuals with the resistant strain at steady-state decreases with increasing rate of resistance
development. Garba and Gumel (2010) discussed the effect of cross-immunity on the dynamics
of two strains of Dengue. They assessed the effect of seasonality on the transmission dynamics
of dengue, and showed that the oscillation pattern differs between the strains, depending on the
degree of the cross-immunity between the strains. Garba et al. (2013) discussed the dynamics of
two strains of Influenza, where they showed that infection acquired cross-immunity could induce
the phenomenon of backward bifurcation. Okuonghae et al (2015) studied the dynamics of a
vaccination model for two Polio strains. Their model exhibited the phenomenon of competitive
exclusion.

A lot of mathematical models have been developed to understand the dynamics of co-infection
of two or more diseases (Hussaini et al., 2016; Sharomi et al., 2008; Naresh and Tripathi, 2005;
West and Thompson, 1996; Roeger et al., 2009; Bhunu et al., 2009; Bhunu and Mushayabasa,
2013; Okuneye et al., 2017; Mtisi et al. 2009; Mukandavire et al. 2009; Mushayabasa et al.,
2011). Sharomi et al., (2008) considered a mathematical model for the transmission dynamics
of HIV/TB co-infection when there is treatment. They observed that the HIV-only treatment
strategy could reduce mixed infection cases than the TB-only treatment strategy. Roeger et al.
(2009) modelled TB and HIV co-infection. They observed that high progression rates from HIV
to AIDS may increase the prevalence of HIV. Also, Naresh and Tripathi (2005) studied the dy-

namics of HIV and TB co-infection. They showed that if the HIV infection is minimized at an
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early stage through the use of drugs, the progression to AIDS stage could be significantly re-
duced. The dynamics of HIV/AIDS and TB in the presence of treatment was studied by Bhunu
et al. (2009). They reported that AIDS-only treatment strategy could bring down the number of
latent individuals moving to active TB stage, and that treatment of latent and active TB cases
could equally reduce movement to AIDS stage by individuals infected with HIV. Mukandavire
et al. (2009) formulated and analyzed a co-infection model for HIV and Malaria. They showed
that the reduction in sexual activity of individuals with malaria symptoms decreases the num-
ber of new cases of HIV and the mixed HIV-malaria infection. Mtisi et al. (2009) developed
and rigorously analyzed a mathematical model for the co-dynamics of tuberculosis and malaria.
They simulated the model to investigate the co-existence of the two diseases when the associated
reproduction numbers of the two diseases are greater than unity and equally carried out sensi-
tivity analysis on the main parameters that drive the dynamics of the diseases. Mushayabasa et
al. (2011) designed a mathematical model to explore the co-interaction of gonorrhea and HIV
in the presence of antiretroviral therapy and gonorrhea treatment. They showed that gonorrhea
only treatment strategy is highly significant in reducing the co-infection new cases. In another
paper, Hussaini et al (2016) developed a mathematical model for the transmission dynamics of
HIV and Anthroponetic Visceral Leishmaniasis (AVL) co-infection in a population. They showed
that the two diseases co-exist, with AVL dominating HIV whenever the reproduction number of
each disease is greater than unity. More recently, Nwankwo and Okuonghae (2018) studied the
transmission dynamics of HIV Syphilis co-infection when there is treatment for Syphilis. They
showed that high treatment rates for primary syphilis (in both singly and dually infected indi-
viduals) will result in a significant decrease in the incidence of co-infection of the two diseases in
the population. Agusto and Adekunle (2014) developed and analyzed an optimal control model
for the co-infection of HIV/AIDS and two strains of tuberculosis. They reported that the most
effective control strategy in the fight against HIV/AIDS-TB co-infection is one that combines
the prevention of treatment failure in drug-sensitive tuberculosis infectious individuals and the
treatment of individuals with drug-resistant tuberculosis. Okuneye et al. (2017) developed a de-
terministic model for the co-infection of Chikungunya-Dengue-Zika in the presence of vaccine for
Dengue. Their model incorporated the dynamics of super-infection and the effect of seasonality
and local weather variability. Using data relevant to the dynamics of the diseases in Mexico, they

showed that the burden of the three diseases increases with increasing mean monthly tempera-



ture in the range [16 — 29]°C, and decreases with increasing mean montly temperature thereafter.
Very recently, Bonyah et al. formulated and rigoroysly analyzed an optimal control model for
the co-infection dengue fever and Zika virus in the presence of treament and prevention efforts.
They showed, using numerical simulations that a control strategy that combines effective treat-
ment and prevention of each disease will greatly aid the total control and eradication of the
two diseases. Agusto and Gumel (2013) developed and analyzed a deterministic model for the
qualitative dynamics of lowly- and highly-pathogenic avian influenza strains. They showed that
the re-infection of birds infected with the lowly-pathogenic avian influenza strain induced the
phenomenon of backward bifurcation. Numerical simulations of the model revealed that the two
strains co-exist (with the lowly-pathogenic avian influenza strain dominating, but not driving out,
the highly-pathogenic avian influenza strain to extinction). Of recent, Iboi and Gumel (2018) de-
veloped a mathematical model to assess the effect of Dengvazia vaccine on the spread of dengue
serotypes. They showed that the model exhibited the phenomenon of backward bifurcation caused

by dengue-induced mortality in host population and imperfect vaccine protection

2.3 Specific Literature

A number of mathematical modelling studies have been carried out to understand the transmis-
sion dynamics of human papillomavirus disease. Myers et al. (2000) developed a nineteen stage
Markov model to model a cohort of women between ages 18-85. The model did not include trans-
mission but rather age-specific incidence of HPV. The model predicted age-specific incidence of
cervical cancer and connected incidence of HPV to incidence of cervical cancer. Hughes et al.
(2002) developed a simple ordinary differential equation (ODE) model, based on the on suscep-
tibles, infectious, and recovered (SIR) structure, incorporating compartments for vaccinated and
vaccinated-but-infected persons (capturing the possibility of reduced susceptibility and loss of
immunity). The model considered three sexual activity levels and distinguished between female-
to-male and male-to-female transmission. They observed that vaccinating both gender would lead
to a 44% decrease in prevalence while vaccinating only females would result in a 30% decrease.
In addition, Hughes et al. (2002) coupled their transmission model to an ODE model of cancer
that took into account age-specific risk of disease development. The result of their model showed

that reducing HPV prevalence would result in a smaller reduction in cancer incidence and that
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targeting core groups only would not be an appropriate vaccination strategy. Taira et al. (2004)
developed a mathematical model for the transmission dynamics of HPV types 16 and 18 that
used four sexual activity groups, nine age divisions, and age-based mixing patterns. Economic
considerations were taken into account to assess cost per quality-adjusted life-year. They noted
that at least 70% vaccination coverage is necessary to attain a very high decrease of cervical
cancer cases. Barnabas et al. (2006) developed a mathematical model for HPV 16 and progres-
sion to cervical cancer. The authors reported that data about sexual activity and number of
partner changes was not responsible for the seroprevalence of HPV 16 even with a theoretical
maximum of 100 percent transmission rate. Brisson et al. (2007) developed a deterministic model
of the natural history of HPV to estimate the number of persons that required vaccination and
to quantify the impact of uncertainty in model parameters. They used the model to determine
the cost-effectiveness of vaccination in Canada. Elbasha et al. (2007) developed a heterosexual
transmission model for the United States incorporating age and sexual activity together with
outcomes of cervical intraepithelial neoplasia, cervical cancer, and genital warts. The analysis
suggested that vaccination would reduce incidence of all three outcomes, improve quality of life
and survival. A cost effectiveness analysis for the United Kingdom was also carried out by Das-
bach et al. (2008). Catch-up vaccination model was considered in Elbasha et al. (2009). The
model in Elbasha et al. (2009) was expanded by Elbasha and Dasbach (2010) to include health
outcomes for females and males. This study took all anogenital cancers, condylomas, and head
and neck cancers into account by using crude assumptions about the natural history and incidence
of these outcomes. Gunther et al. (2008) developed a deterministic compartmental model of HPV
transmission and progression to cervical cancer including progression sub-compartments for loss
of immunity, treatment, and progression to cervical cancer. The authors focused on the optimal
age to vaccinate girls as a function of duration of immunity. Kim and Goldie (2008) developed a
hybrid dynamic transmission model to simulate transmission of HPV 16 and 18 and a stochastic
model of progression to cervical cancer. They used likelihood methods to calibrate parameters
to demographic and epidemiological data in the United States. Jit et al. (2008) performed an
economic evaluation of HPV vaccination model. Their model, a dynamic compartmental model
similar to those previously discussed, also included genotypes 6 and 11, as well as condylomas
having a treatment cost associated with them. Cost parameters were drawn from probability

distributions by Monte Carlo Latin-hypercube sampling over a series of simulations. The study
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found vaccination of young girls to be likely cost effective and that the bivalent and quadriva-
lent vaccines were of comparable cost-effectiveness. Kulasingam and Myers (2003) developed a
mathematical model to assess the potential health and economic impact of including a human
papillomavirus vaccine to screening programs. They showed that HPV vaccination together with
screening can be cost-effective in the fight against cancer, if the effectiveness of the vaccine is
maintained, especially when the incidence of oncogenic HPV is very high. Elbasha (2006) for-
mulated a simple, two sex, SIR compartmental model to assess the impact of vaccination on the
control of HPV infection. The expressions for the basic and effective reproduction numbers were
derived and the existence, uniqueness and local stability of the disease-free equilibrium and en-
demic equilibrium were established. However, the global asymptotic stabilities of the disease-free
equilibrium or endemic equilibrium were not proved. The global stabilities of the disease-free and
endemic equilibria of the model studied in Elbasha (2006) were analyzed rigorously in Elbasha
(2008). Elbasha et al. (2008) presented a nonlinear, deterministic, age structured, mathematical
model of the transmission dynamics of multi-type HPV and disease occurrence in a population
classified according to gender and sexual activity. The results of the model in Elbasha et al.
(2008) were mainly based on numerical simulations. Elbasha and Dasbach (2010) used mathe-
matical population model to assess the public health implication of vaccinating boys and men with
the quadrivalent Gardasil vaccine, and compared with a program of vaccinating only girls and
women. They showed that the strategy that vaccinates only boys and men provides substantial
public health benefits and is cost-effective than the strategy that vaccinates only girls and women.
Brown and White (2011) explored the role of optimal control in obtaining the most effective vacci-
nation programme for HPV. They showed that vaccinating sexually active susceptible individuals
has more impact than vaccinating sexually non-active susceptible individuals. Al-Arydah and
Smith (2011) developed a two-sex, age-structured model to describe the vaccination program for
an HPV vaccine in childhood (under 13 years) and adult stages. They showed HPV infection can
be brought under control if a single age group in one gender are vaccinated. Malik et al. (2013)
formulated an HPV vaccination model to assess the public health impact of mass vaccination and
Pap screening of sexually-active females. Rigorous qualitative analysis of the model reveals that
it undergoes the phenomenon of backward bifurcation. It is shown that the backward bifurcation
is caused by the imperfect nature of the HPV vaccine or the HPV-induced and cancer-induced

mortality in females. It is shown that the disease-free equilibrium is globally-asymptotically stable
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if the associated reproduction number is less than unity for the case when the disease-induced
and cancer-induced mortality is negligible. The model has a unique endemic equilibrium when
the reproduction threshold exceeds unity. Alsaleh and Gumel (2014a) designed a two-sex vac-
cination model for the dynamics of human papillomavirus infection. No disease-induced death
was assumed for males and no pre-cancerous or cancer stages are considered for males in the
model developed in Alsaleh and Gumel (2014a). The model also incorporated exposed classes for
females and males and also assumed transmission of HPV by individuals in the exposed classes.
The model in Alsaleh and Gumel (2014a) was shown to undergo the phenomenon of backward bi-
furcation. Malik et al. (2016) carried out the analysis of the optimal control strategies of an HPV
vaccination model, featuring the bivalent Cervariz vaccine, the quadrivalent Gardasil 4 vaccine
and the nonavalent Gardasil 9 vaccine. They considered the situation where the three vaccines are
used at the same time and compared with the situation where the bivalent Cervariz vaccine and
the quadrivalent Gardasil / vaccine were used at the initial stage, and later one or a combination
of the two vaccines was replaced by the nonavalent vaccine. Shaban and Mofi (2014) modelled
the impact of vaccination and screening on the dynamics of human papilloma virus infection.
The model, which is not a two-sex model, incorporated the dynamics of unaware-infected and
screened-infected individuals. The reproduction numbers for the vaccination and screening mod-
els were derived using the next generation operator method developed by van den Driessche and
Watmough (2002). Solis and Gonzalez (2017) developed a mathematical model of the precancer
lesions caused by the human papilloma virus. The model was based on a non-linear advection-
diffusion-reaction partial differential equation and provided an approach for early diagnosis of
human papilloma virus. Al-Arydah and Malik (2017) developed an age-structured model for the
transmission dynamics of human papilloma virus, incorporating optimal control analysis. They
simulated the model using data relevant to the dynamics of the disease for Toronto population
and showed numerically that early and catch up female vaccine program eliminates the disease
in both males and females. Lately, Sharomi and Malik (2017) considered an HPV vaccination
model to study the impact of vaccine compliance on HPV infection and cervical cancer. They
showed that vaccine compliance could reduce the burden of HPV infection and cervical cancer.
Sensitivity and uncertainty analyses were also carried out on the model. Solis and Gonzalez (2018)
discussed the properties of solutions of an HPV-infected cells model. They proved the existence,

uniqueness and stability of solutions for the non-linear advection-diffusion-reaction model for hu-
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man papilloma virus. Recently, Solis et al. (2019) developed mathematical models describing the
intercations among immune system. They used the interactions to enumerate possible ways of
eradicating human papilloma virus. More recently, Saldana et al. (2019) developed and analyzed
a vaccination model for HPV with optimal control, incorporating strategies aimed at reducing
the spread of the disease through vaccination of susceptibles and screening of infectives. They
showed that for the effective control of HPV, vaccination should be administered both before
and after the commencement of sexual activities in both females and males. However, higher
vaccination rates should be applied at the onset and subsequently reduced. Elbasha and Galvani
(2005) considered the effects of vaccination on the prevalence of HPV types when there are inter-
actions among two HPV types. The model was based on the susceptible-infective-removed (SIR)
compartmental structure and considered a vaccine that is imperfect. The model in Elbasha and
Galvani (2005) assumes that an individual can be infected with both strains at the same time and
recovery from both strains confers immunity against infection with either strain. Elbasha et al.
(2008) considered an HPV transmission model. The analyses of the model were mainly based on
numerical simulations. In addition, Alsaleh and Gumel (2014b) considered a vaccination model
for the dynamics of high and low risks HPV types. The purpose for the risk structure was to
account for the fact that infection with the low-risk HPV types causes genital warts only, while
infection with the high-risk types causes cancers. It was shown in Alsaleh and Gumel (2014b),
through numerical simulations, that if 70% of the susceptible females and 45% of the susceptible
males in the sexually active population are vaccinated with the Gardasil vaccine, then the effective
control of the HPV types could be attained.

The purpose of the current study is to extend some of the aforementioned studies by:

i. designing a new and comprehensive sex-structured (male and female) model for the dynamics
of human papillomavirus infection, and using the model to assess the public health impact of
mass vaccination of sexually-active females and males, condom use by sexually-active indi-
viduals and treatment of infected individuals on the dynamics of HPV in a population. We
consider a comprehensive model with three strong interventions combined and implemented

for HPV control

ii. studying a two-sex, two-strain HPV mathematical model that rigorously assesses the impact

of cross-immunity due to vaccination, in a population where two strains co-exist and there

14



is vaccination for one of the strains, which cross-protects against the strain not included in

the vaccine.

iii. developing and analyzing a new two-sex, co-infection model for the transmission dynamics
of Human Papilloma Virus (HPV) and Tuberculosis (TB) in a population to gain insight

into the impact of the spread of each disease on the general transmission dynamics.

These, to the best of our knowledge, we have not seen done by previous researchers.
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Chapter 3

Methodology

This chapter introduces some of the key mathematical theories and methodologies relevant to the

dissertation.

Definition 3.1. Consider the system:

= f(x), xR, (3.)

yv=g9y), yeR"

where f and g are two C"(r > 1) ODEs defined on R™. The dynamics generated by the vector field
fand g of (3.1)) are said to be locally C* conjugate (k < r) if there exists a C* diffeomorphism h
which takes the orbits of the flow generated by f, ¢(x,t), to the orbits of the flow generated by g,

W(t,y) preserving orientation and parametrization by time.

Theorem 3.1 (Hartman and Grobman (Wiggins, 1983)). Consider a C"(r > 1) vector field f and
the system
T = f(z), z=eR" (3.2)

with domain of f an open subset of R™ . Suppose also that (3.2)) has equilibrium solutions which

are hyperbolic. Consider the associated linear ODE system

£ =Df(x)E, &eR™ (3.3)

Then the flow generated by (3.2)) is C° conjugate to the flow generated by the linearized system

(3.3) in a neighborhood of the equilibrium point.
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The Hartman-Grobman guarantees that an orbit structure near a hyperbolic equilibrium solution
is topologically-equivalent to the orbit structure given by the associated linearized dynamical

system.

3.1 Next generation operator method and the basic re-
production number

The next generation operator method (van den Driessche and Watmough, 2002) is used to establish
the local asymptotic stability (LAS) of the disease-free equilibrium (DFE) of a disease transmission
model. Suppose the given disease transmission model, with non-negative initial conditions, can

be written in terms of the following system:
i = f(2) = Fiw) = Vi(@)i = 1,.m, (3.4)

where V; = V;” — Vi and the functions satisfy Axioms (B1)-(B5) below.

The function F;(z) represents the rate of appearance of new infections in compartment i. The
function V" (z) represents the rate of transfer of individuals into compartment i, V; () represents
the rate of transfer of individuals out of compartment ¢. Furthermore, the number of individuals
in each compartment is given by x = (x1,...,2,)% 2; > 0, and Xy = {x > 0|x; =0,i = 1,...,m} is

defined as the disease-free states (non-infected variables of the model).
Bl If x > 0, then F;,V, , Ff >0fori=1,..,m;
B2 if z; =0, then V;” = 0. In particular, if z € X, then V; =0 for ¢ =1, ..., m;
B3 F,=0if i > m;
B4 if z € X, then Fi(z) =0and V" =0 for i =1,...,m;
B5 if F(z) is set to zero, then all eigenvalues of DF(z() have negative real parts

Lemma 3.2. (van den Driessche and Watmough, 2002). If 7 is a DFE of (3.4)) and F;(z) satisfy
(B1)-(B5), then the derivatives DF(z) and DV(Z) are partitioned as

F 0 V 0
DF(z) = , DV(z)=
0 0 Js  Jy
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where F' and V are the m x m matrices defined by

OF; oV;

F= 6:16]— <j)7 V= 8$j

(Z), with 1<i,57 <m.

Further, F' is a non-negative matrix, V' is a non-singular M-matrix and J;, J4 are matrices
associated with the transition terms of the model, and all eigenvalues of J; have positive real

parts.

Theorem 3.3. (van den Driessche and Watmough, 2002). Consider the disease transmission
model given by with f(x) satisfying Azioms (B1)-(B5). If T is a DFE of the model, then
T 1is locally asymptotically stable (LAS) if Ro = p(FV ™) < 1 (where p is spectral radius), but
unstable if Ry > 1.

Theorem 3.4 (Wiggins (1983)). Suppose all the eigenvalues of D f(z)have negative real parts.
Then the equilibrium solution x = T of the system (3.4) is locally asymptotically stable, and

unstable if at least one of the eigenvalues has positive real part.

The following Theorem is used to establish the presence of the backward bifurcation phe-

nomenon for the models considered in this dissertation.

Theorem 3.5 (Castillo-Chavez & Song (2004) ). Consider the following system of ordinary dif-

ferential equations with a parameter ¢

‘;—f = f(z,¢), f:R*xR—Rand feC*R"xR), (3.5)

where 0 is an equilibrium point of the system (that is, f(0,¢) =0 for all ¢) and assume

Al: A = D,f(0,0) = (3{? (0,0)) is the linearization matriz of the system (3.5) around the
equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A and other eigenvalues

of A have negative real parts;

A2: Matriz A has a right eigenvector w and a left eigenvector v (each corresponding to the zero

eigenvalue).
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Let fi. be the kth component of f and

n 2
a= Z VpW; O (0,0),

Wjm—F
ki g1 8x,8m]
- 0 fi
b= kg::l Ukwim(o, 0)

The local dynamics of the system around 0 is totally determined by the sign of a and b.

ia>0 b>0. When ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable and there ezists a
positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and there exists a negative,

locally asymptotically stable equilibrium;

iia <0,b<0. When ¢ < 0 with |¢| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally

asymptotically stable equilibrium, and there exists a positive unstable equilibrium,

iii a >0, b < 0. When ¢ <0 with |¢p| < 1, 0 is unstable and there exists a locally asymptotically
stable negative equilibrium; when 0 < ¢ < 1, 0 is stable and a positive unstable equilibrium

appears;

iv.a <0,b> 0. When ¢ changes from negative to positive, 0 changes its stability from stable
to unstable. Correspondingly a negative unstable equilibrium becomes positive and locally

asymptotically stable.
Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

Theorem 3.6 (Descartes Rule of Signs, Wang(2004)). Let p(x) = apx® + ajz® + -+ + a,a"
denote a polynomial with nonzero real coefficients a; , where the b; are integers satisfying 0 < by <
by < by < -+ < b,. Then the number of positive real zeros of p(x) (counted with multiplicities)
s either equal to the number of variations in sign in the sequence aq, ...,a, of the coefficients
or less than that by an even whole number. The number of negative zeros of p(x) (counted with
multiplicities) is either equal to the number of variations in sign in the sequence of the coefficients

of p(—x) or less than that by an even whole number.
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3.2 Lyapunov Function Theory

Establishing the global properties of a dynamical system is generally not trivial and the direct
Lyapunov method (Dushoff et al., 1998) is one of the most powerful methods. The method requires

the construction of an auxiliary function with certain properties, that is a Lyapunov function.

Definition 3.2. Consider the following system
t= f(z), zeR" (3.6)

Let, T be an equilibrium solution of (3.€) and let V : U — R be a ¢! function defined on some

netghborhood U of T such that

i) V is positive-definite,

i) V(z) <0in U\{z}.
Any function, V, that satisfies the Conditions (i) and (i7) above is called a Lyapunov function.

Theorem 3.7 (La Salle’s Invariance Principle (La Salle and Lefschetz, 1976)). Consider the

following system ({3.6)). Let,
S={zeclU:V=0} (3.7)

and M be the largest invariant set of (3.6) in S. If Vis a Lyapunov function on U and y*(xq) is
a bounded orbit of (3.6) which lies in S, then the w — limit of set vt (xq) belongs to M; that is,

xz(t,xg) &> M ast — o0

Corollary 3.1. If V(z) — oo as |z|] — oo and V < 0 on R", then every solution of (3.6))
is bounded and approaches the largest invariant set M of (3.6) in the set where V =0 In

particular, if M = {0}, then the solution x = 0 is globally-asymptotically stable (GAS)

3.2.1 Construction of Lyapunov functions to prove the GAS of the

disease free equilibrium (DFE)

Suppose that there are n > 0 disease compartments and m > 0 non-disease compartments. Then

a general compartmental disease transmission model can be written as

T = .F(l’,y) - V(x,y), Y= g(x,y) (38)
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with ¢ = (91,92, s gm)? € R™, 2 = (21,29, ....,2,)7 € R" and y = (y1,¥2, .., Ym)? € R™ rep-
resents the populations in disease compartments and non-disease compartments respectively;
F = (F,F ... F)T and V = (V1, Vs, ..., V)T, where F; represents the rate of appearance of
new infections in the ¢th disease compartment, V; represents the transitions in and out of the
1th disease compartment, for example, death, recovery, etc. Following van den Driessche and

Watmough (2002), define two n x n matrices

OF, v,

F = o, (), V= oz, (Z), with 1<i,57<m. (3.9)
it is assumed that F' > 0 and V > 0. Set
flz,y) = (F = V)z — F(z,y) + V(x,y) (3.10)

Then (3.8)) for the disease compartments can be written as

&= (F=V)(x) - f(z,y) (3.11)

Let w? > 0 be the left eigenvector of the non-negative matrix V~'F corresponding to the eigen-
value Rg. The following result provides a general method to construct a Lyapunov function to

prove the GAS of DFE of the system ({3.8).

Theorem 3.8 (Shuai and van den Driessche , 2013). Let F,V and f(x,y) be defined as in (3.9)
and (B.10)), respectively. If f(z,y) > 0in T C R F > 0,V-' > 0 and Ry < 1, then the
function Q = wTV =1z is a Lyapunov function for model (3.8) on T

3.2.2 Construction of Lyapunov functions to prove the GAS of the
endemic equilibrium point (EEP)

The non-linear Lyapunov functions used for studying the global properties of the endemic equi-

libria are of the Goh-Volterra type (Goh, 1976):

n

Wl(y17y27ayn) :ch(yz_yl —Y; lny**

i=1 g

). (3.12)
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Other types of Lyapunov functions that can be used include the quadratic Lyapunov functions

(Vargas-De-Leon, 2011):

n
C;

Wa (Y1, Y2, s Yn) = Zg’(yi—yi‘*)z, (3.13)

=1

and composite-Volterra type (Vargas-De-Leon, 2011):

- oy N i1 Vi
i=1 i=1 i-1Yi

3.3 Runge-Kutta method

Let us consider an initial value problem

L AT0) (315

y(t) = (1 (t), y2(t), .., yu ()T, f € [a,b] x R® — R™, with an initial condition

y(0) = yo (3.16)

We are interested in a numerical approximation of the continuously differentiable solution y(t) of
the IVP (3.15))-(3.16]) over the interval ¢ € [a,b]. To this aim, we subdivide the interval [a, b] into

M subintervals and select the the mesh points t;.

ti=a+jh, j=01,.,M, h= (3.17)

The value h is called a step size. The family of explicit Runge-Kutta (RK) methods of the mth

stage is given by (Stoer and Bulirsch, 1980)

y(tn+1) = UYn+1 = Yn + hz Ciki (318)

i=1
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where

kl == f(tna yn)a
ko = f(tn + aoh, yn + hB21ki(tn, yn)),

ks = f(tn + ash, yn + h(Bs1k1(tn, Yn) + Ba2ka(tn, yn))),

m—1

km = f(tn + Oémh, Yn + hz 6771]]{:])

j=1

To specify a particular method, we need to provide the integer m (the number of stages), and
the coeflicients a; (for i = 1,2,...,m), §;; (for 1 < j <i < m), and ¢; (for i = 1,2,...,m). The
classical RK method or RK4 method, which corresponds to the case m = 4 is the one used by
the MATLAB ODE solver, which numerically solves the systems of nonlinear equations in the

current study. In general, the accuracy of can be improved by
i. reducing the time step h,
ii. using the method with the higher convergency order

The equations of the models are solved numerically using the the MATLAB ODE45 solver which
is based on the fourth order Runge-Kutta method. The stability of the method is well established

in May and Noye (1984).
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3.4 Formulation of the Treatment model

3.4.1 Model assumptions

The treatment model (3.19) is based on the following assumptions:

11.

1il.

1v.

V1.

incorporating the use of condom by both sexually active susceptible females and males;
including compartments for females and males treated of HPV symptoms (T and T,,);

allowing for disease transmission by individuals treated of HPV symptoms (that is, those in

Ty and T, classes);

including the dynamics of HPV induced mortality for individuals in the Af(A,,), I;(In)
and Ty (7,,) classes for females(males) (only cancer induced mortality was considered in the

model in Alsaleh and Gumel (2014b)).

. including compartment for males with persistent HPV infection and allowing for disease

transmission by males with persistent HPV infection (only females with persistent HPV

infection were considered in Alsaleh and Gumel, 2014a)

Including the dynamics of HPV induced death for individuals in the Af(A,,), I1(1), Pr(Pn)
and T (7,,) classes for females (males) (only cancer induced mortality was assumed in the

model in Alsaleh and Gumel, 2014a).
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Table 3.1: Description of variables and parameters in the model (3.19)).

Variable Interpretation
S¢(Sm) Population of susceptible females(males)
Vi(Vin) Population of females (males vaccinated against HPV)
N¢(Np) total female (male) population
As(Ap) Population of asymptomatic females (males)
I¢(Im) Infectious females (males) showing HPV symptoms
Py(Pr) Population of females (males) with persistent HPV infection
R¢(Rp) Population of infectious females (males) who have cleared (or recovered naturally)
from HPV
T¢(Tim) Infectious females (males) treated of HPV symptoms
C3(Cn) Population of females (males) with infected with anal cancer
C’; Population of females infected with cervical cancer
R?(an) Population of females (males) who have recovered from anal cancer
G Population of females who have recovered from cervical cancer
Parameter Interpretation
f(m) Proportion of vaccinated females (males)
Ap(Ar) Rate of recruitment for females (males)
p(fim) Natural mortality rate for females (males)
7T (Tm) Vaccine efficacy for females (males)
Yt (Ym) Rate of progression to symptomatic stage for females (males)
T (Tm) Treatment rate for symptomatic females (males)
O(dm) Transition rate out of Ir(1,,) class for females (males)
Yr(thm) Proportion of symptomatic females (males who recover naturally from HPV)
Kf(Km) Modification parameter that accounts for reduced susceptibility of recovered

females (males) relative to susceptible females (males)

ef(em) Treatment failure rate for females (males)

N¢(Mm) Fraction of re-infected females (males) who progress to symptomatic stage

ar(am) Transition rate out of Pr(Pp,) class for females (males)

ar(l—gy) Rate at which females with persistent HPV infection recover naturally from HPV

am(1l —¢m) | Rate at which males with persistent HPV infection recover naturally from HPV

appr(l —wy) | Rate at which females with persistent HPV infection develop cervical cancer

6%(03,) Anal cancer-induced death rate for females (males)

K5 (Kp) Rate of recovery from anal cancer for females (males)

K Rate of recovery from cervical cancer for females

of(om) Modification parameter that accounts for reduced HPV-induced death rate for females
(males) treated of HPV symptoms relative to those in the I;(I,,) class

Br(Bm) Effective contact rate for females (males)

cr(em) Condom compliance for females (males)

er(€m) Condom efficacy for females (males)

0r1(0m1) Modification parameter that accounts for the infectiousness of individuals in the A¢(A;,)
and Tt (T},) classes relative to those in I¢(1,,) class for females (males)

£r(&m) Modification parameter that accounts for reduced infectiousness of females (males) treated
of HPV relative to those in the A¢(A,,) class for females (males)

0 12(Omz2) Modification parameter that accounts for the infectiousness of females (males)

with persistent HPV infection
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Figure 3.1: Schematic diagram of the male components of the model (3.19))
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Combining all these definitions and assumptions, we have that the model for the transmission
of HPV in a sexually-active population is given by the following system of differential equations
(Table|3.1{describes the associated state variables and parameters in the model while Figure
1 gives a flow diagram of the model (3.19)):

% = (1= )Ar — (A + 1) Sy,

% — fA; = [(1 = 7)) + 1]V,

% = AnSy + (L= mp)AaVy + K pAm Ry + (L= mp)ef Ty = (r + pp) Ay,
% =y Ay +npefTy — (dp + 75 + 05 + pyp) Iy,

% = op(1 —p)ly — (ay + pg) Py,

% = ¢sply + ap(1— )Py — (s + KpAm) Ry,

% — 1 — (0485 + &5 + p) T,

d;? = agpswrPr — (Kf + py + 07)CF,

di; = appp(l —wp)Pr — (K + pyp + 05)C%,

dRe

= k3C} — py RS,
dt (3.19)

dR; c e c
ds,,
dV,,
o - mApm — [(1 = Tm)Ap + pm]Vy,
dA,,
7 = )\me + (1 — 7Tm)>\fo + /{m)\me + (1 — nm)a?me — (’Ym + um)Am,
dl,,
dP,,
dR,,

dT,,
W - 7-mIm - (O-mém +Em + H’m)Tma
dc?

= QP — (K + i + 62
dR?

mo_ e e mRa
dt e m
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3.4.2 Description of model equations

The total sexually-active population at time ¢, denoted by N (t), is divided into two classes, namely,
the total female population (Nf(¢)) and the total male population (N,,(t)), respectively. The total
female population is further subdivided into 11 mutually exclusive compartments: susceptible
females (Sf(t)), females vaccinated against HPV (V;(t)), infectious females showing no symptoms
of HPV (Ay(t)), infectious females showing symptoms of HPV (I4(t)), infectious females with
persistent HPV infection (Pf(t)), infectious females who have cleared (or recovered naturally)
from HPV (Ry(t)), infectious females treated of HPV symptoms (7%(t)), females infected with
anal cancer (C}(t)), females infected with cervical cancer (C%(t)), females who have recovered
from anal cancer (R$(t)) and females who have recovered from cervical cancer (R$(t)). Similarly,
the total male population is subdivided into: susceptible males (S,,(t)), males vaccinated against
HPV (V,,(t)), infectious males showing no symptoms of HPV (A,,(t)), infectious males showing
symptoms of HPV (I,,,(t)), infectious males with persistent HPV infection (P,,(t)), infectious
males who have cleared (or recovered naturally from) HPV (R,,(t)), infectious males treated of
HPV symptoms (7,,(t)), males infected with anal cancer (C%(¢)) and males who have recovered
from anal cancer (R (t)). Thus

N(t) = Ng(t) + N (1)

Np(t) = Sp(t) + Vi(t) + Ap(t) + I (t) + Pr(t) + Ryp(t) + Ty (t) + CF(t) + C5(t) + R4(t) + R3(t)
Nin(t) = Sp(t) + Vi (t) + A (t) + Lin(t) + Prn(t) + Rin(t) + T(t) + Cr,(t) + RE(t)
The population of unvaccinated susceptible females (Sy) is increased by the recruitment of new
sexually-active females at a rate (1 — f)A; (where f (0 < f < 1) is the fraction of vaccinated
females and Af is the recruitment rate for sexually active females). Susceptible females acquire
HPV infection following effective contacts with infected males (i.e. those in the A,,, I, and T,

classes) at a rate \,,, given by

1-— 1 A P, T

In (3.20)), B,, is the effective contact rate for male-to-female transmission of HPV. It is the prod-
uct of ¢ and B (that is, B, = ¢]B"), where A" is the probability of transmitting HPV from

male-to-female and c{ is the rate at which females acquire new sexual partners. c¢,, and ¢,, are
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the parameters accounting for condom compliance rate and condom efficacy for males respec-
tively. 0,,1 and 0,2 (with 0 < 6,,1,0,,2 < 1) are the modification parameters accounting for the
relative infectiousness of asymptomatic males and males with persistent HPV infection compared
to symptomatic males. Furthermore, &, is the additional modification parameter accounting for
the relative infectiousness of treated males compared to asymptomatic males (it is assumed that
treated males can still transmit infection). This population is decreased by natural death at a
rate pp(natural mortality occurs in all the female compartments at the rate pr). Thus,

@55 _

7 (1= F)Af = (A + p15) Sy,

The population of new sexually active susceptible females vaccinated with the quadrivalent Gar-
dasil vaccine (V) is generated by the vaccination of a fraction, f, of unvaccinated susceptible
females with the Gardasil vaccine (at the rate fAy). It is decreased by HPV infection, following
effective contacts with males infected with HPV (i.e., those in the A,,, I,,, P, and T, classes) at
a reduced rate (1 — ms)\,,, where 0 < my < 1 represents the efficacy of Gardasil vaccine against
infection with HPV-16 and -18. This population is decreased by natural death. Thus,

av;

o= A - (1 = 7f) A + pp] V5,

The population of asymptomatic females with HPV infection (Ay) is generated by the infection
of unvaccinated and vaccinated susceptible females with HPV (at the rates A, and (1 — 77)\,,
respectively). This population is increased by the re-infection of recovered females with HPV (at
a rate K¢\, where 0 < k¢ < 1 accounts for the assumption that the re-infection of recovered
females occur at a rate lower than the rate for primary infection of susceptible females). This
population is further increased at the rate (1 — 7ny)es where 0 < ny <1 is the fraction of females
who fail treatment and develop symptoms. The population is reduced following progression to
symptomatic stage at a rate vy and natural death. Thus,

a4y

o = Mt (1 =7)A Vs + g ARy 4 (L= mp)ef Ty — (5 + pp) Ay,

The population of symptomatic females infected with HPV (Iy) is generated by the progression

of asymptomatic females infected with HPV at the rate ;. The population is further reduced at
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the rate nye;. The population is decreased by recovery (at a rate ¢y), treatment (at a rate 7y),

disease induced death (at a rate d7) and natural death. Thus,

dl;

= A +gesTy - (o + 75+ 05 + pyp)ly,

The population of females with persistent HPV infection (Py) is generated by the development
of persistent infection by symptomatic females (at a rate ¢(1 — 1)f)), where 0 < ¢y < 1 is the
fraction of symptomatic females who recovered naturally from HPV infection. This population
is decreased through development of anal cancer(at a rate aypswy), cervical cancer (at a rate
arpr(l —wy)) or recovery (at a rate ar(l — ¢y)) and natural death. Thus,

4Py

e Or(L =)y — (ap + pug) P,

The population of females who recovered from HPV infection (Ry) is generated by the recovery
of symptomatic females(at a rate ¢s1;) and females with persistent HPV infection (at a rate
af(l —¢y)). This population is decreased following re-infection at a rate xkyA;. The population

is further decreased by natural death. Thus,

dR;

o = Ol + ap(1—@p)Pr— (s + kpAm) Ry,

The population of females treated of HPV symptoms is generated at the rate 7;. This population
is decreased by treatment failure (at a rate ¢y), disease induced death (at a reduced rate o¢dy,
where 0 < oy < 1is a modification parameter accounting for the assumption that females treated
of HPV symptoms suffer disease induced death at a rate lower than that of symptomatic females

infected with HPV) and natural death. Thus,

dT’
d—tf =1ply — (0465 + 5 + py) Ty,

The population of females with anal cancer (C’J‘%) is generated by the development of anal cancer

by females with persistent HPV infection at the rate aypswy. This population is decreased due
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to recovery (at a rate k%), anal cancer induced death (at a rate §) and natural death. Thus,

dCe
d—tf = appywpPr — (K% + py + 04)CY,

The population of females with cervical cancer (C’Jf) is generated by the development of cervical
cancer by females with persistent HPV infection at the rate ayps(1 — wy). This population is
decreased due to recovery (at a rate k%), cervical cancer induced death (at a rate §%) and natural

death. Thus,
dC'%
d_tf = appr(l —wp)Pr — (KF + pp +67)CF,

The population of females who recovered from anal cancer (R$) is generated at the rate £ and
decreases by natural death. Thus,

dRY

o =T — Ry

The population of females who recovered from cervical cancer (R;) is generated at the rate £§

and decreases by natural death. Thus,

The population of unvaccinated susceptible males (S,,) is increased by the recruitment of new
sexually-active males at a rate (1 —m)A,, (where m (0 < m < 1) is the fraction of vaccinated
males and A,, is the recruitment rate for sexually active males). Susceptible males acquire HPV
infection following effective contacts with infected females (i.e. those in the Ay, I and T classes)

at a rate Ay, given by

1— It +0pAr+ 0P 01T
() = Pr(l —crer)(Iy + f1Nf+ 2Py + &0 Ty) (3.21)
7

In , By is the effective contact rate for female-to-male transmission of HPV. It is the product
of ¢I" and B{ (that is, By = CTB{ ), where B{ is the probability of transmitting HPV from female-to-
male and c" is the rate at which males acquire new sexual partners. ¢y and €y are the parameters
accounting for condom compliance rate and condom efficacy for females respectively. 0 and 6,

(with 0 < 641,604 < 1) are the modification parameters accounting for the relative infectiousness
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of asymptomatic females and females with persistent HPV infection compared to symptomatic
females. Furthermore, {; is the additional modification parameter accounting for the relative
infectiousness of treated females compared to asymptomatic females (it is assumed that treated
females can still transmit infection). This population is decreased by natural death at a rate

i (natural mortality occurs in all the male compartments at the rate p,,,). Thus,

dSm

= (L= m)Am = Ay + pm) Sy

The population of new sexually active susceptible males vaccinated with the quadrivalent Gardasil
vaccine (V,,) is generated by the vaccination of a fraction, m, of unvaccinated susceptible males
with the Gardasil vaccine (at the rate fA,,). It is decreased by HPV infection, following effective
contacts with females infected with HPV (i.e., those in the Ay, I, Py and Ty classes) at a reduced
rate (1 — 7s)Af, where 0 < m,, < 1 represents the efficacy of Gardasil vaccine against infection

with HPV-16 and -18. This population is decreased by natural death. Thus,

avp,

The population of asymptomatic males with HPV infection (A4,,) is generated by the infection
of unvaccinated and vaccinated susceptible males with HPV (at the rates Ay and (1 — m,,)As
respectively). This population is increased by the re-infection of recovered males with HPV (at
a rate K, Ap, where 0 < kK, < 1 accounts for the assumption that the re-infection of recovered
males occur at a rate lower than the rate for primary infection of susceptible males). This
population is further increased at the rate (1 — n,,)e,, where 0 < n,, < 1 is the fraction of males
who fail treatment and develop symptoms. The population is reduced following progression to

symptomatic stage at a rate 7, and natural death. Thus,

dA,,
7 = )\me + (1 — wm)AfVm + /{m)\me + (1 — nm)Eme — (”Vm + pm)Am,

The population of symptomatic males infected with HPV (I,,,) is generated by the progression
of asymptomatic males infected with HPV at the rate ~,,. The population is further at the rate

Nmem- The population is decreased by recovery (at a rate ¢,,), treatment (at a rate 7,,), disease
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induced death (at a rate J,,) and natural death. Thus,

dl,,
W = YmAm + NMmEmTm — (¢m + T + O + Nm)]ma

The population of males with persistent HPV infection (P,,) is generated by the development
of persistent infection by symptomatic males (at a rate ¢, (1 — ,,)), where 0 < v,,, < 1 is the
fraction of symptomatic males who recovered naturally from HPV infection. This population is
decreased either through development of anal cancer (at a rate v, @,wy,) or recovery (at a rate

am(1l — ¢,)) and natural death. Thus,

dP,,
7 = ¢m(1 - ¢m>[m - (am + Nm)Prm

The population of males who recovered from HPV infection (R,,) is generated at the rates by the
recovery of symptomatic males ( at a rate ¢,,1,,) and males with persistent HPV infection ( at
a rate o, (1 — ¢,,)). This population is decreased following the acquisition of re-infection at the

rate K, A\p,. The population is further decreased by natural death. Thus,

dR,,

7 = ¢m¢mIm + am(l - Som)Pm - (Mm + Hm)\m)Rm,

The population of males treated of HPV symptoms is generated at the rate 7,. This population
is decreased by treatment failure (at a rate £,,), disease induced death (at a reduced rate ¢,,0,,,
where 0 < 0, < 1 is a modification parameter accounting for the assumption that males treated
of HPV symptoms suffer disease induced death at a rate lower than that of symptomatic males

infected with HPV) and natural death. Thus,

T,

W - Tm[m - (O-m(sm +éem+ ,um)Tma

The population of males with anal cancer (C%) is generated by the development of anal cancer
by males with persistent HPV infection at the rate a,,,,. This population is decreased due to
recovery (at a rate k%), anal cancer induced death (at a rate %) and natural death. Thus,

ce,
dt

= O Pm P — (’%Zﬂb + fm + 621)0217
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The population of males who recovered from anal cancer (R¢,) is generated at the rate ¢, and

decreases by natural death. Thus,

mo_ o e mRa7

The model will be studied subject to the group contact constraint given by
Ny, = ) Ny, (3.22)

a consistency condition which states that in any small interval of time [¢, ¢ + At], the total number
of partnerships formed by females with males must equal total number of partnerships formed

by males with females. It is assumed that male sexual partners are abundant, so that females

can always have enough number of sexual contacts per unit time. Hence, it is assumed that c{

Cf .
is constant and the rate ¢} is calculated from the relation " = }V]ﬁg) (Castillo-Chavez (1989),

Castillo-Chavez et al. (1989), Castillo-Chavez et al. (1997), Dushoff et al. (1998), Lajmanovich

and Yorke (1976), Nold (1980), Hethcote et al. (1982) for discussions on multi-group models).
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3.5 Formulation of the Two-strain HPV model

3.5.1 Model assumptions

The two-strain HPV model is based on the following assumptions:

i. incorporating the dynamics of cross-immunity due to vaccination (n; # 0, 1, # 0) (Ault,

2007). This was not captured in the model in Alsaleh and Gumel (2014b).

ii. allowing for heterogeneity in infectiousness of vaccinated and unvaccinated infected individ-

uals (Bonanni et al., 2009). This feature was not included in the models in Elbasha and

Galvani (2005) and Alsaleh and Gumel (2014b).

iii. including compartments for females (males) who recover from one strain and are infected

with the other strain, I;;(1i;),

i # j, for females (males), and allowing for disease

transmission by individuals who recover from one strain and are infected with the other

strain (clinical studies have shown that subsequent infections with other strains are possible

after an initial infection with HPV (Ho et al., 2002). This was not incorporated in the model

in the risk-structured model in (Alsaleh and Gumel 2014b).

Table 3.2: Description of variables in the model ([3.23).

Variable Description

St(Sm) Population of susceptible females (males)

Vi Population of females vaccinated against strain 1

Iti(Imi), iz12 Population of females (males) infected with strain i

Pri i=12 Population of females with persistent strain ¢ infection

Cy Population of females with cervical cancer

Rpi(Rmi) i=12 Population of females (males) who have recovered naturally from strain 4
17, Population of vaccinated females who get infected with strain 2

Population of females who have recovered from cervical cancer

Population of females (males) who have recovered from strain 7 and are infected
with strain j

Population of females (males) who have recovered from both strains

Total female (male) population

Since the model (3.23) monitors human population, it is assumed that all variables and pa-

rameters are non-negative.
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Table 3.3: Description of parameters in the model (3.23)).

Parameter Description

Ar(Ay) Recruitment rate for females (males)

f Proportion of susceptible females vaccinated against strain 1

fog(fm,) Natural death rate for females (males)

19 Bivalent vaccine efficacy for females

nr Modification parameter for cross protection of vaccinated females against
incident infection with strain 2

Mp Modification parameter for cross protection of vaccinated females against
persistent infection with strain 2

Ne Modification parameter for reduced rate of progression to cancer by females

with persistent strain 2 infection relative to those with persistent
strain 1 infection

Tfi(Tmz'>,i:1,2

Recovery rate of females (males) infected with strain i

5fi<5mi>,i=1,2

Disease induced death rate for females (males) infected with strain i

Ofij(Omij)ij=12i%j

HPV induced death rate for females (males) who have recovered from
strain ¢ and infected with strain j

e Cervical cancer induced death rate for females

0%, Disease induced death rate for females in I7, class

€i,Q; Modification parameters for reduced susceptibility of individuals who have
recovered naturally from either one or both strains relative to those in
the susceptible class

Trii(Tmij) Recovery rate for females (males) who have recovered from strain ¢ and are
infected with strain j

Di, Dij Proportion of females who recover naturally from HPV and do not progress to
persistent HPV infection

i Proportion of females who recover from persistent strain 7 infection and do not
progress to cervical cancer

Opi, i=1,2 Modification parameter for the infectiousness of females with persistent strain ¢
infection relative to those in Ir1, Ife, If21, If12 classes

op Modification parameter for the infectiousness of females in I ;’2 class relative to
those in Iy class

Ty Rate of recovery from cancer for females

K f2 Transition rate out of Py, class for females
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Figure 3.3: Schematic diagram of the female components of the model (3.23])
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Figure 3.4: Schematic diagram of the male components of the model (3.23))
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Combining all these definitions and assumptions, we have that the model for the transmission
of HPV in a sexually-active population is given by the following system of differential equations

(Table 1 describes the associated state variables and parameters in the model (3.23)) while Figures
and give the flow diagrams of the model ({3.23)):

% = (1= )As = (Aowt + Ao + 117) Sy
% = fA; = [(1T = A1 +mr(1 — EAma + p1s] Vy
% = (1= OXmaVy + Sy = (Tp1 + 051 + ) It + E1Am1 Ry + an A My
df;fl = (A =p)7padp + (1= pa)mpalpm — (kp + pg) P
% =1 —a)rnPp +n(1 — @)k p2Ppa — (g + pp + 6pe) C
dgf =m;Cp — pg Ity
ditfl =pnrpdp+ arp P = (g + Anz + 21Am) B
% = Am2Sp — (Tr2 + 652 + pug) Iro + 2dmaRya + ap Ao My
p
dif = n1(1 = E)AmaVy = (pTy2 + 05y + 1) 15,
% = (L= p2)npTralfy + (L = p2)7palya + (1 = pr2)Tpial 1o — (nekipa + pig) Pro
dif = patpTralfy + P2Tralpa + qonekipa Pra — (1 + Am1 + E2Am2) Ry (3.23)
% = A — (g1 + Ap2 + ) S
dfl? = Ap1Sm = (Tt + Om1 + fim) It + €3Ap1 Rt + asAp1 Mo,
% = Tm1lm1 — (fm + Ap2 + €30 51) R
dfi? = Aj2Sm + €aApaRima + qu o My — (Tinz + Sz + fn) Iz
d};;m = Tmzdmz = (pm + A1 + €42 p2) R
dj;;;lz = A2 Ry — (Tr12 + 012 + pig) L 12
di;fl = A1 Rypo — (Tra1 + 0pa1 + i) Iyon
% = paTrizlpe + paTolpan = (py + ardmi + @2dma) My
d‘Z’:Q = Ao Rt — (T2 + Omiz2 + fn) L2
d];fl = A1 Rz = (Tm21 + Omor + i) Iz
% = Tmialmi2 + Tma1 Ima1 — (fn + a3A 1 + udp2) My,
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3.5.2 Description of the Model equations

The model is based on the transmission dynamics of two-sex, two-strain HPV infection. In this
study, strain 1 is HPV type-16/18 while HPV type-31/45 is considered as strain 2. The total
population at time ¢, denoted by N(t), is subdivided into N¢(t) and N,,(t). Ng(t)is further
subdivided into susceptible females (Sf(t)), females vaccinated with the bivalent vaccine (V¢(t)),
females infected with strain i (i = 1,2) (Iy;), females with persistent strain i (i = 1,2) (Pf;),
females with cancer (C), females who have recovered from strain i(i = 1,2) (Ry;), females
vaccinated with the bivalent vaccine, infected with strain 2, (1 J%), females who have recovered from
cancer (R$) , females who have recovered from strain ¢ and are infected with strain j(Iy;;) females
who have recovered from both strains (M(t)). Similarly, N,,(¢) is subdivided into susceptible
males (5,,,(t)), males infectious with strain i (i = 1,2) (/,,;), males who have recovered from strain
i(i = 1,2) (Rmq), males who have recovered from strain ¢ and are infected with strain j(/,,;;)
Thus

N(t) = Ng(t) + Nin(1)

NfISf+Vf+If1+Pf1+Cf+R5c+Rf1+If2+I?Q+Pf2+Rf2+If12+If21+Mf
Nm :Sm+lm1+Rm1+Im2+Rm2+Im12+Im2l+Mm

The population of unvaccinated susceptible females (Sf) is increased by the recruitment of new
sexually-active females at a rate (1 — f)A; (where f, with 0 < f < 1, is the fraction of females
vaccinated against strain 1). Susceptible females acquire HPV infection following effective contacts
with males infected with strain 1 (i.e., those in the I,,; and I,,,01 classes) at a rate \,,; and effective
contacts with males infected with strain 2 (i.e., those in the I,,» and I,,12 classes) at a rate A2

given, respectively, by
_ Bt (L1 + Ima1)

)\ml Nm

(3.24)

and

_ Bm2(Lm2 + Lni2)

)\m2 Nm

(3.25)

In (3.24) and (3.25)), B,n1 and B2 are the effective contact rates for male-to-female transmission of
strain 1 and strain 2 infections respectively. f3,,1 is the product of c{ and 7" (that is, B0 = c{ BT,
while B2 is the product of ¢/ and 87" (that is, Bme = ¢l B7"), where 8" and 7" denote the

probabilities of transmitting strain 1 and strain 2 infections from male-to-female, respectively, and
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c{ denotes the rate at which females acquire new sexual partners. This population is decreased by
natural death at a rate py (natural mortality occurs in all the female epidemiological compartment
at the rate pr). Thus,

)
d_tf = (1= )Ny — (A1 + A2 + 1) Sy

The population of new sexually active susceptible females vaccinated against strain 1 is generated
by the vaccination of a fraction, f, of unvaccinated susceptible females with the Gardasil vaccine
(at the rate fAf). It is decreased by HPV infection, following effective contacts with males infected
with strain 1 (i.e., those in the I,,; and I,,9; classes) at a reduced rate (1 — &)\, and effective
contacts with males infected with strain 2 (i.e., those in the I,,2 and I,,12 classes) at a reduced
rate n7(1 — £) A2 where 0 < € < 1 represents the efficacy of Gardasil vaccine against infection
with HPV-16 and -18 and 7; is a modification parameter for cross protection against incident
infection with strain 2. This population is decreased by natural death. Thus,

vy

i A = [(1 =& A1 +n1(1 = E) Az + ] Vi

The population of females infected with strain 1 (I71) is increased following the infection of unvac-
cinated susceptible females and vaccinated females at the rates \,,; and (1 — &)\,,1 respectively.
The population is further increased following the re-infection of females who have recovered from
strain 1 and the re-infection of females who have recovered from both strains at the rates e; A1
and ay A1, respectively (Here, €1 and ay with, 0 < g1, a1 < 0, accounts for the assumption that
the re-infection of females who have recovered from strain 1 and those who have recovered from
both strains occur at a rate lower than the rate for primary infection of susceptible females with
strain 1). The population is reduced due to transition out of Iy class at the rate 7y, disease
induced death at the rate d;; and natural death. Thus,

dlp1 _

7t (1 — 5))\m1Vf + )\mle — (Tfl + (5f1 + /Lf) [fl + 81)\m1Rf1 + al)\mle

The population of females with persistent strain 1 infection Py, is increased by a fraction (1—p;)7p
and another fraction (1 — po1)7so1 of females in the Iy and Iy classes, respectively, who develop

persistent HPV infection. The population is decreased due to transition out of Pf; class at the
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rate K¢ and natural death. Thus,

dPp
dt

= (1= p0)7alp + (1 = par)Tardyor — (kg1 + pig) Ppa

The population of females with cervical cancer Cy is increased by a fraction (1 — ¢1)kp and
another fraction n.(1 — g2)k 2 of females with persistent strain 1 and persistent strain 2 infection
who develop cervical cancer (Here, 7. is a modification parameter accounting for the assumption
that the progression to cervical cancer by females with persistent strain 2 infection occur at a
rate lower than the progression to cervical cancer by females with persistent strain 1 infection).
The population is decreased following the treatment of females with cervical cancer at the rate
ms, cancer induced death at the rate d;. and natural death. Thus,

e
d_tf = (1= q)rpnPr+ne(1 = q2)k2Pra — (75 + puy + 05c) Cf

The population of females who have recovered from cervical cancer R} is increased following the
treatment of females with cervical cancer at the rate 7;. The population is decreased by natural

death. Thus,
dR$ o e
— =T J—
dt Fer Tl
The population of females who have recovered from strain 1 infection Ry; is increased by females
infected with strain 1 infection and females with persistent strain 1 infection who recover naturally

at the rates pi741 and q1ky1, respectively. The population is reduced due to reinfection with strain

1 (at the reduced rate 1\,,1) and strain 2 (at the rate A,,2). Thus,

AR

TR iTilp + e P — (t + Az + €10m1) R

The population of females infected with strain 2 (Iy,) is increased following the infection of
unvaccinated susceptible females at the rate \,,2. The population is further increased following
the re-infection of females who have recovered from strain 2 and the re-infection of females who
have recovered from both strains at the rates eo A\, and a2, respectively (Here, e5 and g with,
0 < &9, 9 < 0, accounts for the assumption that the re-infection of females who have recovered
from strain 2 and those who have recovered from both strains occur at a rate lower than the

rate for primary infection of susceptible females with strain 2). The population is reduced due to
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transition out of Iy, class at the rate 7o, disease induced death at the rate d s, and natural death.
Thus,

dl
df = Am2S — (T2 + Op2 + ) Iy2 + €2Ama Rz + aoAma My

The population of vaccinated females with strain infected with strain 2 infection I ;’2 is increased
following the infection of vaccinated susceptible females at the rate 1;(1 — &)A2. The population
is reduced due to transition out of I}, class at the rate n,7s, (here, 7, is a modification parameter
accounting for the cross protection of vaccinated susceptible females against persistent infection
with strain 2), disease induced death at the rate 5?2 and natural death. Thus,

are,

- nr(L—&)Am2Vy — (77p7—f2 + 5?2 + :uf) I}€2

The population of females with persistent strain 2 infection Py, is increased by a fractions (1 —
DP2)MpTr2 5 (1 —p2)Tse and (1 — p12) 712 of females in the I?Q, Iy and If1o classes, respectively, who
develop persistent HPV infection. The population is decreased due to transition out of Py, class

at the rate 7.k, and natural death. Thus,

dPpy
dt

(L= p2)npTpaly + (1= p2)7p2lpo + (1 = pr2) T2l pio — (Mekipa + pig) Pra

The population of females who have recovered from strain 2 infection Ry, is increased by females
infected with strain 1 infection and females with persistent strain 1 infection who recover naturally
at the rates pi741 and q1ky1, respectively. The population is reduced due to reinfection with strain

1 (at rate A1) and strain 2 (at the reduced rate eo),,2). Thus,

Ry

7l p277p7f2]]732 + paTralpo 4+ qonekpaPra — (ftf + Ami + €2Am2) Rya

The population of susceptible males (.5,,) is increased by the recruitment of new sexually-active
males at a rate A,,. Susceptible males acquire HPV infection following effective contacts with
females infected with strain 1 (i.e., those in the Iy and Iy classes) at a rate Ay and effective
contacts with females infected with strain 2 (i.e., those in the Iy, I ]’ZQ and Iy, classes) at a rate

Ar2 given, respectively, by
_ Bri(Lp1 + Lyo1 + 0p1 Pp1)
Ny

At (3.26)
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and
Bra(Ia + Ijio + ¢plfy + 02 Ppa)
Ny

Ap2 = (3.27)

In and , Bf1 and By, are the effective contact rates for female-to-male transmission of
strain 1 and strain 2 infections respectively. B¢ is the product of c{ and 5{ (that is, By = c’lnﬁ{ ),
while ¢, is the product of ¢* and 65 (that is, Br2 = c{”ﬁg), where 5{ and 5{ denote the
probabilities of transmitting strain 1 and strain 2 infections from female-to-male and c* denotes
the rate at which males acquire new sexual partners. This population is decreased by natural
death at a rate p,,(natural mortality occurs in all the male epidemiological compartment at the

rate fi,,). Thus,
% = Ay — (Ap1 + Ap2 + fim) Sy

The population of males infected with strain 1 (I,,;) is increased following the infection of sus-
ceptible males at the rates Af;. The population is further increased following the re-infection of
males who have recovered from strain 1 and the re-infection of males who have recovered from
both strains at the rates esAs and asAf, respectively (Here, e5 and a3 with, 0 < e3,a3 < 0,
accounts for the assumption that the re-infection of males who have recovered from strain 1 and
those who have recovered from both strains occur at a rate lower than the rate for primary infec-

tion of susceptible males with strain 1). The population is reduced due to transition out of I,,;

class at the rate 7,1, disease induced death at the rate d,,; and natural death. Thus,

djml
dt

= A1Sm — (Tt + m1 + i) L1 + €3X 1 Rt + asAp1 My,

The population of males who have recovered from strain 1 infection R,,; is increased by males
infected with strain 1 infection who recover naturally at the rate 74;. The population is reduced

due to reinfection with strain 1 (at the reduced rate e3As) and strain 2 (at the rate Ag2). Thus,

dle
dt

= Tpidm1 — (fm + A2 + €30 11) R

The population of males infected with strain 2 (1,,,2) is increased following the infection of suscep-
tible males at the rate Aro. The population is further increased following the re-infection of males
who have recovered from strain 2 and the re-infection of males who have recovered from both

strains at the rates eqAp2 and ay)so, respectively (Here, ¢4 and oy with, 0 < &4, a4 < 0, accounts
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for the assumption that the re-infection of males who have recovered from strain 2 and those
who have recovered from both strains occur at a rate lower than the rate for primary infection of
susceptible males with strain 2). The population is reduced due to transition out of I,,» class at

the rate 7,,2, disease induced death at the rate d,,» and natural death. Thus,

dl e
dt

= A2Sm — (T2 + Oma + i) Ima + €4l po R + cuXpo My,

The population of males who have recovered from strain 2 infection R, is increased by males
infected with strain 1 infection who recover naturally at the rate 7,,;. The population is reduced

due to reinfection with strain 1 (at the rate A1) and strain 2 (at the reduced rate e4As2). Thus,

dRm2

pra Tmadma — (fom + Ap1 + €4Ap2) Rino

The population of females who have recovered from strain 1 and are infected with strain 2, Iy, is
increased following the re-infection (with strain 2 at the rate \A,,2) of females who have recovered
naturally from strain 1 infection. This population is decreased following transition out of 9

class at the rate 7412, disease induced death at the rate 712 and natural death. Thus

dIle
dt

= AmaRp1 — (Tr12 + 012 + ) L12

The population of females who have recovered from strain 2 and are infected with strain 1, I, is
increased following the re-infection (with strain 1 at the rate \A,,;) of females who have recovered
naturally from strain 2 infection. This population is decreased following transition out of Iy

class at the rate 79, disease induced death at the rate s and natural death. Thus

dIfZl
dt

= A1 Rp2 — (Tpa1 + Op21 + pig) I

The population of males who have recovered from strain 1 and are infected with strain 2, 1,12,
is increased following the re-infection (with strain 2 at the rate Asy) of males who have recovered

naturally from strain 1 infection. This population is decreased following recovery from strain 2 at
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the rate 7,12, disease induced death at the rate d,,12 and natural death. Thus

d[m12
dt

= ApaRm1 — (Trmaz + Omaz + L) Lma2

The population of males who have recovered from strain 2 and are infected with strain 1, I,,91,
is increased following the re-infection (with strain 1 at the rate As1) of males who have recovered
naturally from strain 2 infection. This population is decreased following recovery from strain 1 at

the rate 7,,21, disease induced death at the rate d,,2; and natural death. Thus,

d[m21
dt

= ARz — (Tim21 + 921 + tn) L2t

The population of females who have recovered from both strains, My, is increased by females
in the Iy15 class who recover from strain 2 at the rate pia7412 and females in the Iy class who
recover from strain 1 at the rate ps;7s91. The population is reduced following re-infection with
strain 1 (at the reduced rate aj),,;) and re-infection with strain 2 (at the reduced rate agh,,2).

The population is further decreased due to natural death. Thus,

dM
Wf = proTriadpio + PaTrorl o — (pf + 01 A1 + @aA2) My

The population of males who have recovered from both strains, M,,, is increased by males in the
1,12 class who recover from strain 2 at the rate 7,12 and males in the I,,5; class who recover from
strain 1 at the rate 7,,2;. The population is reduced following re-infection with strain 1 (at the

reduced rate azAf;) and re-infection with strain 2 (at the reduced rate ayA2). The population is

further decreased due to natural death. Thus,

dM,,

7 = Tmi2dm12 + Tm21Lm21 — (,um =+ Oé3)\f1 + a4>\f2) My,

The model will be studied subject to the group contact constraint given by

CmNm = Cfo, (328)
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3.6 Formulation of the HPV-TB Co-infection model

3.6.1 Model assumptions

The HPV-TB co-infection model is based on the following assumptions:

i. incorporating the dynamics of co-infection of HPV with tuberculosis (Zhao et al., 2011;

Zetola et al., 2015),

ii. including the dynamics of homogeneous transmission of HPV (& # 0,&, # 0) (Marrazzo et
al., 1998; Marrazzo et al., 2001; Joseph et al., 2008),

iii. including compartments for infectious individuals dually infected with active TB and HPV

(Zetola et al., 2015).

iv. including compartments for infectious individuals dually infected with latent TB and HPV

(Zetola et al., 2015),
v. allowing for disease transmission by dually infected individuals,
vi. dually infected individuals can transmit either HPV or TB but not the mixed infection,

vii. including a modification parameter accounting for the increased infectiousness of dually

infected individuals.
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Table 3.4: Description of variables in the model ([3.29).

Variable | Interpretation

Se(Sy) population of susceptible females (males)

Vie Population of females vaccinated against HPV

L.(Ly) Population of females(males) infected with HPV

R..(R,,) | Population of females(males) who have recovered from HPV

P, Population of females with persistent HPV infection

C, Population of females with cervical cancer

R Population of females who have recovered from cervical cancer

E..(E,.) | Population of females (males) with latent TB

I.(1) Population of females (males) with active TB

T..(T) Population of females (males) treated of TB

IT (1Y) Population of females (males) dually infected with HPV and latent TB
Ir (1Y) Population of females (males) dually infected with HPV and active TB
P Population of females dually infected with persistent HPV and latent TB
Pr Population of females dually infected with persistent HPV and active TB
Chs Population of females dually infected with cervical cancer and latent TB
Cha Population of females dually infected with cervical cancer and active TB
N (Nyy) | Total population of females (males)

N, Total human population
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Table 3.5: Description of parameters in the model ({3.29).

Parameter Interpretation

A(Ay) for females (males)

e () Natural death rates for females (males)

f Proportion of vaccinated females

Ty Vaccine efficacy for females

& (&) Homosexual contact rate between females (males)

&L (BY), =123

Recovery rates from HPV for individuals in the I, (1), IF (I}), I (1) classes,
respectively, for females (males)

F

ri(r}) i=1234

Recovery rates from TB for individuals in the I..(I,.), I}, (1)), P:,, Cpa classes,
respectively, for females (males)

KPS i=1,2,3

Fraction of infected females who recovered naturally from HPV (but did not develop
persistent HPV infection)

(1= K})5,i=1,2,3

Fraction of infected females who develop persistent HPV infection

i i=1.23 Transition rates out of P, Py, P!, classes for females

XiPi, i=1.2.3 Rate at which females recover naturally from the persistent infection

(I —x5)pk Rate at which females with persistent HPV infection develop cervical cancer

©e(py) Rate of reinfection with HPV for females (males)

7! =123 Cervical cancer treatment rates for females in the C,, C,,, C,, classes

Ours Ocry Opr Disease induced death rates for females singly infected with HPV, cancer and
tuberculosis respectively

Oty Onr Disease induced death rates for males singly infected with HPV and tuberculosis

respectively

61—&‘17 5}1}‘27 5}‘1"17 51-‘1"1

Disease induced death rates for mixed infections for females

51{1\117 5HMZ, 6MT1

Disease induced death rates for mixed infections for males

UF(UM)

Rate of reinfection with TB for females (males)

Y; (") i=1.2,34

Fraction of newly infected females (males) with active TB

F
1 -1, i=1,2,34

fraction of newly infected females with latent TB

M
1=, =12

fraction of newly infected males with latent TB

55(5?[) i=1,2,3,4

Exogenous re-infection rates to active TB for females (males)

f)/f (f}/';\[) 1:1727374

Slow progression rate to active TB for females (males)

Br

Effective contact rate for females-to-male transmission of HPV

B Effective contact rate for male-to-female transmission of HPV
Br Probability of transmitting HPV from females-to-males
M Probability of transmitting HPV from males-to-females

Ou Rate at which males acquire new sexual partners

Or Rate at which females acquire new sexual partners

Br Effective contact rate for TB transmission

ce(en) Condom compliance rate for females (males)

er(€n) Condom efficacy for females (males)

O Modification parameter for increased infectiousness of dually infected individuals due
to TB

wr Modification parameter for reduced infectiousness of dually infected individuals with
latent TB relative to those with active TB

Mp Modification parameter for increased infectiousness of dually infected individuals due
to HPV

Wp Modification parameter for reduced infectiousness of infected females with persistent

HPV relative to infected females infected with HPV

20




AM

l

CERT O R T 0

\N‘“(W?

)\HF EvAmn
(/’LM + 6HM)<7

i Ar

(,UM + @[ + 51{1\11) C
I,

(,uM + 51\1T1 + 5111»12)

Figure 3.5: Schematic diagram of the male components of the model
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Based on the above formulations and assumptions, the HPV-TB model is given by the following
deterministic system of non-linear differential equations (flow diagrams of the model are depicted

in Figures and , the associated state variables and parameters are described in Table 1):

dcif‘ — (1= A = O+ E N + 11+ 1) S,

T f = [0 7 e+ (1= )8+ 1+ 0] Vi

déf = O EASe + [(1 = e+ (1= T)EN Vi + 7T+ ATor + €A Tor
+ X R + @& Rue — (0] 4 A 4 e + 64 T

T s+ X0 P — (N + 96 gt A Ra

P (1 W6 e 7Pl = (4 s ) P

o (L ol Pa 4 75Con — (7] 4 6+ M)

O 70— (4 MRS

Lot (1 UDA(Se + Vi + R+ R+ 0,T0) + G T+ X P+ 71
— (A A+ A+ A+ EX + 1) B (3.29)

dé? = PN (Se + Vi + Rur + RS+ 0, Tyy) + N Eop + Y Epr + @R+ XEpPE
+ 73 Ca — (1) + e + 6 + A + &) Lir

O Pl = (0 h 4 A+ Ew o 18) T

% = (1 = ) MTue + A Eer + EXpErer — (E5M + 75 + e + 05 + 0w ) I

% = U\ Lyp + AT+ VL + A der + EXeLpr — (75 + pte 4 Oprt + Oee + 05) L1y

Mo (1 y)A P+ (L R, — (€A 4 )Pl

P YA P N PE, AP+ (L KT — (74 Gt 4 )Py

T — (L= NG (L= Xl — (EA 7+ G g+ )

df? = PiMCr 4+ A Cr + 7 Cre + (1 = X305 Py — (7] 4 s + O + 1 + 77) Cra
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dSM

- AM - ()\IIF + 51\1)\111\1 + ,UM + )\T)Sl\l

dt
df;“[ = (e + EA) Sy + 7T + AT + EAn T + ©udue Rine + @ubid Riny
— (&' + A+ p + ) L
d?:M = ' iyt — (Pudie + P&t + L + Ar) Ry
df;“‘ = (1= M)A (Su + R + 0. Do) + 6T — (€0 + 90"+ A+ Ed + ) Ban
df;t” — YA\ (Sy + Ry + 0. Tar) + €M B + 7 Evr + 61T
— (1 4 i + G+ A + E ) Larr
df;;” = ' Lur = (03 A 4 A + E A + 1) T
ar:
i = U= DA+ A Bur + A B — (320 4%+ s+ 0 + G ) i
dﬁ“ = VYA + NN A L + A Lur + EXdur — (1) + iy + Gt + G + ) Iy

3.6.2 Description of model equations

The total sexually active population at time t, denoted by Ny(t), is divided into two classes,
namely the total female population (Nye(t)) and the total male population (Nyy(t)), respectively.
The total female population is further subdivided into sixteen mutually-exclusive compartments:
Susceptible females (S,(t)), females vaccinated against HPV (Vi (1)), females infected with HPV
(Iur(t)), females who have recovered from or cleared HPV infection (Ry:(t)), females with per-
sistent HPV infection (Py:(t)), females with cervical cancer (Cy(t)), females who have recovered
from cervical cancer (RS(t)) , females with latent TB (Ey(t)), females with active TB infection
(Ix(t)), females treated of TB (7..(t)), females dually infected with HPV and latent TB (I (¢)),
females dually infected with HPV and active TB I , females dually infected with persistent HPV
and latent TB, (P (t)) females dually infected with persistent HPV and active (P (t)), females
dually infected with cervical cancer and latent TB (C,,(t)), females dually infected with cervical
cancer and active TB (C.,(t)).

Similarly, the total male population is subdivided into eight mutually exclusive compartments:
Susceptible males (S, (t)), males infected with HPV (7,,(t)), males who have recovered from or
cleared HPV infection (R, (t)), males with latent TB (E.,.(t)), males with active TB (1,.(t)),

males treated of TB (7,,(t)), males dually infected with HPV and latent TB (1} (¢)), males dually
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infected with HPV and active TB (1Y (¢)). Thus

Ny(t) = Nux(t) + N (t)

where

NHF :SF+VHF+[HF+RHF+PHF+CF+RE+EF’1‘+]F’l‘+TF’I‘+IgE+III;A+P1§E_I_P]]{:A_{_CFE_{_CFA

NHM = SM + IHM + RHM _I_ EMT + IMT + TMT + I];;* + [SIIA

The population of susceptible females (S,(t)) is generated by the recruitment of female individuals
(at a rate A,). A fraction, 0 < f < 1, of recruited female individuals are vaccinated against HPV.
Unvaccinated susceptible females acquire HPV infection following effective contacts with HPV
infected male individuals (that is, those in the I, I, I classes) at a rate \,,, and contacts
with HPV infected females (that is, those in the ( Iy, I}, I}, P, P., classes) at a rate {\,.,

Also, unvaccinated susceptible females acquire TB infection following effective contacts with TB

infected individuals (that is, those in the Iy, vy, Cry, 15, PL,, I}l classes) at a rate \,, where:

1 — Cubwu [HM eT [M T[M‘
)\HM — BM( CI\E )[ + ( HA + w IIE)] ’ (330)
]vnM
)\HF = /BF(l — CFEF)[IHF + WPPHF + QT(I}};A + wT‘[;E + wPP;A + wTwPP:E)] ’ (331)
NHF
1 1, C I P+ I
/\T — BT[ MT + FT + FA + 77p( HA + wp HA + HA)] (332)

N,
& is a modification parameter which accounts for the transmissibility of HPV from female-to-
female. The parameters 6,(6, > 1) is a modification parameter accounting for the increased
infectiousness of dually infected individuals due to tuberculosis, w,(w, < 1) is a modification
parameter accounting for reduced infectiousness of dually infected individuals due to latent TB.
np(n, > 1) is a modification parameter accounting for the increased infectiousness of dually
infected individuals due to HPV while w,(w, < 1) is a modification parameter accounting for the
reduced infectiousness of singly infected and dually infected individuals due to persistent HPV
infection. This population is further reduced by natural death (at a rate f,; natural death occurs

in all female epidemiological compartments at this rate). In (3.30), 5y is the effective contact
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rate for male-to-female transmission of HPV infection. f,; is the product of g, and ) (that is,
By = oY), where B denotes the probability of transmitting HPV infection from male-to-female,
and g, denotes the rate at which females acquire new sexual partners, whereas, In , B is
the effective contact rate for female-to-male transmission of HPV infection. S is the product of
oy and ) (that is, By = ouf)), where ] denotes the probability of transmitting HPV infection
from female-to-male, and p,, denotes the rate at which males acquire new sexual partners. In
, Py denotes the effective contact rate for TB transmission.The parameter pf, = cyep (with
0 < pi. < 1) is the female condom-induced preventability level (it is the product of condom
compliance (0 < ¢ < 1) and condom efficacy (0 < e < 1)) for females, while p¥ = c, €y
(with 0 < pY¥ < 1) is the male condom-induced preventability level. Marfatis et al. (2015)
reported that condoms are effective and offers adequate protection (more than 90%) against
sexually-transmitted diseases, though condom compliance depends on the behavioural attitude of

individuals (Hegamin-Younger et al., 2014). Thus,

s,
dt

= (1 - f)AF - ()\IIF + gF)\HF + ,LLF + )\T)SF

The population of females vaccinated against HPV (V,,(¢)) is increased by the vaccination of the
fraction f, of unvaccinated susceptible females against HPV (at the rate fA,). The population is
reduced following acquisition of HPV from infected male individuals at a rate (1 —m,)\,, and from
infected female individuals at a rate (1 — m,)§ A\, where 7, accounts for HPV vaccine efficacy for
females. The population is further reduced by the acquisition of TB following effective contacts

with individuals infected with TB at rate A,. Thus,

AV
dt

= fAF - (1 - TrF))\HM‘/HF - (1 - WF)&FAHF‘/}IF - (/’I/F + AT)‘/HF

The population of female individuals infected with HPV (1,,(t)) is increased by susceptible and
vaccinated female individuals infected with HPV at the rate A, and &\, as well as (1 —m,)\,,, and
(1 — )&\, respectively. The population is also increased by females dually infected with HPV
and active TB who recover from TB at a rate r}. It is increased by the infection of females who
have recovered from or have been treated of TB. It is further increased following the reinfection
of females who have cleared or recovered naturally from HPV at the rate p, A, and @, \,,. This

class is reduced following natural recovery from HPV, acquisition of TB, natural death and disease
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induced death at the rates ¢!, \,, p. and d,, respectively. Thus

dl,
dt

= )\HMSV + f[“AHI“SIV + (]- - WI“)AH\I‘/}{]" + glf)\mr‘/mf + 7"]2];[_\ + )\HM FT + 6-)\“.:71.:1- + spl“AHMRHF

+ @FfF)\HFRHF - ((ﬁi + )\T + /’I/F + 6HF>[HF

The population of female individuals who have recovered from HPV (R,.(t)) is increased by a
fraction x!¢; of individuals who recover naturally from HPV. It is further increased by a fraction
X:p; of females who recover from persistent HPV infection. This population is reduced following
reinfection with HPV at a rate ¢, and ¢,&,, acquisition of TB at rate A\, and natural death at the

rate p,. Thus,
dRHl’-‘
dt

= ,il; };IHF + X}Ip};PHF - ((pF>\HM + (pFé-FAHF + /’I’F + AT)

The population of female individuals with persistent HPV infection (P, (t)) is increased by a
fraction (1 — k") of infected female individuals who develop persistent HPV infection. It is further
increased by female individuals dually infected with persistent HPV and active TB who recover
from persistent HPV. This population is reduced following progression out of P, at a rate p|

acquisition of TB at a rate A\, and natural death at the rate p,. Thus

dPHF
dt

= (1= w)& L + 5 B0 = (07 + e+ M) P

The population of females with cervical cancer (C.(t)) is increased by a fraction, (1 — x7)p! of
females with persistent HPV who develop cervical cancer. It is further increased by females
dually infected with cervical cancer and active TB who recover from TB. This population is
reduced following treatment, natural death, disease induced death and acquisition of TB at the

rates 7, ., O, and A, respectively. Thus,

dC.
dt

= (L =x)P P + 1 Co = (7 + i + 0 + M) G

The population of female individuals who have recovered from cancer (R°(t)) is increased by

female individuals treated of cervical cancer at the rate 7/. It is decreased following acquisition
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of TB and natural death at the rate A, and p, respectively. Thus,

dRe
dt

=7C, — (. + \,)RE

The population of female individuals with latent TB (E.,(t)), is increased by a fraction, (1—17) of
susceptible females, females vaccinated against HPV and females who have recovered from HPV
and females who recover from cervical cancer who acquire TB at the rate A,. This population
is increased by the reinfection of female individuals treated of TB at the rate o.\,, where o, is
a modification parameter accounting for the reduced susceptibility of treated female individuals
relative to susceptible female individuals. This is further increased by female individuals dually
infected with HPV and latent TB, females dually infected with persistent HPV and latent TB,
and females dually infected with cervical cancer and latent TB who recover from HPV | persistent
HPV and cervical cancer respectively. The population is reduced following exogenous re-infection
of females with latent TB, progression to active TB, acquisition of HPV from infected males and

females, and natural death at the rates €', A\, 7!, A\, &, and p, respectively. Thus

dE,,
dt

=1 =Y)N(S. + Ve + Ry + Ry + 0.T,,) + dirily, + Xops Py, + 73 Clg
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- (6§)\T + ’75 + >\HI\I + gF)\HF + /’LF)EFT

The population of female individuals with active TB (I,.(t)) is increased by a fraction, !, of
susceptible females, females vaccinated against HPV and females who have recovered from HPV,
females who recover from cervical cancer who acquire TB at the rate A,. This population is
increased by the reinfection of female individuals treated of TB at the rate .\, where o, is a
modification parameter accounting for the reduced susceptibility of treated female individuals
relative to susceptible female individuals. This is further increased by female individuals dually
infected with HPV and active TB, females dually infected with persistent HPV and active TB,
and females dually infected with cervical cancer and active TB who recover from HPV, persistent
HPV and cervical cancer respectively. The population is further increased by the exogenous re-
infection of females with latent TB, progression to active TB by females with latent TB. This
population is reduced following recovery from TB, disease induced death, acquisition of HPV from

infected males and females and natural death at the rates 77, 6., A, & and p, respectively.
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Thus

dl,.
dt

=N (S, + Vie + R + RE+0.T,) + N B 4+ v B + O5R5TE

+ X505y, + T Co — (1] + e+ 0o + A + &) L

The population of females treated of TB (7.,(¢)) is increased by the treatment of females with
active TB at the rate . This population is reduced following reinfection of females treated of TB,
acquisition of HPV from infected males and females, and natural death at the rates o, \;, A\, A

and p,. Thus
d1.,
dt

= T;‘Im‘ - (Ulr)\'r + An—m + 51“)\H1“ + ,u[)j—:[

The population of females dually infected with HPV and latent TB (IF (¢)) is increased by a
fraction, (1 — ) of females infected with HPV who acquire TB at the rate A\, This population
is further increased following acquisition of HPV by females with latent TB at the rates A,, and
&AM This population is reduced by the exogenous reinfection of females dually infected with
HPV and latent TB, progression to active TB, natural death, recovery from HPV only and HPV
induced death at the rates €}, \,, 7}, u., ¢, and d,,, respectively. Thus

I’
dt

- (1 B w;))\T[HF + )\HMEFT + £F)\HFEFT - (SEAT + ’Y; + M + ¢; + 5IIF1>IIIIE

The population of females dually infected with HPV and active TB (If (¢)) is increased by a
fraction, ¢}, of females infected with HPV who acquire TB at the rate A,. This population is
increased by the exogenous reinfection of females dually infected with HPV and latent TB, and
progression to active TB at the rates )\, and ~y;respectively. This population is further increased
following acquisition of HPV by females with active TB at the rates A, and &, \,.. The population
is reduced following recovery from TB only, natural death, TB induced death, HPV induced death

and recovery from HPV at the rates 75, pt,, 01, Oue and @} respectively. Thus

I’
ﬁ - w;)\’r[mr + 52)\TI:F, + f)/QFI:r + )\IIM[FT + SF)\IIFIFT - (T; + e + 5FT1 + 5IIF2 + ¢§)[:\

The population of female individuals with cervical cancer and latent TB (C.,(t)) is increased by

a fraction, (1 — %), of female individuals with cervical cancer who acquire TB at a rate A,. It is
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further increased by a fraction, (1 — x%)pf, of female individuals dually infected with latent TB
and persistent HPV infection who develop cancer. This population is reduced following exogenous
reinfection and progression to active TB by female individuals dually infected with cervical cancer
and with latent TB at the rates €}\, and 7 respectively. It is further reduced following cancer
induced death, natural death and recovery from cancer at the rates d.., p, and 7, respectively.

Thus
dC,,
dt

The population of female individuals infected with cervical cancer and active TB (C,,(t)) is in-
creased by a fraction, ¢ of female individuals with cervical cancer who acquire TB at a rate A, It
is further increased by a fraction (1 — x5§)p5, of female individuals dually infected with active TB
and persistent HPV infection who develop cancer. This population is further increased following
exogenous reinfection and progression to active TB by female individuals dually infected cervical
cancer and with latent TB at the rates i\, and 7} respectively. It is reduced following recovery
from TB, TB induced death, cancer induced death, natural death and recovery from cancer at

the rates 75, 0.1, Ocy He, and 7) respectively. Thus

dCFA
dt

= wT)\TCF + €i>\TCFE + ’Y}]?CFE + (1 - X;)ngF - (T; + 6FT1 + 5CF + ,uF + T;)CFA

HA

The population of susceptible male individuals S, is increased by the recruitment of sexually
active males at the rate A,. This population is reduced following effective contacts with HPV
infected female and male individuals and natural death at the rates A, £ A, and p,, respectively.
It is further reduced following effective contacts with TB infected individuals at the rate A,. &,
is a modification parameter which accounts for the transmissibility of HPV from male-to-male.

Thus
dSM
dt

= AM - (AHI“ + €h1>\H\1 + MM + )\'[‘)SM

The population of male individuals infected with HPV (I,,,(¢)) is increased by susceptible male
individuals infected with HPV at the rate A\, and &, \,,,. The population is also increased by males
dually infected with HPV and active TB who recover from TB at a rate ). It is increased following
the infection of males who have recovered from or have been treated of TB. The population is

further increased by the reinfection of males who have naturally recovered from or have cleared
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HPV at the rate o, A\, and ¢, &\, This population is reduced following natural recovery from
HPV, acquisition of TB, natural death and HPV induced death at the rates ¢}, A, p, and 9,,
respectively. Thus

d[HM
dt

= AIll“'SVM + 5]\1)\111\[ + /,";[[:I\ + AIIFIﬁI\IT + SMAIIMJ—I\IT + SOM)\HFRIIM _l_ Spl\lfl\IAl[MRIlM

- ( ]il + )\T + o + 5HM)IHM

The population of male individuals who have recovered from HPV (R, (t)) is increased following

natural recovery from HPV at the rate ¢ . It is reduced by the reinfection of males who have

recovered naturally from HPV at the rates ¢ A, and ¢, & \,.,. It is further reduced following
natural death effective contacts with individuals infected with TB and at the rates p, and A,.

Thus
dRHM
dt

= QSI;{IH]\I - (SOMAHF —l— SOI\'Igl\IAHM + MM + A'l')‘RH]\rl

The population of male individuals with latent TB (E,.(t)) is increased by a fraction, (1 —"), of
susceptible males and males who have recovered from HPV who acquire TB at the rate A,. This
population is increased by the reinfection of male individuals treated of TB at the rate o, \, where
0, is a modification parameter accounting for the reduced susceptibility of treated male individuals
relative to susceptible male individuals. This is further increased by male individuals dually
infected with HPV and latent TB who recover from HPV at the rate ¢). The population is reduced
following exogenous re-infection of males with latent TB, progression to active TB, acquisition of
HPV from infected females and males, and natural death at the rates e\'A,, ¥\, A\, & and g,

respectively. Thus

dEMT
dt

= (1 - I’I)AT(SM + RHM + O-MTMT‘> + ¢;’I]]:1}- - (glfAT + ,yi\] + AHI“ + gMAHM + [LLM)EMT‘

The population of male individuals with active TB (I,,(t)), is increased by a fraction, ¢! of
susceptible males, males who have recovered from HPV who acquire TB at the rate \,, This
population is increased by the reinfection of a fraction ' of male individuals treated of TB at the
rate o, \, where o, is a modification parameter accounting for the reduced susceptibility of treated
male individuals relative to susceptible male individuals. This population is further increased by

male individuals dually infected with HPV and active TB who recover from HPV. The population
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is further increased by the exogenous re-infection and progression to active TB by males with
latent TB. This population is reduced following recovery from TB, TB induced death, acquisition
of HPV from infected females and males and natural death at the rates ', d,., A, & A and g,

respectively. Thus

dIMT

dt - ¢]1“AT<S]\I + RHM + O-M]j]\rrr) + 61;IAT-EMT + ’Yfi MT + Qbk;I:A - (T]{[ + 6MT + AHF + é’MAHM + /’LM)]]\IT

The population of male individuals who have been treated of TB (T, (t)) is increased following
the treatment of male individuals with TB at the rate ). This population is reduced following
reinfection with TB, acquisition of HPV from infected males and females and natural death at
the rates o A\;, Ay & and i, respectively. Thus

dﬂl’l"
dt

= TIL\[IMT - (O-MAT + )\HF + éhrlAHm{ + /’LM)ﬂlT

The population of males dually infected with HPV and latent TB (1} (t)) is increased by a fraction,
(1 —9)) of males infected with HPV who acquire TB at the rate A,. This population is further
increased following acquisition of HPV by males with latent TB at the rates A, and £, \,,. This
population is reduced by the exogenous reinfection of males dually infected with HPV and latent

TB, progression to active TB, natural death, recovery from HPV only and HPV induced death

at the rates el \,, 7', w., @) and 6,,, respectively. Thus

aly, _

dt (]- - ;I)A’]']HM + AHI’EM']' + 5\1)\H1\1EM'1' - (€;1A'[‘ + %M + [1'1\1 + Qb; + 5}-11\11)-[}];;

The population of males dually infected with HPV and active TB (1Y (%)) is increased by a fraction,

) of males infected with HPV who acquire TB at the rate A,. This population is increased by the
exogenous reinfection of males dually infected with HPV and latent TB, and progression to active
TB at the rates €} and )" respectively. This population is further increased following acquisition
of HPV by males with active TB at the rates \,. and &,\,,. The population is reduced following
recovery from TB only, natural death, TB induced death, HPV induced death and recovery from
HPV at the rates r), ., Oy, Oune and ¢y. Thus

d[M
d;A - 77Z)3[)\TIHM + 5ZIAT]:E + 7;1]2; + )\HF-[MT + ghl)\HMIMT - (T;l + ,um + 5MT1 + 6HM2 + ¢];1>-[:A
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The population of females dually infected with persistent HPV and latent TB (P}.()) is
increased by a fraction, (1 — %) of females infected with persistent HPV who acquire TB at the
rate \,. This population is further increased following progression to persistent HPV stage by a
fraction (1 — k!) of females dually infected with persistent HPV and latent TB. This population
is reduced by the exogenous reinfection of females dually infected with persistent HPV and latent
TB, progression to active TB, transition out of (PF,(t)) class and natural death at the rates
esA, Vi, pi and p, respectively. Thus,

dP;,
dt

= (L= ) A Pas + (1= Rl — (8520 + 95 + 05 + p1e) By

The population of females dually infected with persistent HPV and active TB (P}, (t)) is increased
by a fraction, ¢; of females infected with persistent HPV who acquire TB at the rate A,. This
population is also increased following exogenous re-infection and slow progression to active TB
stage by females dually infected with persistent HPV and latent TB (P%,(t)) at the rates 5\, and
vy, respectively. The population is further increased by a fraction (1 — k)¢5 of females dually
infected with HPV and active TB (If, (¢)), who develop persistent HPV infection. This population
is decreased following recovery from TB, TB-induced death, transition out of (Pf,(¢)) class and

natural death at the rates 7}, dpr,, p; and p,, respectively. Thus,

dp . : F F F F F F
WHA - @ZJ;ATPHF + ESATP}};E + 73P}];E + (1 - /{‘3)¢3[IZA - (Ts + 61’T2 + p3 + luF)PIjA

The dynamics of the HPV-only sub-model will be studied subject to the group contact constraint
given by
N = 0¢ Ny, (3.33)
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Chapter 4

Results and Discussion

4.1 Mathematical analysis of the treatment model (3.19

4.1.1 Basic properties of the Treatment model (3.19)

Positivity and boundedness of solutions

For the model (3.19)) to be epidemiologically meaningful, it is important to prove that all its state
variables are non-negative for all time (). In other words, solutions of the model system (3.19)

with positive initial data will remain positive for all time ¢ > 0.

Theorem 4.1. Let the initial data be

Sy >0,Vy >0,A; > 0,1y >0,P >0,R; >0, T >0,C; >0,C% >0,R} > 0,R; > 0,5, >
0,Vp, >0, A,>0,1,>0,P,>0R, >0,T,>0C%>0,R: >0

Then the solutions

(S5, Vi, Ap Iy, Pr, Ry, Ty, %, C%, R, RS, Sy Vins A Loy Py By T, Cry, R

of the model are positive for all time t > 0.

Proof. Let

ti =sup{t >0:S;>0,Vy >0,4; >0,I; >0,Pf >0,k >0,T; >0,C¢ >0,C% > 0,R} >
0,R$ > 0,8, >0,V,, >0,A, >0,1, >0,P,>0,R, >0,T, >0,Cy >0,R;, >0¢€[0,t]}.
Thus, t; > 0.
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We have, from the first equation of the system (3.19) that

dsS
5 == DA = Qo+ )5Sy
which can be re-written as
p t
7 St(t) exp //\m(u)du+uft =(1—f)Asexp /Am(u)du+uft
0 0
Hence:
t1
d g
7 Sp(t1)exp /)\m(u)du—l—uftl —Sr(0) =(1— f)Af/ exp /)\m(u)du—i—ufx dx
0 0 0
so that

t1

Sp(t1) = S¢(0) exp /)\m w)du — pisty | + exp —/)\m(u)du—,uftl

0

Af/ exp / (w)du + pgx| de >0
0

Similarly, it can be shown that:
Vi>0,Ar > 0,1y >0,P >0,Ry >0,Tf > 0,C% > 0,0 >0,R} >0,R} > 0,5, >0,V, >
0,4, >0,1,, >0,P, >0,R,, >0,7,,, >0,C% >0, R% > 0.

4.1.2 Invariant regions

The model will be analyzed in a biologically feasible region as follows. We first show that
the system is dissipative (that is, all feasible solutions are uniformly-bounded) in a proper
subset D C RY. The system is split into two parts, namely, the female population (Ny)
and the male population (V).

Consider the feasible region D = Dy UD,, C R x R,

with:
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D; = {(Sf,vf,Af,If,Pf,Rf,Tf,C;},C;, % R}) € RU Sy +Vi+Ap+ 1+ Pr+ Ry + Ty + Cf + Cf

A
+R;+R;§—f}
s

and

D, = {(Sm, Vins Ams Iy Py Ry T, Ct VR ) € %i S+ Vi + A+ I+ P+ R+ T + C

Ay
+ RS < —}

m

The following steps are followed to establish the positive invariance of D (i.e. solutions in D
remain in D for all time ¢t > 0 ).

Adding the first eleven and the last nine equations in the differential system (3.19)) gives

dN
—h = Ny ppNp(t) = 0415 + 070,y + 63C + 5505 o
dN,, '
7 = Am — ILLNm(t) — [5mIm + O'm(sme + 57(%07(711]

where §; = min{dy, 070y, 6%, 05} and 6, = Min{dm, 71 dm, Gy, }-

From (4.1)), we have that

dN

d_tf < Af — /JJfo(t), and

dN,

— <A,y — i N (1).
TS Hom Non (1)

Using the Comparison theorem (Lakshmikantham, et al., 1989), we have that N;(t) < N;(0)e "'+

A A, : A

L1 —e ™) and Np(t) < Np(0)e #mt + =™(1 — e #m!). In particular, Ny(t) < ~L and

Hr A A A Hm M

N (t) < = if Ng(0) < =L and N,,(0) < = respectively. Thus, the region D is positively in-
Hm 1277 Hm

variant. Hence, it is sufficient to consider the dynamics of the flow generated by the system (3.19))
in D. In this region, the model can be considered as being epidemiologically and mathematically
well-posed (Hethcote, 2000). Thus, every solution of the model with initial conditions in
D remains in D for all time ¢t > 0 . Therefore, the w—limit sets of the system (3.19)) are contained

in D. This result can be summarized thus.

Lemma 4.2. The region D = D; U D,,, C R x R is positively-invariant for the model (3.19)

with initial conditions in 9%10.

66



4.1.3 Local stability of Disease-Free Equilibrium (DFE)

The model (3.19) has a DFE, obtained by setting the right-hand sides of the equations in model
(3.19) to zero, given by

SO = (S;a Vf*aA}a I}ka P}ka R}anaca*7CC*7 (}*7 ;*7 ;—La é)A;w];-p PéaRjnaT;>C$7R%)

(4.2)
= (S;i,V;,0,0,0,0,0,0,0,0,0, Sr . v*.0,0,0,0,0,0,0)

m? m?
with

A 1—m)A, A,
Sy = =2 VFIQ,S;L:(L), and V= _-m
The linear stability of the disease free equilibrium, (§y) can be established using the next generation
operator method on the system ([3.19)). Using the notation in van den Driessche and Watmough

(2002), the matrix F; (of new infections) and the matrix V; (of the transfer of individuals between

compartments) are respectively, given by

Am[Sy + (L= 7))V (vr +up)Ap — kA Ry — (L —1p)efTy
0 (kg + 05 + 5 +7p) L5 —ypAr —npesTy
0 (ay +pp)Pr— o5 (1 — vy) Iy
0 (g +opdp+ep)Ty — 74y
0 (s + 05 + K$)CF — apvpws Py
Fi= 0 , Vi= (1y + 05+ K$)CG — ayvp(l — wy) Py

0 (Ym + ) Am — EmAm B — (1 = 0)em T
0 (fm + Om + O + Ton) L — YA — MmEmTim
0 (m + pn) P — O (1 = ) I
0 (o + OmOm + €m) T — TonIm

A f[Sm A (1 = ) Vil i (fm + 0% + KE)C: — Py, |

The matrices F and V, for the new infection terms and the remaining transfer terms, evaluated

at the disease free equilibrium (DFE) are, respectively, given by
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where

F21:

Q2041

Ny

0

o o O

68

0
0
0

[ Oexe Iz
Fy1 Opxe |
0 0 0
0 0 0
0 0 0
0 0 0
Qy  Q20p2  Qa&4051
NpoONG N}
0 0 0
0 0 0
0 0 0
0 0 0
—H, 0 0 0
—-Hy, 0 0 0
0 0 0 0
My 0O 0 0
0 Ms; O 0
0 0 Mg O
0 0 0 My
0 0 0 —
0 0 0 0
0 0 0 0
0 0 0 0

Bm(l — cmém)
Br(1 = crep)
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 —Hg
My 0 —H;
—Hg M, 0
—Tm 0 Mo
0 —Hy O

o o o o O

o O




with,

Q1 = —(I_mef, Q2 = —(1777;:1")%, My = g+ pp, My = ¢p + 75 + 05 + pp, Mz = ayp + py,
My =opdp+es+pp, Ms = /<;§+5}L+uf, Mg = /ijc+5jc+uf, M7 = Yo+ o, Mg = G+ T+ 0m~+ b,
My = oy + i, Mig = Ombm + Em + i, M1z = K 408 + fim, H1 = (1 —nyg)ey, Hy = npey, Hy =
Gr(L—tby), Hy = aypswyp, Hy = appop(l —wy), Hg = (1= )em, Hr = nmem, Hs = dn(1 = tm),

and Hy = apmwm

Hence it follows from van den Driessche and Watmough (2002), that the basic reproduction

number of the model (3.19)) is given by

RT =V 7?'fT,]?fmTa
where
M3 M. N110 Nio0 Ni3&40
RfT—Bf(l—Cfﬁf)(l—fﬁf){ T o ;&,J;V 12072+ Niaky fl}, and
34V14
Mo M Ny10 No20,9 + Noz&n0rm
RmT = 6m<1 — Cme)(l - mﬂ-m> { 020100m - 21 77\2—;\[ 220mz 235 - } )
91Vaq
with,

Niw = (g + pup) [(Of + 05+ pp)(op +ep+ pp) + (Tpop + Tppp) + (1= 0p)7584]
Nig =051 = ¥yp)(op0s + €5 + puy),
Nig = vy + pug),
Nig = (g + pug) [ (vp + pp) (D5 +0p)(0p0s + €5 + pg) + pup(op0s + €5+ pig) +75(0605 + 1))
+ (L= np)upesry ],
Na1 = (m + i) [(Dm + Om 4 pn ) (Om + Em + pim) + (T + Tinpm) + (L = 0 ) T
Noo = YPm (1 — m) (OmOm + Em + Him),
Nog = YinTm Q. + fn)
Ny = (0 =+ fim) [ (Y =+ ) (P + ) (OmOm + Em + fim) + fim (OmOm + Em + fim) + Ton (Tmm + fim))

+ (1 - nm>ﬂm€m7m ] .

Consequently, the following result follows from Theorem 2 of van den Driessche and Watmough
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(2002).

Lemma 4.3. The DFE of the treatment model (3.19) is locally asymptotically stable (LAS)

whenever R < 1, and unstable if Ry > 1

The threshold quantity Ry is the basic reproduction number for HPV infection. It measures
the average number of new HPV infections that can occur when a single infected individual is
introduced into a completely susceptible population (van den Driessche and Watmough, 2002;
Hethcote, 2000). The quantity Ry is a composite product of the reproduction numbers for the
females (R 1) and males (R,,,r), respectively. That is, while Ry measures the average number of
new HPV infections in the female population generated by the introduction of an infected female
into a completely susceptible female population, R, measures the average number of new HPV
infections in the male population when a single infected male is introduced into a completely
susceptible male population. The epidemiological implication of the above Lemma is that when
(Rr < 1) a small influx of HPV-infected persons into the community will not generate large HPV

outbreaks, and the disease will die out.

4.1.4 Analysis of the reproduction number
Impact of Treatment

Using the threshold parameter, Ry, we wish to determine the effect of the treatment rates of

individuals on the control of HPV in the population. Recall that

Rr =/ RrRmr

Carrying out the partial derivatives of Ry (with respect to 7 and 7,,) we have that

OR 0 0 0
a—T = —(/RirRmr) = VRurs— VR + VRir5—V Rt
Tf 87’f 87’f an
0
= \/RmTa—Tf\/RfT

Also, we have that

ORr 9
or VT, Vo
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Thus, ?—; > 0(< 0) and & > 0(< 0) if %w/RfT > 0(< 0) and 32-v/Rpr > 0(< 0),

respectively. Moreover,

O oL Ry mef (1= cmem) (L= fry) 0 | MsMyyy + Nubp + Niabpa + NisEp
oty ! 2\/Rsr oty 2\/Rsr oty M3Nyy

Bt (1= cmem) (1= fry) [ = Ms My Ny, L NNy Op — Ny Vi)

2M3\/Ryr Nty N,
NuNipbpa — Ni2bpaNiy | NualNi€rbp1 — Nis&rbli Ny
+ 2 + 2
N14 N14
m . f
¢ (1 —cmem) (1 — fm
== 1(2M3N2 \};E fs) { — MMy + Nia(Ny1 051 + Niobp2 + Ni5§r051) — Nig(NiaOp
14
+ Nigbyo + N13§f9f1)}
(4.3)

Suppose

Ap = =y MzMy + Nia(Ny 051 4 NipOpa + Niz€r051) — Nig(N1bg1 + Niobpo + Nis€p01),
where Ny, = (o + puf) [(of + pg) + (1 —=mp)es], Nip =0, Nizg=yp(ay+puys), and

Niy = (ap +pp) [ (v +pp) (0505 +pp) + (L= mp)pgey ]

we have that

ORy el (1= emem)(1 = f75)V Rt

= Ay, 4.4
Oy 2Ms N /Ryt ! 4
Also,
ORr  Bler(L—crep) (1 — mmy)\/Ryr
= A, (4.5)
aTm 2M9N224\/lR_mT
where,

Nél = (au, + /lm) [(Um + ) + (1 — nm)gm] ) Né2 =0, Né3 = Y (Qm + fl), and

Noy = (m + ftm) [ (Y =+ pn) (Om0m + fm) + (L = 1) i ] -

From (4.4) and (4.5)), we have that

ORr
87' f

Rr
0T,

<0 ifandonlyif Ay <0 and <0 ifand only if A,, <0.
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Thus, the treatment of infectious individuals will result in a reduction in the value of the repro-
duction number (Rr) (and, consequently, the disease burden in the community) if and only if the
threshold quantity Ay = max{A;, A,,} < 0. On the other hand, if Ay = max{A; A,,} > 0,
then the use of treatment alone, as a control strategy against HPV, will have a negative impact
on the disease burden in the population. However, if Ay = 0, then use of treatment alone will

have no impact on the disease burden in the population. This result is summarized below:

Lemma 4.4. The use of treatment will have positive (negative) impact if Ay < 0(> 0) and no

impact if Ay = A, = 0.

The result in Lemma (4.4]) indicates that the effectiveness of the treatment strategy is largely

dependent on Ay.

4.1.5 Impact of condom use

We shall in this section explore the impact of condom use on the control of HPV in the population.
Computing the partial derivatives of the threshold parameter, Ry, with respect to the condom

parameters (¢f, ¢, €7 and €,,) we have:

ORr 51 'em(L —mmn) /Ry | MoMigYim + No1Om1 + NooOmz 4+ Nog&mbmi

= <0, (4.6a)
dcy 2V Rmr Mg Ny
ORr _ b C1€f(1 — fr)VR Mz M,y + NiiOp1 + NioOpa + Ni3€r0 51 <0 (4.6b)
e, Rer M3Nyy ’ .
ORr 5f61”cm(1 — M7 )\/Ryr | MyMigym + No1Omi + Noobma + Nog&nbmi

=— <0, (4.6¢)
Dey 2V Rt Mg Ny
ORr _ B clcf(l — 7))V Rt | MsMyyy + Nu10p1 + NiaOpr + Nis€r0p <0 (4.6d)
D€ Ryr M3z N4 . .

Clearly, the partial derivatives in (4.66|) are unconditionally negative. This shows that condom
use in the population (by both sexually active males and females) will always result in a reduction
in the value of the reproduction number Ry regardless of the values of the other parameters in

the expressions on the right-hand sides of (4.6a)—(4.6d)
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4.1.6 Impact of vaccine

Here, we shall determine the impact of vaccination on the control of HPV in the population.

Computing the partial derivatives of Ry with respect to the vaccine parameters (f, m, 7y and

Tm) gives:

873T . ;ﬁc{ﬂf(l —-CmfnJ\/7€nﬂﬂ A43A447f'+4AH19f1'+.A629f2'+4AG3€f9f1

= - <0 (4.7a)
aof 2\/Rsr M3Nyy
R Bl e, (1 — VRt | Mot Ny10pm1 + Nogbma + Nos&pn

T 161 Tm crer) T o Mi10Ym + No18m1 + Noolro + Noz&mbma

= - <0 (4.7b)
om 2VRmT M9N24
ORr fﬁ{ncf(l — Cm€m)V Rmr | MsMyryy + Ni1Op1 4 Niglpo + Nis&rlp

= - <0 (4.7¢)
Omy 2\/Ryr M3Nyy

ORr mﬁ{c’f‘(l — crer)\/Ryr | MoMigym + No1Omiy + Noobmz + Nog&nbm
=— <0 (4.7d)
O, 2V Rt Mg N3y

If we increase the fraction of vaccinated sexually active female (f), there will always be a cor-
responding decrease in the value of the reproduction number Ry. Similarly, if we increase the
efficacy of the female vaccine (7f) and male vaccine (7,,), there will always be a corresponding
decrease in the value of the reproduction number Ry (as shown in (4.7h)—(4.7)). These analyses

have shown that condom use and vaccination will always have a positive impact on HPV control

unlike concentrating on treatment alone.

4.1.7 Existence and stability of Endemic Equilibrium of the Treat-

ment model (3.19)

To establish the existence of endemic equilibria of model (3.19)), let

56 — ( S;;*, V**,A}*,[;*,P}k*, R;*,T;*,C?**, CC**, ?**’ ?**’ S** V** A** I** P**,R** T**

m?»’'m ? m») m?»Tm m’—m

ax* Q**
Om 7Rm )

represents any arbitrary endemic equilibrium of the model (that is, an endemic equilibrium in

which at least one of the infected components is non-zero). Furthermore, let

Br(L —cpep) (15" + 0 AT + 0pa P} + 01 TF)
N}‘*

Ny = (4.8)
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and

Bin(1 = Conem) (I + Ot A% + Opa P25+ &0 )
N

A = (4.9)

be the forces of infection for females and males, respectively, at steady-state. Solving the model

(3.19) at steady-state gives:

§F* — (1 B f)Af Ve — fAf
(X)) Ty + (L—mp)Az]
e _ UM MAATI(L = mp) Ny + (1 = frp)ppl(py + keAss)

s CA N3 4 Coo N2 + oz AiF + Coa
pre _ I HsMuyp A AT — ) N + (1= frop) s (g + RpA)
! M, CaAEB 4 Coa N2 4 oz NEF 4 Coy
e T MmN AG (L — mp) A+ (L= fp)peg) (g + g AL
f M,y CoAEB 4 Coa N2 4 oz NEF 4 Coy
e _ HiaTy - HioPy (MyHuo o+ HyHio) My ApX7 (1= mp)Xy + (1= frp)uy]
! (1s + kA3 Cn A3 coa A2 cos N+ cay
e NSE 4 (L= TNV + HUTF 4+ kAR (Mo — Har) I (4.10)
F M, B v My
g _ Ha07  HaHaMunygp Ap AT (L —mp) A+ (= frp)g] (g + kAL
f M; My (con A533 + Coa A5¥2 + Coz AE* + Coy)
pave _ R§CF™ _ HaHaMykjypAp AT —m) A + (1 — frp)ps)(ps + K AR)
/ [if [1r M (Car N3 4 Coa N2 4 Cog N + C4)
oo 0 HyHs My A A (L — mp) A + (1 — frp) sl (g + kpA)
/ M M (021/\;;*3 + A2 4 cog A5 + 024)
Re kGOF™  HyHsMarypApRgATI(L — mp) A+ (1 — fp)gl (g + keAS)
f Ly fp M (Cot A5r3 4 Cop N52 - Cog A2 + coy
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(1 —-=m)A,, mA,,
Sm = Ty Vm = =
(Hm+)‘f) [Mm+(1_7rm>/\f]

My MioAF (1 = 1) AT+ (1 = )] (i + K AF)

I Rt N2+ kg NP2 4 Ko\ + kg
P Hgl'™ _ H8M10’YmAmX}*[(1 - 71'm))‘j‘* + (1 — mmm ) ) (fm + km)‘;*)
m M, Rar N+ koa N7 4 ko AT + Kaa
— T L5 _ MY T A N7 (1 = ) AT+ (1= mm) ton] (i + kmAF)
™ Mg Rt A7+ kag N2 4 Ko A5* + Ko (4.11)
g = Holy + HuPyr (Mo + He i) Mio A Aj (L= ) AF + (1 — it )pim] =
m (Hm + FmAF) kot A5 + koo NP2 4 ko A7 + kg
o AFSi 4 (L= m)AP Ve BT+ kaXp Ry (MM — Hor) Iy
m M- Ym Mo
Cae _ HyPrr _ H8H9M10'7mAm>‘>}*[(1 - 7Tm))‘}* + (1 = mT) pn) (pom + km}‘}*)
" My, My (kN3 4 kaya N2 + ka5 + Cy)
R _ ko Caxx _ HSHngokg{YmAmA;*[(l = ) A+ (L= M) o] (fom + ki Ayy)
m Lo fm My (Kot N33 + Kop N32 + kog A3 + kg
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where

Co1 = (1 —mp) iy [MyMy(Ma My — Hyry) — (MsHy + HsHo)yp My — MsHyyyp7y]
= (L—mp) t5p[asbpypps (L =) (0705 + & + pup) + (1= nyp) (g + pog) Tpg iy
+ sy (050 + & 4 ) +p (ap + pag) (65 + piy) (0505 + &5 + piy)
+ g (o =+ pup) (G + 0 + pup) (0705 + Espig) + 77 (75 + pug) (o + pug) (505 + pug) |
Cor = (1 — mp)puy[MsMy( MMy — Hyrp) — MsHyyyry] + (2 — mp) g [My Mk p (M My — Hyy)
— (MsHs + HsHuo)vprp My — MsHiyy7ypry]
= (L=mp) (o + pp)sl(vp + pg)(dp + 0p)(0ps + &+ pg) + pp(vy + p1s) (0407 + 5 + 1)
+ 7 (vr + pp) (g0 + pp) + (L= mp)ps&pms] + (2 — mp)pprslardpyrer (1 — dr)
X (0§05 + &5 + pg) + (L= np)(op + pp)Te€piy + V5 0rpng(opds + &5 + pur) + 5oy + pg)
X (O + pup)(oy0p + & 4 ) + pplog + pp)(dp + 05 + pir)(or0s + &5 + py)
+ 75 (v + pp) (g 4 pp)(opds + pg)l
Co3 = (2 — mp) i [MyMs(MyMy — Hyrp) — MsHyypry] + pfe g [My Ms(MyMy — Hyy)
— (M3Hy9 + H3Hyo)yp My — Hy Msyyry]
= (2= mp) (s + pp)(vr + pp) (@5 + 05) (0405 + &5+ pug) + pup (5 + piy)
X (0405 + &+ pp) + 75 (vp + pp)0p0p + pup) + (L= mp)ssrs] + pphiglasdpyrey
X (L=p)(opdy + &+ pg) + (L= mp)(ay + pp) 7€ sy + vpbpopig(opdy + &5 + piy)
+yp(ay + )05 + pp)(opdy + &5 + pup) + pplay + pp)(9p + 05 + pp)(opdp + & + py)
+ 7 (vr + pp) oy + pp)(os05 + pg)]
Coy = /f}Mg[Ml(MgM4 — Hoty) — Hyvyyy]
= pylay +pp)[(vy + pp)(dp +05) (0705 + &5 + pig) + 1 (vy + pg)

X (0505 + &+ pp) + 7p(vp + pp)(0pds + pp) + (1 —mp) eyl
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kot = (1 — 7)o [M7 Mo (Mg Mo — Ha7y) — (Mo H7 4+ HsHy1) Y Mig — Mo HgVimTom)
= (1= ) Fom [P YmPm (1 = Um) (OO 4 &+ ftm) + (1= 0m) (Qn + i) Tonombm
+ YO ¥mbim (OmOm + En + tm) + Y (Qm + fm) (O + fm) (Tmbm + Em + pn)
+ i (i + pn) (D + O+ pn) (OO + Emtin) + Ton (Y + Hm) (o + ) (OO + i) ]
koo = (1 — ) o [Mo Myo (Mg Mg — HeTy) — MoHe Vo Tin] + (2 — 7o) o [ Mz MoK, (Mo Mg — H7Ty,)
— (MoH7 + HgH11)YmbmMio — MoHe Y Tmm)
= (1 = mn)(m + pm) [V + 1) (D + ) (O + Em + Hm) + fom (Y + L) (OO + & + fim)
+ T (Y + ) (OO + i) + (L = ) i Ton] + (2 = Ton ) n Ko [ QP Yoo (1 — P
X (Omm + &m + pn) + (1 = 1) Qe + pn) Tt + Ym@mCmbbm (Tmm + &m + fin)
+ Ym(m + 1) (6 + 1) (OO + &m + fm) + L (o + fn ) (P + O + fn ) (OO + Em + fm)
+ T (Y + tm) (Com + b ) (OO + )]
kos = (2 — @ ) 2, [ My Mo(Mg Mg — HyTy,) — MoHyymTon] + 12, Ko [M7 Mo (Mg Mg — Hi7y)
— (MyHy3 + HgHy1 )Y Mig — He My T
= (2 = ) 1 (@ + ) [(Ym + ) (D + ) (T + & + fm) + i (Y + 1)
X (OmOm + Em + tim) + Ton (Y + ) (T + ) + (1= 1)t Ton] + 11 Kon [ O Yim P
X (1 = tm)(0mdm + &m + tim) + (1 = 1) (@ + fn) Tnimblin + Ym PPt (TmOm + Em + fim)
+ Y (@ + ) (6 + 1) (OO + & + fm) + L (¥ + fm ) (Dim + O + ) (TmOm + Em + fim)
+ T (Vim + ) (@ + ) (OO + )]
Koy = pi> Mo[My(MgMyg — HrTp) — HeYimTom)
= fm(m + 1) [(Ym + 1) (D + ) (O + &m + Hm) + fom (Y + fhm)
X (Ombm + &m + pin) + T (Y + bn) (Omm + tm) + (1 = Nn) m&m T
with,

Hy = ay(1 = ¢f), Hi = om(l — o).
Substituting (4.10)) and (4.11)) in (4.8) and (4.9)), and simplifying, gives

w_ A [dos(Ni)? 4 doa Ny + doi]
P dgs (V)3 + dog (N2 + dyg Vs + dgo

(4.12)
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and

A A [903()\}*)2 + go2 AT + gou)

= 4.13
933(AF)? + g22(AF)? + gu AT + goo (4.13)

By substituting (4.12)) into (4.13]), we have that the positive (endemic) equilibria of the model
(3.19) satisfy the following polynomial (in terms of A,):

51E)? + 52 (A8 + 83N T+ 54 (A) 0+ 55(A5)° + 86( M) 4 57(A5)? + 85 (M) + 895 + 510 = 0

(4.14)
where the coefficients of are given in Appendix A . The components of the EEP are then
obtained by solving for A** from the polynomial , and substituting the positive values of
A into the expressions in (4.11]) [noting the coefficients in Appendix A]. Furthermore, it follows
from Appendix A, that the coefficient s;, is always positive and sy is positive (negative) if Ry
is less (greater) than unity. Using the Descartes Rule of Signs (Wang, 2004), the following result

can be deduced.

Theorem 4.5. The treatment model (3.19) with 6y = 0% = 6% = dp = 0 = 65, = 0 could have
two or more endemic equilibria if Ry < 1, and at least one positive endemic equilibrium whenever

Rr>1

The first part of Theorem suggests the possibility of backward bifurcation in the treatment
model with negligible disease-induced deaths (i.e., 0y = 6% = 6 = 0, = 0, = 5, = 0) when
Rt < 1. The phenomenon of backward bifurcation, which has been observed in numerous disease
transmission dynamics (for instance, in Gumel (2012) as well as in Iboi and Okuonghae (2016)), is
typically characterized by the coexistence of a stable DFE and a stable endemic equilibrium when
the associated reproduction number of the model is less than unity. The public health implication
of backward bifurcation is that the classical requirement of having the the basic reproduction
number less than unity, while necessary, is no longer sufficient for effective control of the disease

in the population. Such control measures will now be dependent on the initial sizes of the sub-

population of the model (3.19)).
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4.1.8 Backward Bifurcation Analysis of the Treatment model (3.19))

It is instructive to characterize the type of bifurcation the model (3.19) may undergo. We claim

the following result.

Theorem 4.6. The model (3.19)) exhibits backward bifurcation at Ry = 1 whenever a bifurcation

coefficient, denoted by a (given by (4.17))), is positive.

Proof:

Proof. Suppose

fe — (S**’ V**7 j;'*’ I**’ P**) R}(-*7 T**7 C(‘?**7 ;**7 R?**) ?**, S;’,;j, V'r:;*7 A** I** P;*’ R;O;;k’

mtm

*% a** a**
Tm ’Cm 7Rm )

represents any arbitrary endemic equilibrium of the model (that is, an endemic equilibrium in
which at least one of the infected components is non-zero). The existence (or otherwise) of
backward bifurcation will be explored using the Centre Manifold Theory (Carr, 1981, Castillo-
Chavez and Song, 2004). To apply this theory, it is necessary to carry out the following change
of variables.

Let Sy = a1, Vy = @9, Ay = w3, Iy = x4, Py = x5, By = we, Ty = w7, CF = w5, Cf = w9, R} =

10, R;i = T
a a
S = x12, Vi = 113, Ay = T14, Ly = 215, Ppy = 216, Ry = 217, 1)y, = 213, Cm = T19, Rm = T20

so that

i=1

Further, using the vector notation
X — T
= (@1, T2, T3, T4, T5, T6, T7, T, Tg, T10, T11, T12, T13, T14, T15, T16, T17, L18, T19, L20)

the model (3.19)) can be re-written in the form

dd_)t( =F = (fl;f27f37f4;f57fﬁaf77f87f97f107f117f127f137f147f157f167f177f187f197f20)T
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as follows:

dy
dt
dl‘g
dt
dzs
dt
dl‘4
dt
dzs
dt
dl‘@
dt
diz
dt
dzs
dt
dxg

dt

dzy0
dt
dLUH
dt
dxis
dt
dxy3
dt
dzi4
dt
dx1s
dt
dzi6
dt
dxy7
dt
dxyg
dt
dxig
dt
dl’ 20

dt

where

= 10
= fu
= S
= fis
= fu
= fis
= fi
= fir
= fis
= i
= fa

=1 = f)Ar = A+ pyp)

= fAy = [(1 = 7p)Am + pg] 2

= A1 + (1 = 7f) Ao + K e + (1 — np) €427 — (75 + pig) 3

= s +npeprr — (Qf + T + 0 + py) T

= ¢y (1= vyp) mg — (ay + py) s

= O+ ay (1 —pp) w5 — (g + KAm) T
= Tyxy — (0p05 +Ef + pif) 27

= Pty — (/{‘ch + py+ 5?) xg

= aypy (1 —wy) w5 — (KG + puy + 05) 2o

= H?vxs — KfT10

= fi?% — M1

= (1 =m) A — (Ar + fim) T12

= mAm — [(1 — Wm))\f + ,Um] 13

= Ax12 + (1 — ) Apas + B A pir + (L — D) €m@is — (Ym + fom) T14

= YmZ14 + MmEm@18 — (P + Ton + O + i) T15
= Om (1 — ) 215 — (O + fn) T16

= OmUmT15 + o (1 — ©) 16 — (fm + EmAf) T17
= TmZ15 — (OmOm + Em + ) T1s

= WmPmT16 — (Ko + tm + 0%) T19

_,a
= KpT19 — HmT20

5]0 (1 — Cféf) (IB4 + 9f1$3 + 9f21‘5 + €f9f1$7)
Zzli1 Z; 7
Bm (1 = cmém) (15 + Om1214 + Oma16 + EmbmiT1s)

2?312 X

Af=

Am =
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(4.16)

J
J(&) = [ !
J21

where

Sy
OOOOOOOOOOW
S
OOOOOOOOOWO
=
00000000M0cﬁf
,
0
OOOOOOOMOaHfO
|
- & M4
©S o ;= o © o o o o
I
“
OOOOOWOOOOO
o o
= <t
OOOOMHlOHH500
|
~ ~
OOOMHOQWJWJOOOO
| sy
—
OOMWOOOOOOO
|
S
OWOOOOOOOOO
S
WOOOOOOOOOO
]
Il
i
i
J

0

—9m1§mm*1‘
_gmlgm(l — 7rf)ac§

-z —Omary

—emle

—(l—ﬂ'f)l'; —amg(l—ﬂf)l'z 0 0 0

—Gml(l — Wf).’E;

0 0

0

e’ml g'rn Xf

9m2 Xf

Xi

a'mle

0

0

J12
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0 0 9ty a1, oty 0 01650 0000
0 0 —b0p1(1—mp)zis —(1—mp)zly —0p(1 —mp)zis 0 —0pn&(1—mp)zis 0 0 0 0
0 0 011X; X3 02X; 0 0116, X3 000 0
0 0 0 0 0 0 0 00 00
Joi=1{0 0 0 0 0 0 000 0 W
f
0 0 0 0 0 0 0 00 00
0 0 0 0 0 0 0 00 0 O
0 0 0 0 0 0 0 00 00
0 0 0 0 0 0 0 000 0
[ 00 0 0 0 0 0 0 ]
0 — b, 0 0 0 0 0 0 0
0 0 — M7 0 0 0 Hg 0 0
0 0 Ym — Mg 0 0 H; 0 0
Jag = 0 0 0 Hg — My 0 0 0 0
0 0 0  émtm Hu —pm 0 0 0
0 0 0 Tm 0 0 — My 0 0
0 0 0 0 Hy 0 0 -My; 0
0 0 0 0 0 0 0 K%Y —fim ]

It can be shown that the Jacobian of (4.16) has a right eigenvector (associated with the zero

eigenvalue) given by

T
W = [wla W, W3, Wy, W5, We, Wr, Ws, Wy, W10, W11, W12, W13, W14, W15, W16, W17, W18, W19, (,L)QO]

where,
9 * 17 * * 17 * 9 * 17 >k 9 >k 17 *
o e %&Cm)xlwlzl _ Bl N:imﬂl Wiy — m26m](\/';;l cm)®] Wi — mlgm[g}%; Cm)T] wig =0
0. * (1—c 1—m)ad * (1—c 1—mp)xs (7 * (1—c 1—me)xd 0 * (1—c 1—ms)xd
Om1 8k, (1—cm ) X ¥ B (1—cm)XF Oma Bk, (1—cm ) X ¥ Om1€m B, (1—cm) X5
—M1w3+H1w7+%*m)lw14+%w15+ - mgv* mXi 6 — Smitm Tv(* mXT g = 0
m m m m

Yrws — Mows + Howr = 0
H3W4 - M3w5 =0
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Ppthpws + Hipws — prpwe =0
Trwy — Mywr =0
Hyws — Msws =0
Hsws — Mgwg = 0
Kfws — pywio =0

/Q;'OJQ — lu’fw].]. — 0

C0pB(—cp)zty  Brll—cp)ziy  OpBr(—cp)zl,  0p1&rBr(1—cy)
f f 7 f

ziy
Wy — pmwiz =0

—8niPs Qe mm)oiy W3 — Br(=ep)U=mm)y Wi— Or2Bs(1—cy)(1—mm)z ]y ws— 07187Br(1—cp)(1—mm)z}s

Ny Ny N} N;

W7 —HmWi3 = 0

9f15f(]{;0f)X5‘ ws + 5f(1]*VC*f)X2* wy + 9f25f(i;0f)X5 ws — 9f1€f5f]$[1;6f)X5 wr — Mowis + Hewig = 0
f f f f
Ymwia — Mgwis + Hrwig =0
Hgwis — Mgwis = 0
OmUmwis + Hiywie — pmwiz = 0
Tmwis — Migwig = 0

Howi6 — Mijwig =0

a
K19 — Mmw2o = 0
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Solving, we obtain

wr = PrA = cre)B(L = cmem )2 X5 KiKows
' prp N7 Ny My Mo (Mo My — Haty) Noy ’

=05 Br(1 — cpmem) (1 — crep) K1 Ko(1 — p) 2 Xws

Wo = < 0,
? 1NNy, M3 Mo(MyMy — Hars) Naa
VfM4w3 ’YfH3M4w3
= > 0’ = > 07 = > 0,
YT T MM, — Hyry T My (MyM, — Hory)
(v HiaM3My + vy HsHigMy)ws . VfTrws . v HsHyMyws
W = >0, w=——"—"— (wg= > 0,
Mg(M2M4 - HQTf) M2M4 - HQTf M3M5(M2M4 - HQTf)
HsHg M, KHsH Myw
wo = Vg5 Vw3 S0, w= VA p 134 V4W3 >0,
M3M6<M2M4 — HQTf) /LfM3M5(M2M4 — HQTf)
o — ’yf/ﬁ}?HgHg,le(,dg oy — _L{ Bf(l — CfEf).T}ﬁKlw?, } 0
U U MsMg(MyMy — Hory)' 2 (M2 Ms M, — HyMs7;)N} :
. 1 ﬁf(l — CfEf)(l — 7Tm>.’L’T3K1a)3 /8f<1 — Cf€f)K1(M8M10 — H7Tm)X w3
w13———{ " <0, wyu= > 0,
m Mg(M2M4 — HQTf)Nf NfMg(M2M4 — HQTf)N24

Br(1 — crer) K1 X5 Migymws Br(1 — crer) K1 X5 MyogymHsws
N Ms(MaMy — Hatp)Noy N MzMg(MoMy — HoTp) Nog
B Br(1 — crer) K1 X3 (ymHisMo My + Y Hs H11 M) ws Br(1 —crer) K1 X3 TmYmws
e pm N My Mo (Mo My — Hyrp) Nog N;M;(MyMy — Hoty)Noy
Br(1 — crer) K1 X3vymHs HoMyows S0, = Br(1 — crer) K1 X3vm K5 Hs Ho Myows -0
N}“MgMgMH(MQM4 — Hy7p)Noy ’ '

Wiy = > 0, Wi = > 0,

> 0, w1 =

> 0,

w pr—
19 o Mo My (Mo My — HoTy)Noy

Furthermore, J(&y)|s,,=s:, has a corresponding left eigenvector (associated with the zero eigen-

value) given by
v = [Vla Vo, V3, V4, V5, Vg, V7, Vg, V9, V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V?O]

where,

1/14:()

—Myvs + Yy + 9f15f(1 cr) X5
N

—M2V4 + H31/5 + TrV7 + —( ff)Xz 14 = 0
— Mavs + 9f26f(;;0f)X2* Vg =0

0 l—cr) X3
H1V3 _|_ H2V4 — M4V7 + %}WVDL = O

O B, (1= ) X
%Vs — M7viy + Y15 = 0

Bin(l—cm) X7

N Vs — Mgvis 4 Hgtig + Tntig = 0

Om2 B, (1—cm) X
—mzﬁmgmcm) Lyg — Movig =0
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Bt B2 (1— ) X
smbend N(m 2y + Hovia + Hyng — Migrig = 0

Solving, gives components of the left eigenvector of J(&)|g,.=p:, V = (V1,V2, ..., Vo), satisfying

v.w = 1 as follows:

v3=v3>0

{TfMgMg[HlNQZLN}kN:;L + Hflffq)] + [(I)M4(H39f2 + Mg)]}

= >0
. N7 Nz, My My Nog Vs
02876 (1 — 1 — cmem) Ko X7 X3
y, = 2058 ( *Cfef)( Cm€m) Ko X7 2 > 0
NNz, My MyNy,
{M2M3M9 [Hy Nay NN + 05111 B (1 — crep) (1 = Conen) Ko X1 Xox] + O Hy(Hyfps + Mg)}
= >0
v N7 N3, My My Nag Vs
B (1 — emem) Ko X7
== >0
v N MgNoy v
By (1 — Cmﬁm)Xf{(M9M10 + Hg M0 + fmemleMg)sziHﬁTsz}
= 0
V15 N:,LMgN% Vg >
Om2B5, (1 — cem) X5
Vg = e v3 >0
16 MQN;,L 3
B (1 = emem) X7 { Ho (Mo Hyf2) Nos + s Ms Mo Noy + My Ko }
= >0
Y N MyNoy (Mg Mo — Hr7py) v
where,

Xp=ai 4 {l-mpdas, X5 = a4 {l - madaty @ = BpBn(l— crep)(l — cnen) K X1 X3,

Ky = MsMyvg + Niibgi + NigOpa + Ni3&p0p1, Ko = MoMioYm + Noa10mi + Nooblpo + Noaz&m b

MyMy — Hytp = (¢ + 07 + pup)(oy0s + 5+ pug) +7p(070p + pip) + (1= np)egmy >0
M7M8 - H77—m = <¢m + 5m + Mm)(am(sm + Em + ,um) + 7—m<0-mém + ,U/m> + (1 - nm)ngm > 0

Consider the case when Ry = 1. Suppose, further, that (,, is chosen as a bifurcation param-

eter. Solving for 3, = B, from Ry =1 gives

NNy M3z MgN14Noy

Bm = B = B (1= crep) (1 — cmem) S35, K, Ko

We have, based on Theorem 4.1 in Castillo-Chavez and Song (2004), by computing the non-

zero partial derivatives of F'(z)(evaluated at the disease free equilibrium, DFE (gy)) that the
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associated bifurcation coefficients defined by a and b, are given by

a= g VWi, O Ji (0,0) and b= g Vg O Ji (0,0),
W Or00; M or08%
ky,j=1 k=1
are computed to be
—285 (1 = Cm€m) (O Orm mBm
. B (1 = Cm€m) (Omiwia %]—Vc:215+ 2w16 + & 1w18)y3{(w12+w13)X — kW + no Xy

2B7(1 — crey)

_ (wl + (1 — Wf)Wg)N;;L} — N*2 (Hflwg + Wy + Qfg(,O5 + §f0f1w7)1/14{(w1 + CUQ)X; — Iimw17N;
f

+n1 Xy — (w2 + (1 — ﬂ-m)wl?))N;}

. —2N14W3I/3
(MaMy — Hotp)(1 — frp) NFNG,

{(wm + wi3) X{ — Kpwe Ny, + e Xy — (w1 + (1 — Wf)w2)N:1}

—2N14(,U3V3
" (MyMy — Hyrp)(1 — mmy,)NF Ny, (w1 + w2) X5 — Knwi7 Ny + X5 — (wiz + (1 — m Jwis) Ny

(4.17)

11 20
ny = E Wi, Ng = E Wy
i=3

=14

0? 1 — cmem) |27+ (1 — ¥
b= Z kaii(oa 0) = ( emem) (21 + Wf)%] Vs (Omiwis + wis + Omawis + Omi&mws) > 0

N,
Since the bifurcation coefficient b is positive, it follows from Theorem 4.1 in Castillo-Chavez and

Song (2004), that the model (3.19), or the transformed model (4.15)), will undergo a backward

bifurcation if the backward bifurcation coefficient, a, given by (4.17)) is positive. O

The associated backward bifurcation diagram is depicted in Figure .

4.1.9 Non-existence of backward bifurcation

Theorem 4.7. In the absence of re-infection for recovered females and males as well as imperfect

vaccine (K = Ky, = 0,7 = 7, = 1), the model (3.19)) does not undergo backward bifurcation.

Proof. Consider the model (3.19) with kf = K, = 0,7 = 7, = 1. The expression for the

backward bifurcation coefficient, a, given as (4.17)) (and noting that all parameters of the model
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Figure 4.1: Bifurcation diagram for the model (3.19)). Parameter values used are: 3y = 1.76, 3,,, =
1.65, k¢ = Ky, = 15,75 = 0.8, 1, = 0.7. All other parameters as in Table

(3.19) are positive), reduces to:

—2N14CU3V3 N9 I ni I ( 1 1 ) I ( 1 1 > <0
a= — - —|w — w
(MoMy — Hory) | N;, ~ Np W \N; o} AN /)

m

since N7 > 7 and N, > 7, then (A}f - i) < 0 and (Nlm - i) < 0, and noting, that n; > 0

and ny > 0 while w; < 0 and w1 < 0. Hence, it follows from Theorem 4.1 in Castillo-Chavez and

Song (2004), that the model (3.19)) does not undergo a backward bifurcation if Ky = k,,, = 0,77 =

T = 1. L]

Hence, this study shows that the reinfection of recovered individuals and imperfect vaccine
induce backward bifurcation in the HPV transmission model. A global asymptotic stability result
is established below for the DFE of the model for this scenario (to completely rule out backward

bifurcation in this case).

4.1.10 Global Asymptotic Stability: Special Case x; = K, = 0,7 =
Ty, = 1

Theorem 4.8. Consider the model (3.19) with k5 = k,, = 0,7y = 1, = 1. The DFE, given by
(4.2), is GAS in D whenever Ry <1

Proof. Consider the linear Lyapunov function

L =0bAsr+ boly + bsPr + 0Ty + b5 Ay, + b1y, + b7 Py, + b1,

87



where,

Bl (1= cpep) 9585 KK Bl (1= cpep) S8, Koy
YT NjN;,MsMgNi4Nog 8 N;N;, M3MyNoy
- Bl (1= cres)SiSy Ko [MiMs My + Hy Mty + Hs My MyOpo + My M0 1]
NiNG M3z MgN14Nag
_ fel(1 - crer) Sty Ko [M3(Ho My + Hivy) + HiMs7p0p1 + H3(HaMy + Hivyp)0p2 + My MaM3&p01]
T N;N;, MsMyN14Nos
by R MeMyMio + HoMot0my 4+ HyMeMiofmz + MeMyTinmOm:
MgNsyy MgNoy
b — 9m272T7 b — [My(H7 M7 + HeY) + He Mg Mo0,,1 + Hs(H7 M7 + HeYim )0ma + My Mg Mo&pm 01 R
My My Ny

Ky = M3Myvyy + N110p1 + NigOpo + Ni3&p0p1, Ko = MoMigym + Na10m1 + NooOma + Noz&mbm

with the Lyapunov derivative - - -

L =b1As+bols 4+ b3Ps 4 byTy + bs Ay, + bl + b7 Py + bsT
. Bl (1 —cper)S;Sn KKy
NNy Mz MgN14Noy

n ﬂ{c{(l - Cfef)S;S:;LKQ[MlM?,MAL + H1M37'f9f1 + H3M1M49f2 + M1M3Tf§f9f1]
NENG M3 MgN14Noy

[Amsf + H\Ty — MlAf]

[’YfAf + HQTf — Mg[f:|

Blel (1= cpes)S7S5, Kabyo
NN, MsMg Ny

[Hgff _ Mgpf]

[el(1 = epep) SpS5, K| My (Ha My + Hyyy) + Hi MaMsfpy + Ha(HaMy + Hiyp)0pa My My Mag 01 |
+

(o1 — MaTy

N7 Ny, My My N14 Nag
KyRr
ArS,, HTmeAm}
+ Mo Nt [ fS + Hg 7
{M7M9M10 + He My Ty 01 + Hg M7 Mio0p2 + M7M9Tm§m0m1:|RT
+ M9N24 [’YmAm + H7Tm - MSIm:|
0
4 JmaRr [Hglm _ Mgpm}

9
{Mg(H7M7 + Heym) + He Mg Moy + Hg(H7 M7 + H67m)9m2M7M8M9£m9m1}RT
Mg Noy

+ |:TmIm - MlOij|

; Blel(1 = cres) 838 K1 KaAmSy Blel(1— cep)S; Sy Ko <9f1Af 1+ 0p2Pp + €f9f1Tf)

NNz, My MyNy3Nog NN;, My Nz
KsRrArS;
Mo Nog T\ Om1Am + Ly + 02 Py + Embma
f.f * Qi
101(1 —CfEf)SmeKlKg)\me
NN MMy Nvs Vs 7 Om1Am + Im + 02 Py + Embma )
KyR7AsSm Blel(1—crer) 8385, Ko (9f1Af + 1y +0p2Pf + €f9f1Tf)
M9N24 N?N;M9N24

Applying the definition of the forces of infection in (3.20)) and (3.21)) and the group constraint in (3.22), we have
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that

RrAm Ny <RTSf 1) KoA¢ Ny, (RTSm _1)
T BT (1 = cmem) T Ny Mgy Noy Ny,
RTAme K2/\me
Rr—1 =L DRy -1
B (1l - Cmem)( T+ Mg Noy (Re —1)

]

Since all the model parameters and variables are non-negative, we have that L<0forRy <1
(it should be noted that % <1, ff—’; <1 and % < 1) with £ =0 if and only if I; = A; =
Py =T =1, = A, = P,, =T, = 0. Hence, L is a Lyapunov function on D. Thus, using the La
Salle Invariance Principle (La Salle and Lefschetz (1976)), I — 0, Ay — 0, Py — 0,7y — 0, I, —
0,4, —-0,P, = 0,T,, = 0 as t — oo. Substituting Iy = Ay = Py =Ty =1, = A,, = P, =
T, = 0in shows that Ry — 0,C¢ — 0,0% — 0,R} = 0,R = 0,57 — S}, V; =V, Ry —
0,C8 — 0,R: — 0,8, = S;,,Vin = V7 ast — oco. Thus, every solution to the equations of
the model with kK¢ = Ky, = 0,7y = 7, = 1, with initial conditions in D, approaches the
DFE & as t — 0 whenever R < 1. The epidemiological significance of the above result is that,
in the absence of re-infection for recovered females and males as well as imperfect vaccine for

females and males (kf = Kk, = 0,7 = m,, = 1), HPV will be eliminated from the population if

the reproduction threshold R+ < oo.

4.2 Basic properties of the two-strain HPV model (3.23

4.2.1 Positivity and boundedness of solutions

For the model ([3.23)) to be epidemiologically meaningful, it is important to prove that all its state
variables are non-negative for all time . In other words, solutions of the model system (|3.23)) with

positive initial data will remain positive for all time ¢ > 0.

Theorem 4.9. Let the initial data Sy > 0,Vy > 0,151 > 0,Pp > 0,0y > 0, R} > 0, Ry >
0,1z >0, [ij > 0,Pry > 0,Rp2 > 0,5, >0, >0,Rp1 > 0,12 >0,Rpo > 0,159 > 0,10 >
0, My > 0,112 > 0,102 >0,My, >0

Then the solutions
(Sf,Vf,lfl,Pfl,C’f,R?,Rfl,lfg,lj’iz,Pfg,ng,Sm,lml,le,]mg,ng,lflg,]fgl,Mf,Imlg,]mgl,Mm)
of the model are positive for all time t > 0. Furthermore,
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: A .
< A < Am
12% sup Ny(t) < o and %lj\l{l} sup Np,(t) < 3=

Proof.

Let t; =sup {Sf(o) > 0,V¢(0) > 0,171(0) >0, Ps1(0) > 0,C¢(0) > 0, R3(0) > 0,
R1(0) > 0,152(0) > O,IJ’?Q(O) > 0, Pr2(0) > 0, Rg2(0) > 0,.5,,(0) > 0, L,,1(0) > 0,

Rm1<0) > 0,Im2 > O,ng > O,Iflg > O,Ifgl > O,Mf > O,Imlg > 07Im21 > O,Mm >0€ [O,t]}

Thus, t; > 0. From the first equation of the system (3.23]), we have that

Sy _

pn (1= )Af — N1 + Ama + 1g) S

which can be re-written as

d

- {Sf@ exp Uot (A (1) + Az () du + W} } = (1= f)Ajexp Uot (A () + Ama(u)) du + th]

Hence,

e [0t + dmatwidus st |- 550 == [Mewp [ [ Ot

T Aalu))du +ufy} dy
so that

Sp(t1) = S, (0) exp {— /0 " Ot (1) + Ama)) i + uftl} +exp {— /0 Ot (1) + Aoma)) i + uftl}

x (1= f)As /Ot1 exp {/Oy (A (u) + /\mg(u))du+ufy] dy >0

Similarly, it can be shown that V;(0) > 0,11(0) > 0, Pr1(0) > 0,C(0) > 0, R3(0) > 0, Rf1(0) >
0,1r2(0) > 0,15,(0) > 0,Pp2(0) > 0,Rp2(0) > 0,5,(0) > 0,1,,1(0) > 0, R1(0) > 0, Lo >
0, Rpmo > 0,112 > 0,191 >0, My >0, L10> 0,101 >0,Mp, >0
Adding the female compartments and the male compartments in the differential system (|3.23|)
respectively gives
dNy

i = ANy () =[5 d 4 65eC + Spalpo + 67515 + 12T 1z + Sy I
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dN,,
e = N — i Non(t) = [0m1Lm1 + Omalimz + Omizlmi2 + Oma1 Imoi

We have that,
dN
Ay — (g +6d5)Ny < d—tf <Ay —pyNy,

dN,

Where
Oy :min{5f1, e, Of2, 5?% df12, 5f21},

5m :min{(;mla 5m27 5m127 5m21}7

Thus,
A A
— L <lim inf Ny(t) < lim sup Ny(t) < =2,
ff + 65f t—00 t—00 [y
A, A,
—————— < lim inf N, (f) < lim sup N, (t) < —,
fon + 40y, T t—o0 t—00 hm
so that
' As ' Am
tlg(r)lo sup Ny(t) < r and tll>Ig> sup N, (t) < =
as required. O O

4.2.2 Invariant regions

The two-strain model will be analyzed in a biologically feasible region as follows. We first show
that the system (3.23)) is dissipative (that is, all feasible solutions are uniformly-bounded in a
proper subset DC R??). The system is split into two parts, namely the female population
(Ny)
(with Ny = Sy + Vi + Ip1 + Ppy+ Cp + RG + Rpy + Ipo + Iy + Pra + Ryo + 1o + Loy + My)
and the male population (N,,)

(with Ny, = Sy + Ina + Rt + Lo + R + Linao + Lino1 + M,,) Consider the feasible region

D=D;UD,, C R x RY,
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with

Df - {(SfaVfalfbpflaOvaifaRf17-[f271?27Pf27Rf27]f127]f217Mf) € Rifl :

A
Sf‘l’vf‘f‘]fl"‘Pfl‘l’Cf‘f'R;"‘Rfl+]f2+I?2+Pf2+Rf2+]f12+If21+MfS_'uf}
f

and

Dm = {(Sma Im17 Rmh Im?a Rm27 ]m127 ]m217 Mm) S Ri_ : Sm + ]ml + le + ImQ + RmQ + Im12

Ay
+Im21 +Mm S _}

m

The following steps are followed to establish the positive invariance of D (i.e. solutions in D

remain in D for all time ¢t > 0). From (3.23)), we have that

dN;
—2 < A — urNe(t
i (1),
dN,

— <A, — i Ny (t
T 1 ()

Using the Comparison theorem (Lakshmikantham, et al., 1989), we have that N (t) < N¢(0)e #/'+

(1 - ) and Ny(0) < Ny(O)e o+ 821 — v

g
Ay

In particular, Ny(t) < 2—; and Ng(t) < ™ if N¢(0) < 2—; and N,,(0) < 2—:, respectively.

Thus, the region D is positively-invariant. Hence, it is sufficient to consider the dynamics of
the flow generated by in D. In this region, the model can be considered as been epidemi-
ologically and mathematically well-posed (Hethcote, 2000). Thus, every solution of the model
(3.23) with initial conditions in D remains in D for all time ¢ > 0. Therefore, the w—limit sets of

the system (3.23) are contained in D. Thus result is summarized thus.

Lemma 4.10. The region D=D;UD),C R* x RY is positively-invariant for the two-strain HPV
model (3.23) with initial conditions in R??
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4.3 Existence and stability of equilibrium of the model

3.23

4.3.1 Local stability of disease-free equilibrium (DFE)

The model (3.23) has a DFE, obtained by setting the right-hand sides of the equations in the

model (3.23)) to zero, given by

50 - (S;;’Vf*’l}kl’P;l’C}k’ 50*’ ?171}(2’[;);’PE?R;%S;’I;UR:nla[;%R:ﬂ?[}klza[;21aM}<aI:112’I:n217M72)

= (57,V/,0,0,0,0,0,0,0,0,0,57,,0,0,0,0,0,0,0,0,0,0)

Y m)

with,

1—- A A A
5;::—( /) g v};k:ﬁ7 S —_
s fif fhm

The linear stability of the disease free equilibrium, &, can be established using the next generation
operator method on the system (3.23)). Using the notation in van den Driessche and Watmough
(2002), the matrix F; (of new infections) and the matrix V; (of the transfer of individuals between

compartments) are respectively, given by

A1 [Sy+ (1= &) Vo] Kl — iRy — i A My
0 KyPry — (1 —p1)1p1lpn — (1 — por) Tl
0 K3Cy — G3Pry — ne(1 — o)k g2 Pyo
Am2S Kylyy — eadmaRps — ca Ao My
nr(1 = EAn2Vy (MpTp2 + 0% + 1y 17,
. 0 | KePr=GelfGili = il
Af1Sm Kl — esApi R — as A M,
Af2Sm Kglpmo — eshpoRma — aaXpo My,
0 Kolfio — A2 Ry
0 Kiolpa1 — AmiRyo
0 Kiilmi2 — Apa Rt
I 0 | I Kiolnor — Ap1 R |
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The matrices F' and V, for the new infection terms and the remaining transfer terms, evaluated

at the disease free equilibrium (DFE) are, respectively, given by

0 0 0 0 0 0 Pl 0 0 0 0 e

0 0 0 0 0 0 0 0o 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 T 0 B

0 0 0 0 0 0 0 oo 0w

i 0 0 0 0 0 0 0 0 0 0 0 0
- A g 000 0 0 000 RE 0 0
0 0 0 ﬂfiffin ﬂf2]<$z:5§‘n ﬂfziz;fsi‘n 0 0 %ﬁ 0 0 0

f f f f

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0o 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
|0 0 0 0 0 0 0 0o 0 0 0 0

K, 0 O 0 0 0 0 O 0 0 0 0
-G1 Ky 0 0 0 0 0 0 0 -Gy 0 0
0 0 K3 O 0 -Gy, 0 O 0 0 0 0
0 0 0 Ky 0 0 0 O 0 0 0 0
0 0 0 0 Ks 0 0 0 0 0 0 0
v 0 0 0 —-G¢ -Gs K¢ 0 0 -Gy O 0 0
- 0 0 O 0 0 0 K; O 0 0 0 0
0 0 O 0 0 0 0 Kg O 0 0 0
0 0 O 0 0 0 0 0 Ky 0 0 0
0 0 0 0 0 0 0 0 0 Kp O 0
0 0 O 0 0 0 0 O 0 0 Ky 0
0 0 O 0 0 0 0 O 0 0 0 Ko
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where,

Q1=S;+(1-§V{ =
1= 5+ L=0Y; n n

Ky=71pn+4+0pn+pp, Ko=rkp+pp, Ks=mp4pp+0p, Ki=Tr+0p+py,
K5 =npmra + 05 + g, Ko = nekipa + g, Ky = Tt + 0 + fim,

Kg = Tpmo 4 Oma + tim, Ko = Tpi2 + 0512 + fhm,  Kio = Tpa1 + 0521 + Loy,
K11 = Tmi2 + 0mi2 + i, K12 = Tt + a1 + fim,  G1 = (1 — p1) 71,

Gy =1 —=pa)7p21, Gs=({1—aq)rp, Gi=nl—a)rr, Gs=(1—p2)ipTs,
Ge = (1 —p2)1r2, Gr=(1—p12)7p12, Gs=panpTr2, Go = qanekisa,

Gy = D12Tr12, Gn = P21Tf21

Hence, it follows from van den Driessche and Watmough (2002) that the basic reproduction
number of the model (3.23)), denoted by Ry, is given by (where p is the spectral radius)
Ro = p(FV™') = max{Rg, Ro2} where Ro; and Ry are the associated reproduction numbers

for strain 1 and strain 2, respectively, given by

R B11Bmi (K2 + G16,1)(1 — f§) R Br2Bma(Ke + Gelp2)
o1 KKy K- ro K, KoK

The result below follows from Theorem 2 in van den Driessche and Watmough (2002).

Lemma 4.11. The DFE (&) of the model (3.23)) is locally asymptotically stable (LAS) if Ry < 1,

and unstable if Rg > 1.

The threshold quantity, Ro = max {Ro1, Ro2}, is the basic reproduction number of the disease
(Anderson and May, 1982; Anderson and May, 1991 and Hethcote, 2000). It represents the average
number of secondary cases generated by a typical infected individual (with strain 1 or strain 2) in a
completely susceptible population (van den Driessche and Watmough, 2002). The epidemiological
implication of Lemma [4.11] is that when Ry is less than unity, a small flux of strain 1- or strain
2-infected individual into the community will not generate large outbreak, and the disease will
die out. In other words, the disease can be effectively controlled in the community if the initial

sizes of the sub-populations of the model (3.23)) are in the basin of attraction of the DFE (&).
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4.3.2 Backward bifurcation analysis of the full two-strain HPV model

It is instructive to characterize the type of bifurcation the model (3.23) may undergo. We claim

the following result:

Theorem 4.12. The model (3.23) exhibits backward bifurcation at Ro = 1 whenever a bifurcation

coefficient, denoted by a (given by (4.19) ), is positive.

Proof Suppose

_ *3k ko k3% kk k% C*k% k3% k% pE*x k3% kK k3 k3% kK k% ko ko kK k3% kk
fe_(s aV >If1an1>O yALf f1>If27[f27 f2o Y2 m?Imlv ml’ImQ? m2) + f12» f217Mf’[m12’

sk Hx
[m217 Mm )

represents any arbitrary endemic equilibrium of the model (that is, an endemic equilibrium in
which at least one of the infected components is non-zero). The existence (or otherwise) of
backward bifurcation will be explored using the Centre Manifold Theory Castillo-Chavez and

Song (2004). To apply this theory, it is necessary to carry out the following change of variables.

Let
Sf == [L’l,Vf == .Z'Q,]fl == {L‘37Pf1 == %4,0]0 == [E5,R§ == £L‘6,Rf1 == [E7,]f2 == {L‘g,ljzc)Q = X9,
Pry = 10, Rp2 = 711, St = T12, Im1 = 13, Ript = T1a, Iz = T15, Rna = 16, Lr12 = 717,
Ito1 = 118, My = T19, 112 = 20, Lno1 = o1, My, = T2
so that
22
i—1

Further, using the vector notation

T
X = ($1,I2,$3,5104,5155@6,907,908,$9,$107$11,$12,$13,$14,I15,$16,9317,9018,%9,9020,9021,9022)

the model (3.23]) can be re-written in the form

dX

% = f = (f17f27f37f4af57f67f7af8>fgaf10>f117fl?af13af14>f157f16af17af18>f197f20af217f22)T
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as follows:

dx
dl‘g -
—= == A = [ = QA+ 00(1 = Az + pig] 2
dx
d_; = f3 = (1 = §An1®2 + A1 @1 + €1 Am107 + @1 1 T19 — (751 + 051 + pif) 3
dl‘4
= = Ji= 1 —=p1)Tn23 + (1 = par)Traa1s — (kg1 + pis) 2y
d.T5
S =f= (1 —aq)kpzs +ne(l — g2)kp2m10 — (75 + py + Opc) s
dl‘(j f
— = fo = TrTs — W4T
di 6 fls — Hfle
d.T7
% = f7 = P1Tf1T3 + q1Rf1T4 — (,Uf + )\m2 + 51)\m1> T
dl‘g
— = fs = Amam1 + €2 X211 + Qo \ma19 — (Tpa + Op2 + fig) 8
d.Tg
I = fo=nr(1 = §)Amaxa — (NpTp2 + 5?2 + py)To
dzyo
el fio = (1 = p2)npTrazg + (1 — po)7raxs + (1 — p12)T1a17 — (Nekif2 + fif) 10
o (4.18)
I = fi1 = PaNpTraTo + PaTrals + qanekifaT10 — (Am1 + €2 m2 + fif) T11
dx
d;Q = fio = A — (Ap1 + fn + Ag2) 712
dzy3
o = fis = Ap%i2 + e3A 1814 + sAf1T22 — (Tint + Ot + fln)T13
dx
714 = fua = Tma%13 — (A paZ1a + €3Af1%14 + ) 14
dzs
I = fis = Apa%12 + €4\ f2T16 + A 2292 — (T2 + Oz + fhn) T15
dx
716 = fi6 = Tm2%15 — (fm + A1+ Eadf2) T16
dx
d;7 = fir = Amat7 — (Tp12 + 012 + pif) 217
dx
718 = fi1s = An1T11 — (Tf21 +dpo1 + ,uf) 18
dIlg
dt = fi9 = P12Tf12%17 + P21TF21218 — (Mf + a1 A1 + 042)\m2) T19
dx
—20 = f20 = Apa21a — (Tiaz + Smiz + fan) T20
dt
dz
721 = for = Ap1%16 — (Tma1 + Om21 + fim) T21
dx
722 = foo = 1220 + Tm21%21 — (Mo + 3 f1 + Qudyp2) Tag

97



where,

_ 5f1(5€3 + 18 + Op124)

A1
Zz 1 1+Zz 17 i
A\ Bra(zs +$17+¢p$9+9 2%10)
f2 =
Zz 1 HrZL 17 Ti
P B (13 + Ta1)
ml —
Zz 12 Z+Zz 20 Li
A\ Bmz2(T15 + T20)
m2

Zz 12 Ti + Zl 20 Ti

Without loss of generality, consider the case when Ro; = 1. Suppose, further, that 3¢ is chosen

as a bifurcation parameter. Solving for 8y = 8%, from Ro; = 1 gives

KKy K7
Bt (K2 + G10p1) (1 — f€)

5f1 - 6;1 -

The Jacobian of the transformed system (4.18), evaluated at the DFE (&) with 8p1 = 57, is

given by
Ju o Jie
J(fo)‘,@ﬂ:ﬁ;l = B
where
[ 0 0 0 0o 0 0 0 0 0 0|
0 —pup O 0 0 0 0 0 0 0 0
0 0 —-K;y 0 0 0 0 0 0 0 0
0 0 G —-Ky 0 0 0 0 0 0 0
0 0 0 —-Ks; 0 0 0 0 Gy 0
Ju = 0 0 0 0 0 —puy O 0 0 0 0
0 0 pithn ks 0 0 —if 0 0 0 0
0 0 0 0 0 0 0 —-Ky O 0 0
0 0 0 0 0 0 0 0 —-K; O 0
0 0 0 0 0 0 0 G¢ G5 —-Kg O
0 0 0 0 0 0 0 potpe Gs  Gg  —piy
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J12 =

o o o o o o o o o o o

J21 =

_Bm2$){
N

—Bmani(1-§x3

|
=
3
=
—
|
o
8
0o %
@)

o o o o o o o

o © o © o o © o o F

o o o o o o o

e}

e}

o o o o O

—Br17iy

Nin
0

0
0
0
0

B”m2$1c
N,
BmZTII(l*g)z;
Ny,

0

0

—Br10p127,

Ny
Br1z1y

Ny
Br1p1xiy

Ny

0
0

o o o o o o o

Ny

0
0

o o o o o o o

0

o o o o o o o

o o o o o o o o o o o

0

o o o o o o o
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o o o O

)

o o o o o o o

0 0 nn(=Osi n(Oc
0 0 0 B
Gy 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0
0 0 OemlEOn 0
0 0 0 0
0 0 0 0
by bty bary ]
0 0 0 0
0 0 0 0
B2ty Bradpris Br2bp21y
NJ’: Njf. N}*
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

] ]

o o o o O




e 00 00 ‘5{;;3‘2 ‘%;TQ 0 0 o 0 |
0 —-K; 0 0 0 0 ﬁf;;ﬁ 0 0 0 0
0 Twr —fm O 0 0 0 0 0
0 0 0 -—Kg ﬁf;;m 0 0 0
0 0 0 Twr —fm O 0 0 0 0 0

J2=1 0 0 0 0 0 —Ky 0 0 0 0 0
o 0 0 0 0 0 —Ko 0 0 0 0
0o 0 0 0 0 Gy Gu —py 0 0 0
o 0 0 0 0 0 0 0 —Kn 0 0
o 0 0 0 0 0 0 0 0 —Kp 0
o 0 0 0 0 0 0 0 Twiz  Tmor  —fim

where, Nj = 27 + 23, N, = afy , Xi =27 + (1 = )z}

It can be shown that the Jacobian of (3.23) has a right eigenvector (associated with the zero

eigenvalue) given by

T
w = [W17w27w3aUJ47w57w67w7aw8,W97W10;wllawmaWlSaw147w15aw16,wl7aw187w197W207w2bw22]

with,

Bmiz Bma
0 A "]\l,* 1W13 %* 10015 =0

— Wy — —’BM(]\EE)@ w1z — —’Bmwﬁn—g)@ wis =0
—K1W3 —|— W13 =0

Gawy — Kzws + Gywio = 0
Tws — prwe = 0
PiTriwWs + qikfiwy — ppwr =0

/Bm2931K _
—K4w8 + N—*u}15 = 0
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G6w8 + G5W9 - K6w10 =0

DaTrows + Gswg + Gowig — pywip = 0

BF1212 B10p1275 Braxiy _ Bradpaiy Br2bp2zi,
- N}‘ W3 — N—;W4 N* w N* Wg — Tw — UmWi2 = 0

BF171o B310p1275
fN}‘ w3 + - N}‘ Wyq — K7w13 =0

Tm1Wi13 — fmwis = 0

Braz] Bra¢pxi Byr2bp2z]
fN;12W8+ fN?Z 120.)9 + f J\%; 126010 _ nglg) =0

Tm2wW1s — mwie = 0

where,
oy = _i{ Kyzjw; 5m2ffwl5} g = 1 {K1(1 — &) 5wz | Brmani(l — f)x§W15}
ry LNF(1 = f€) Ny, ’ AT Ny ’
Ghws GiGyy | Gabna{GaKiai + GsRami(1 = E)ajns
wy=w3 >0, wy= , Wy = +
Ky Ky K3 KsK K KgNy,
e — mG1Gaws N TGafma{ G K5} + G5 Kany (1 — 952}@15 o — (1771 Ko + Q1/‘5f1G1)W3’
1KoK 17 KKy K KN e
e = /@mﬂikww’ g = Brmanr(1 — &) x5 27 1o = 5m2{G6K5$1 + G5 Kynr(1 — x2}w15
KNz KsN>, KaKsKoN>,
oy = 5m2{(p27f2K5K6 + GeGoKs)rt + (Gs Ky Ko + G5GoKy)ny (1 — 332}%5
1 KK KN
oy L { K\ KoKrtiows  BrabBma{ Ks(Ks + 0,0Gg)x} + Ky(Kehp + 052 Gs)nr(1 — g)x;}wl5}
BN (1 O KKKV
Wiy = 5;15{2([(2 + 0,1 G1)ws Wiy = Tin1 K127 w3 wis = wis > 0w = Tm2W1s
Ky KNG ’ B (1 — fONF ’ [hm

Furthermore, ([3.23)) has a corresponding left eigenvector (associated with the zero eigenvalue)

given by

v = [Vb Vo, V3, V4, Vs, Vs, V7, V8, V9, V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20, V21, V22]

where,

12 7/13 — 0

B%,0p127
Koy + f1p 121/13:0
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—Kyvg + Ggrip + 5” 2115 = 0

—Ksv9 + Gsvyg + —Bﬁﬁ;mﬁ

1/15:()

Op2xy
— Kgvio + ﬁf2N_p;12y15 =0

X*
BTEL\;* Lvg — Kqnz =0
m
T3 1-&)x3
Omatl e Bmmﬂ\(,* 0% yy — Kging = 0
m m

Grug + 2 fml/ 5 — Ko7 =0

Gavy + V13 — Kioris =0
BWJ\LT;BT 8+ Bmm?\(/;‘:é)x; vg — K110 = 0
67\;*)(1 vs — Kiavg1 =0
Solving, gives
v3=1v3>0, 1vy= & Vg = Braxiov15(Ke + O0p2G)
, (Ky+0,,Gy)’ K4KNy '
Vg = M Uia = BleikVi% _ ﬁf2x>{27/15<K6 + HPQGG)
10 KoN; y o Vi3 KNz Kool

Br2Bma{ (Ko + 0,2Ge)x; +

(696 + 050G )nr(1 — )5 funs

Voo =

Ky I KoK N !

)

Vo1 =

_ ﬂfgl‘ﬁl/lg)(Kg + QPQGG)

K5 KoN;
(9p1G2 + KlKg)l/g

B Kio(Ky+ 0,1Gy)
BleikV?)

K9 N},

Based on Theorem 4.1 in Castillo-Chavez and Song (2004), and by computing the non-zero par-

tial derivatives of F'(x)(evaluated at the disease free equilibrium, DFE (&;)), we have that the

associated bifurcation coefficients defined by a and b, are given by

O£,
a= Z kazwja ga:

ki, j=1

k=1
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(0,0) and b= Z l/kaaa ggs (0,0),
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are computed to be

20Bm1V3w «
a = —%{ 12X - €1W7N + (ng + W4 + W15 + le) {w1 —+ (1 — )WQ}Nm}
20,ma/3W %
- %{wlle — w1 N}, + (wis + wig + wis + wig)r] — wi N, }
20m 1—¢&vyw . . .
28 QUI(N*z §)vgwis {w12962 - (wis + wis + wis + wie)a — ngm}
25* (w3 +40 1CU4)7/13 . . . .
- a1 N*Qp {wl + (.UQ}ZL’H — 53W14Nf + Nn1Ti9 — wlng
f
 2Bpa(ws + dpwy + Opowio)vis

N2 {{wl +wa by, — eqwigN; + nix]y — wlzN}‘}
f

(4.19)

Which is further simplified to give

a= —%{WQX — w7 N}, + (wig + wia + wis + wie) X7 — {wi + (1 — )WQ}N;;}
_ 25m2ﬁﬁé§;{:j\f§ﬁ6)yl5wl5 { 12X7 — Eawn Ny, + (wi3 + wia + wis + wie) 2] — wi Ny, }
_ 26m26[);2521($v;]§[);15w15 {W12$T2 + (w13 + wig + wis + wie) Ty — W2N:;1}
_ —2]67;];3?3 {{w1 + wo 7y — e3wia Ny + nyzyy — wlzN;}

25f25m2{K5(K6 + 02Ge) 2 + Ks(¢p Ko + 0p2G5)nr(1 — §)$§}V15w15
KK KN N 72

X {{wl +wa by, — eqwieg Ny + nix]y — wuN}‘}

and

*

X
12 V13 (wg + 9p1LLJ4 + w18> >0

b—
Ny

Here,

Ny = W3 + Wy + Ws + Wg + Wy + Wg + Wy + Wig + Wi

Since the bifurcation coefficient b is positive, it follows from Theorem 4.1 in Castillo-Chavez and
Song (2004) that the model (3.23), or the transformed model (4.18), will undergo a backward

bifurcation if the backward bifurcation coefficient, a, given by (4.19)) is positive.
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4.3.3 Non-existence of backward bifurcation of the full two-strain

HPYV model

Theorem 4.13. In the absence of re-infection of recovered individuals with the same strain as
well as imperfect vaccine (61 = g9 = €3 = €4 = 0,& = 1), the model (3.23)) does not undergo

backward bifurcation.

Proof. Consider the model (3.23|) with ey = g9 = €3 = ¢4 = 0 and £ = 1. The expression for the
backward bifurcation coefficient, a, given as (4.19) (and noting that all parameters of the model

(3.23)) are positive), reduces to:

1 1
a=— 2K7w31/3{—(w13 + wig + wis + wig) + —= (w3 + ws + w5 + we + wr + ws + wWo + wWig + wW11)

Ny N
11 2BmaBr2(Ka2 + 0p2Ge)wisvis [ 27 < ”
_ )\ i 1)
+W1<N; ff)} K4K6NJ>§ N;L(w13+W14+w15+w16)+w1 N}k
x*
* Nl*(w3+w4+w5 + Ws +w7+W8+W9+W10+w11)} <0,
!

since N}" > 7, then (J\}f —%) < 0, and (]fflf —1) < 0, and also noting, that (wiz+wis+wis+wie) >
0 and (w3 + wg + w5 + we + w7 + ws + we + wig + wi1) > 0 while w; < 0. Hence, it follows
from Theorem 4.1 in Castillo-Chavez and Song (2004) that the model (3.23)) does not undergo a

backward bifurcation if ey = ey =e3=¢4 =0 and £ = 1. O

Hence, this study shows that the reinfection of recovered individuals with the same strain and
imperfect vaccine induce backward bifurcation in a two-strain HPV model with cross-immunity.
It is worthy of note, that the phenomenon of backward bifurcation was not captured in the multi-
strain HPV models with cross-immunity in Elbasha and Galvani (2005) and Elbasha et al. (2008).
To the authors’ knowledge, we have been able to show, for the first time, that an imperfect HPV
vaccine (that partially cross-protects against incident infection with strains not covered by the
vaccine) and re-infection of recovered individuals with the same strain could induce backward
bifurcation in a two-sex, two-strain vaccination model for HPV.

Remark: It is interesting to note that, in the absence of re-infection of recovered individuals
with the same strain, if we set the cross-immunity parameter 7; to zero, backward bifurcation
still persists due to the presence of an imperfect vaccine, £&. However, setting & = 1, rules out

the possibility of backward bifurcation in the model (3.23). This implies that, in the absence
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of re-infection of recovered individuals with the same strain, the over-riding parameter inducing
backward bifurcation is the imperfect vaccine, though it has been established that cross-immunity
due to infection induced the phenomenon of backward bifurcation in a two-strain model (Garba

et al., 2013; Garba and Gumel, 2010).

A global asymptotic stability result is established below for the DFE of the model for this scenario

(to completely rule out backward bifurcation in this case).

4.3.4 Global asymptotic stability of the DFE of the two-strain HPV
model: special case ¢ =y =¢e3=¢4,=0,{ =1

Theorem 4.14. Consider the model (3.23)) withe; =ey =e3=e4=0 and & =1. The DFE,
given by (4.2)), is GAS in D whenever Ry < 1

Proof. Consider the Lyapunov function
L = HIp + HyPp + Hslpoy + Hylpyy + Hslor + Hel o + HyPry + Hglgio + Hol o + Higlo

whose coefficients are to be determined based on the approach illustrated in Shuai and van den
Driessche (2013).

Corrsponding to the infected classes of the two-strain model , we assume a Peron eigenvector,
as follows

T
w = (Wla Wwa, 07("}47 Ws, We, Wr, W, Wy, W10, W11, ng)

Evaluating V1 F, we obtain
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0 0 0 0 0 0 il 0 0 0 0 Gl
0 0 0 0 0 0 oy e 0 0 0 0 e
G1G m G4G6SyBme G4Ge6SfBma G1G B
0 0 0 0 0 0 KiKz%lﬁ\hi KsKinest 0 0 KiKiI(fst KllKgg%sNTi
0 0 0 0 0 0 0 S 0 0 w2 0
0 0 0 0 0 0 0 0 0 0 0
G6SfBm G6StBm
0 0 0 0 0 0 0 L 0 0 N 0
SwBp Smbpifp g 0 0 0 0 0 S=in 0 0
K7Ny K7N; K7Ny
Sm B SmBr2¢ SmBr2b Sm B
0 O 0 Kg]\{; Kgﬁfp st]\szp2 O Kg]\{; 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
Evaluating w”V='F = Row”, we obtain the following equations:
ShBr
———wr = Rojw
NfK7 7 01wW1
Sy Br10pm
7
SmBr2
wg = Rpaw
NfKS 8 02wW4
S:nﬁf2¢p
wg = Rpaw
NfKS 8 02W5
S:nﬂf2ep2
wg = Rpaw
N;Kg 8 02W6
Qlﬁmlw GlQlﬁmlw GlGBQlﬁmlw — Reiw (4 20)
N:K; 'K KoN: 2T K Ko KNy 0 0T ‘
G4G6S}Pma St Bm2 G6SFBma
—fm*w:s ! m* Wy ! m* we = Roaws
K3 K (KN, K,N* K, KgN*,
SmbBr2
———"wg = Rpow
NfKS 8 0249
SyBr
]\Z—Igw7 = Roiwio
7
G4G65;6m2w S;ﬂnﬂw Gﬁs;tﬁme — Reow
KK KNz 2 T KyN= T K KNy 0 ot
C)lﬁml(/u —I—Gl@lﬁmlw G1G3Qlﬁm1w — Renw
1 ) T 1 1 AT M3 — 01wW12
N* K, K\ K,N*, K\ K, K3N*
Solving, we obtain
Wf = (SmPr Subnbp o Subrz o Subrbe o o Swbe Swbn oo
N}‘K/ N K7 ’ ’N;Kg’ ’ N}‘Kg ’ ’ ’N}‘KS’N}‘K7’ ’
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The coefficients of the Lyapunov function are obtained from the non-zero components of the

matrix w? V!, where

K% 0 0 0 0 0 0 0 0 0 0 0
G G
eves K% 0 0 0 0 0 0 0 oy an 0
G G3 G3 L G4G6 O Gy O G4G7 GQGS O
Ki1KoKs KoKz Kz K3K4Kg K3Kg K3KeKg9 KaK3Kig
0 0 0 K%; 0 0 0 0 0 0 0 0
0 0 0 0 L 0 0 0 0 0 0 0
Ky
G G
. 0 0 0 Z&= 0 K% 0 0 &= 0 0 0
0 0 0 0 0 0 4+ 0 0 0 0 0
7
0 0 0 0 0 0 0 =& 0 0 0 0
8
0 0 0 0 0 0 0 0 KLQ 0 0 0
0 0 0 0 0 0 0 0 0 K% 0 0
0 o o0 o0 0 0 0 0 0 0 % 0
0 0 0 0 0 0 0 0 0 0 0o L

The coefficients are given as:

(Ko + eplGl)ﬁ‘;lcfS; I, — eplﬁjjflcfs} H (K + eplGQ)ﬂjjjlcfS; H, — E

L= KGN 0 T K KGNy T T K K KGNy T Ky
g Ra o (K6 + 0,2Gs) Bacy OBy o (K6 + 0,2G7)Bhacy
° T Ky o K K¢Kyg ’ T Ke¢Kg ' ° KeKgKy
Ro2 Ro2
Ho — 2202 g t02
9 KB ) 10 K11

The Lyapunov function is thus given by:

. (K + eplGl)ﬁ}clcfS;[ n eplﬁ%CfS;P n (Ko + 9p1G2)5]{16fS;[ n R()l[ n R01[
- 1 T 10 ATx 1 21 ml m21
K\ K> K7 N; T Ry RGNy Y Ko K7K1oN; P2y K1
K + 0,5G) 31,c 0,251,c K + 0,,G7) B¢ R R
(K6 + 0p2Ge) By ot 2072 5P+ (K6 + 0p2G7) By Mt R2p 4 Ry
K4K6K8 K6K8 KGKSKQ KS Kll
with Lyapunov derivative
B (Ko + leGl)ﬁjjlcfS;[' n 01715]{1@5;? n (Ko + leGQ)ﬁjjjlcfS;j n R01[' " R01[
K\ K> K7N; T Rk Ny T K2 K7K1oN; N Y e
(K +9p2G6)ﬁ}cch ; 9p25;20f : (K6 + 9p2G7)5}cch ; Roz ; Roz :
Iso + Pra I+ —In2 + —1Ini2
K4K6K8 K6K8 KGKSKQ KS Kll
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Substituting the expressions for ffl, Pfl and I, from (3.23)), we have that

_ (K2t 0nG)BjncrS O 5huesS;
L= A1 S Ami My — KiIp] + 20160 1 — Ko P
Ky Ko KN A7 A My nl+ KyK7N; (Grin 2Ppi]
(K2 + 0p1G2) B4, ¢4 R »
K2;7K10]<7} i Ami1Rp2 — Kiolgpa1] + ?O’:[Aflsm + agAp1 My, — Kol + K—?;[)\fanﬂ — K191m21]
(K¢ + QPQGG)ﬁ}CQCf %

[)\mQSf + Ao My — K4If2] + [GGIfQ — K(;Pfg]

Ky KgKy KgK3g

(K6 + 0,2G7) Blocy R R
K;}{gKg P22 AmaRpy — Kolfio] + %;[Afgsm + X paMy, — Kgla] + K—?i[)\szml — K111 n12)]

Since it is assumed that recovery from one strain does not confer any cross-protection or cross-enhancement against
infection with the other strain, the dynamics of the disease for individuals in compartments I;; and I; are the

same for males and females respectively. Hence, we can do the following substitutions

Gy =G, Gr=Gs, Kg=K4, K=K, Kii=Ks, Kp=Ky,

so that

_ (Kot 0nGu)fjies 115
£= Am1S AmiMy — K1l — G111 — Ko P
K1K2K7N;; [Am1 frarAmi My 1 fﬂ-i— KQKyN}‘ Gy f1 2 fﬂ
(K246 1G1)5f CfS* R R
KQZ}(?KlAJ;; f [AmlRfZ - K11f21] + 7071[/\}”15771 + 043>\f1Mm - K7[m1] + %P\flRmZ — K7Im21]
(KG +46 gGe)Bf cy 0 gﬁf cr
K4p[(6K8 12 D\mZSf + a2)\m2Mf — K4If2] + %[G(‘,I}fz — KﬁPfQ]
(Ko + 0,2Gs) 3. cy R »
KGPKSK4 f2 AmaRp1 — Kalf12] + 7082[)\]”25771 + oA po My, — Kglpo| + %[AfQle — Kglnio]

which can be simplified to

(Ks + eplGl)ﬂjjfleS;)\ml(Sf + a1 My + Ryo) N Ro1A1(Sm + azMyy, + Rim2)

K1K2K7N}k K7
gy [t 0GB er Sy ImGiBfierST) P b1 BacrS7] (Ko +9P1G1)5J{16f5;1 —Rol
f1 KoK7N7 Ky K7Ny 1 K:N; K> K7NG f21 01dm1
+ (K¢ + 9p2G6)51{20f)\m2(5f + oMy + Ry1) N RoaAr2(Sm + @aMyy, + Rn1)
K KeKyg Ks
[t 00Go)Blaes  9GoBlacs] L, [OBfacr]  (Ka+6Ge)Bhacy
f2 K4K8 K4K8 12 KS K4K8 f12 024m2

Since Sy + a1 My + Ryo < Ny, Sy +aaMy+ Ry < Ny, Sy + asMy, + Rppo < Ny, and Sy, + aaMy, + Ryt < Nip,s

it then follows that,

L K2 + 0,1 G1)B],¢r S Am1 Ny L RodsiNm Bherlp P 0p1871¢r57]  Bhierlra o7
= KKy KNG K, K7N; 'K K7N; 015ml
(Ko + 9p2G6)5}C2Cf/\m2Nf n Ro2Ap2Nm 5]{2Cf1f2 _p 91025}(2@ _ ﬁfchlfw R T
K, KoKy Ks Ks 727 Ks Ks o2imz
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Applying the group constraint in (3.28) and the definition of the forces of infection in (3.24]) - (3.27), we have that

(K2 + 0GB erSPAmNs — RodaiNs | RoidpiNa  SiAnNm

E’ =
K1K2K7N; Cmﬂrnr;bl K7 K7N;;
(K6 + ‘9p2G6)5,{ch>\m25f _ Ro2Ama Ny L Ro2Ap2Nm — ApaNm
KKKy cm By Ky Ky
2+ _ RotAmiNy A1 N , Sy
L —L (Ro1 — 1 ———— (Ro1 — 1 1
S BT (Ro1 — 1)+ K (Ro1 — 1) since N; <
Ro2Am2 Ny AraNp,
— = (R — 1 Rox — 1
+ B (Roz )+ s (Roz )

Since all the model parameters and variables are non-negative, we have that £ < 0 for Rg < 1 with £ = 0 if and
only if Iy = Py = Ifo1 = Ly1 = Ijpo1 = 0. Hence, £ is a Lyapunov function on D. Thus, using the La Salle’s
Invariance Principle (La Salle and Lefschetz, 1976), Iy1 — 0,Py1 — 0,191 — 0,150 — 0 and I — 0 as
t — oo. Substituting Ir1 = Py1 = Ifo1 = Im1 = Im21 = 0 in shows that Cy — O,Rgz —+0,Rp1 — 0,5 —
S;Z,Vf — Vf*,le — 0,5, = S} ast — oco. Thus, every solution to the equations of the model with

€1 = €9 =¢e3 =¢4 = 0,£ = 1, with initial conditions in D, approaches the DFE &, as t — 0 whenever Ry < 1. [

109



4.4 Existence and stability of boundary equilibria

The existence and stability of boundary equilibria of the model is now investigated for a
special case when the disease-induced death rates are assumed to be negligible (that is, dp; =
dpp = 5?2 = 012 = 0p21 = Om1 = Om2 = Omia = Oma1 = s = 0). This is fitting in places like
Northern America, Western Europe, Australia and New Zealand where the average annual HPV
and cancer mortality rates are less than 4 persons per 100,000 of the population (Foreman et al.
2012; HPV and Related Diseases Report, 2017). It should be noted that setting dy = dpo = 5?2 =
df12 = 0f21 = Om1 = Om2 = Omi2 = Oma1 = Ofc = 0 in gives Ny — 2—; and N, — 2—:; as

t — o0.

We will now explore the existence and stability of the positive boundary equilibria. Let,

o By (I + Ip5, + 0, PFY) Bk (L + Ty

H= A and A, = A o)
v By (I + Tt + 615" + 0,0 Pf3) v Bt (I + Iio) '
= and A, =

A, A

be the forces of infection for strain 1 and strain 2, respectively, at the endemic steady-state.
The equilibria of the model (3.23) can then be obtained by finding the fixed points of the

equation
9 A**’ )\** )\**
X = 3(X) = AT A2 , where X=| " (4.22)
O2(AT", A5) A3"
with,
A=A+ A0 A =A%+ A0

ml>

4.4.1 Strain 1l-only sub-model

In the absence of strain 2, (obtained by setting I, = I]’ZQ = Ppy = Ryp = Ip190 = It91 = My =
Imo = Ryo = Imie = Lpo1 = M, = 0 in the model (3.23))), the strain 1-only sub-model with
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01 = Om1 =y = 0 is given by:

dS
d_tf = (1= f)Ay = (A1 + 1) Sy
dV.
L= A = (L= A Vs — sV
dI
d—f = (1= A Vs + A1 Sy — Kyl + e\ Ry
dPp
=Gl — K9P
gt Gl 21
dC
d_tf — G3Pf1 - Kng
e (4.23)
f _ ¢
o = 110 — R
dR
dtfl =m7adp + qrpPr — (pp 4 €1Am1) Ra
dS,,
—L =A,,— () m) Sm
7 (Ar1+ o)
dil,,
dtl = A1Sm — Krlpy + €3 p1 R
dR,,
i - = Tl — (pm + €3A51) R
where now
N Br1(Is1 + 0p1 Pp1) I Bm1lm
fl1— Nf ’ ml — Nm
with

Nf:Sf—l—Vf—f—]fl—l—Pfl—I—Cf—i—ch—‘erl, and

Nm :Sm + Iml + le

Consider the regions:

D, =D/ uDP

with

IN

A
D{ :{(Sfuvf7lflapf1)0f7R;7Rf1)6%1Nf _f}’and

Ff
Ay
DT :{(Sm7lm17Rm1) € %i : Nm S ,U_}

The region D is positively invariant.
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4.4.2 Local asymptotic stability of disease-free equilibrium (DFE)

The strain 1-only sub-model (4.23)) has a DFE, obtained by setting the right-hand sides of the

equations in the model to zero, given by

501 :(Siavf*al;lap}klac}ka ?‘*7R}1>S:17[:115R:n1)
4.24)
1 f)A; fA A (
:(( f) faf f7070a0)0707_70a0>
125 Hy Hm

The linear stability of £y; will be investigated using the next generation operator method on the

system (4.23) (van den Driessche and Watmough, 2002). The matrices Fy; (for the new infection

terms) and Vy; (for the remaining transition terms) associated with the Strain 1-only sub-model
: : : x _ (A=HAy « _ fAg x _ Ay * * _ Am

(4.23) are given, respectively, by (noting that St = BT Vi = T N; = wr Sy =N} = .

at the DFE &)1)

Brn1(Sj+(1=V}) |

0 0 0 R
0 0 0 0
Fy = (4.25)
0 0 0 0
Br1Sy,  Op1Br1Sy,
| fN; ]\% O O
K 0 0 0
-G; K 0 0
Vo1 = (4.26)
0 —G; K3 0
0 0 0 Ky

The associated basic reproduction number of the Strain 1l-only sub-model (4.23]), denoted by

Ro1 = p(FOlV(Hl), is given by

R B1Bm1 (K2 + G10p1)(1 — f§)
oL K1 KoK

where p represents the spectral radius of Fy;Vj;'. Using Theorem 2 of van den Driessche and

Watmough (2002), the following result is established.

Lemma 4.15. The DFE, &, of the Strain 1-only sub-model (4.23)) is locally asymptotically
stable (LAS) if R¢; < 1, and unstable if Rg; > 1.
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4.4.3 Strain 1l-only boundary equilibrium (&)

Setting Aps = A2 = 0 in (3.23) gives the following general form of the strain 1-only boundary

equilibrium (denoted by &)

561 - (S**,V**,[}kiap}kfac**a ;**7 ?;7070707 O7S:;<7I;:1’R::1’

0,0,0,0,0,0,0,0)

(It should be noted here that N;* and N are replaced with their limiting values 2—}{ and 2—;’:

respectively, as all disease induced death rates are assumed zero). It should be noted that setting

dp1 = 01 = 0sc = 0 in (4.23)) gives Ny — 2—; and N,,, — 2—2 as t — oo. Let B = —”C\ifl and
Bl = —“ﬁiml so that
A= Bp(Ip + 0, Prr) (4.27)
and
>\m1 = Bmljml (428)
Define
N = X
)\:1 _ ﬁml,um ml

A
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Setting the right hand sides of model (4.23)) to zero gives the steady state solutions

! ()‘::1"’,“)‘)7 d [(1-¢) )\:ﬁkl‘*’ﬂf]’
{A = AN )? + (1= EN N gl S Koy + 1))

Ij = C1O)? + Co(A))? + Cshiy + Cy !
P {(1 —OAr(Nm)? + (1 - ff)Afﬂf)‘;;kl}Gl(ﬂf + e An)
fl CLNE )3 + Co(N)2 4+ O\, + Gy ’
R — {0 =N Nm)? + (1= NN g (G + Ko)
n Ci(A1)? + Co(A)? + CaAn + Cy ’
O}k* _ {(1 - f)Af()‘:ﬁkl)Q + (1 - ff)Afﬂf)‘:;kl}GlGB(ﬂf + 51)\:?1)’ (4.30)
K3{Ci(N55)? + Co(N5)? + Cadiy + Cu b
R?‘* _ {(1 - £)Af()‘:;:1)2 +(1— ff)Afﬂf)‘xl}Gleﬂf(Nf + 51)\:::1)7
ppEs{CL(Am)? + Co( A )2 + Cadiy + Ca}
5o = A o AN (e E307)

(b + X5 ™ Di(N7)? + D23y + Ds
R TmlAm)\?i
" DI(A)? 4 DoAYy + Dy

where,

Ci=(1=8e{(l —p)(L—aq)7prp + (1= p)7ppg + (551 + pg) (Kfrpp,) } >0
Cy = (1=K 1 Koy + (2 = Eprer{ (1 = p)(1 — q)mpnkps + (1= po)7pupay + (01 + pop) (g, )} >0
Cs = (2= )i (tp + 051 + ) (kg1 + pip) + pier{ (1 = p1)(L — q) 1601 + (1 — p1)Tpaptp

+ (01 4 p15) (K piug) } >0

Dy =e3(K7 4 1), Do = pun(K7 + 5+ Tmes), Ds = o, Kr
Substituting the above expressions into (4.29) gives

Are o2 (A ) 4 bor Ay + bo

A** — ,

TE Tbss(A54)3 + baa (N )2 + by Ak + boo) (4.31)
3 A (coa i + con) '

ml —

ng()\}?)2 -+ Cll)\}ﬁ + Coo
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where,

bo = BrApu(1 — Ef)(Kaopp + OpprGh),

bor = BrAspp(1 = &) (Kops + OppsGr) + A (1 — &) (Kaer + 0, Gher),

boa = Brilpps(1 — &) (Kaer + 0,1Grer),

boo = KleAf,U?u

i = (2 = A sui(T1 + 01+ pup) (kg + pug) + Appger{(1 = p) (1 — q)7pikp + (1= p1)Tppy
+ (01 + pg) (K1)} >0

bao = (1= E)Appup(Tp1 + 51+ pip) (hp1 + pap) + (2 = A ppper{ (1 = pi)(1 — )ik + (1= p1)mpapy
+ (Op + pp) (kg + )} >0

bys = (1= OAser{(1 = p1)(1 — a)7purp + (L= p)mpueg (61 + pap) (1 + pag) } >0

coo = Ampi2, K7, c11 = Appim K7+ At K763 + A fln Tm1€3, Con = €3 M (K7 4 Tn1)

2
Co1 = BmlAmurm Co2 = BmlAm,umg3

(4.32)

Since all the parameters of the model (4.23)) are positive and 0 < £ < 1, we have that all the

expressions in (4.32)) are positive.

Hy (A28 4+ Hy( NP+ Hy(\) + Hy (N3P 4 Hs (A2 + He\™ + Hy = 0 (4.33)
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with

Hy = biycan + c11bg2bss + coobiy > 0

Hy = 2bg1boacaz + c11bozbaz + c11b01bss + 2¢o0bazbss — biycoz — boacorbss,

Hy = 2bobozcaz + b3y caz 4 c11bosbir + c11borbas + cribobss + 2coobiibss
+ coobly — 2b01bo2coz — boacorbaz — bo1corbss,

Hy = 2boboi 22 + boobozci1 + borbiicir + bobaacry — 2boboacos — by oo (4.34)
— bozb11cor — borbaacor + boobsscoo(2 — RE,)

Hs = (borcir — bozco1)boo + (bricin — 2borcoz)bo + (br1coo — borcor)bi1 + booCoobaz (2 — Riy)

Hg = bobooci1 — bcoz — booborcor + 2bgobricoo(1 — Riy)

H; = biycoo(1 —RE) >0 if Ry <1

The components of the EEP are then obtained by solving for A*¥, from the polynomial (4.33), and
substituting the positive values of A** into the expressions in (4.30]) [noting (4.32)]. Furthermore,
it follows from (4.34)) that the coefficient H;, is always positive and H; is positive (negative) if

Ro1 is less (greater) than unity. The following results can be deduced.
Theorem 4.16. The Strain 1-only sub-model with 051 = 0y = 0. = 0 has:

(i) siz or four endemic equilibria if Hy < 0, H3 > 0, Hy <0, Hs > 0, Hg < 0 and Ry < 1,
(i) four or two endemic equilibria if Hy > 0, Hy < 0,Hy > 0, H;5 < 0,Hg > 0 and Ro; < 1,
(iii) two endemic equilibria if Hy > 0, Hs > 0,H; < 0,Hs; < 0,Hg >0 and Rp; < 1
(1v) no endemic equilibrium otherwise, if Rop < 1,

The first three items of Theorem ((i) - (iii)) suggest the possibility of backward bifurcation
in the strain l-only sub-model (4.23) with negligible disease-induced deaths (i.e., 071 = 01 =
dpe = 0) when Roy < 1.

4.4.4 Backward bifurcation analysis of strain-1 only sub-model

It is instructive to characterize the type of bifurcation the model (4.23) may undergo. We claim

the following result:
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Theorem 4.17. The model (4.23|) exhibits backward bifurcation at Ry = 1 whenever a bifurcation

coefficient, denoted by a (given by (4.36) ), is positive.

Proof:

Proof. Suppose

561: (S**aV**7[}kI7P}kf>C**a 5‘**7 ?1,0,0,0,0,5:: I m 0a07070>0507070)

ytmly T ¥ml>

represents any arbitrary endemic equilibrium of the strain 1-only model (that is, an endemic
equilibrium in which at least one of the infected components is non-zero). The existence (or
otherwise) of backward bifurcation will be explored using the Centre Manifold Theory Castillo-
Chavez and Song (2004). To apply this theory, it is necessary to carry out the following change

of variables.
Sy=uz1, Vs =2, Ipn =3, Py =4, Cp =5, B} =6, By =7, Sy = 28, Iy = To, Rm1 = T1o

so that
10
i=1

Further, USiIlg the vector notation
X =
(1’1, T9,T3,Ty,x5,Tg, L7, T8, L9, IL‘lo)

the model (|4.23]) can be re-written in the form

dX

—r == Lo fa fa Fs oo Fr o Fo fro)”
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as follows:

dy
dt
dx 2
dt
dzs
dt
dx 4
dt
dx 5

=fi= 0= A= A1+ p15) 11

= fo = fAr = [(1 = &)Am1 + pir] 2

= f3=Ait1 + (1 — N2 + 1 A7 — (741 + 051 + pig)x3
=fa=1—p1)taes — (K1 + pg)ay

o =fi=10—q)kprs— (mp+ py+ 0sc)xs
(4.35)

dl’ﬁ f

— = fo =Trx5 — WX

i 6 s — [HfTe

dﬂ?7

dl’g

P Js = A — (Ap1 + i) @8

t

dx

d_tg = fo = Ap1xs + €3A 71710 — (Ton1 + Ot + fm )T
dx
710 = fi0 = Ty — UmT10 — E3A 1710

where

_ Bri(xs + Opza)
23:1 i
Bm1Toy
Aml = S0
> img Ti

Af1

Without loss of generality, consider the case when Ry = 1. Suppose, further, that 34 is chosen

as a bifurcation parameter. Solving for 8y = 5%, from Ro; = 1 gives

KKy Ky
Bt (K2 + G16,1) (1 — f§)

5f1 = 5;1 =

The Jacobian of the transformed system (4.35), evaluated at the DFE (§01) with By = 8}, is
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given by

_6mlzi(

—uy 00 0 0O 0 0 0 2L 0
0 —pr 0 0 0 0 0 0 FmEEmoog
0 0 —K 0 o 0 0 0 B 0
o 0 G -K, 0 0 0 0 0 0
0 0 0 Gy —-K; 0 0 0 0 0
T, = 0 0 0 0 7 —py 00 0 0
0 0 DiTf1 Q1K f1 0 0  —uy 0 0 0
0 0 SR R0 0 00—, 0 0
0 0 HE AR o0 0 0 0 —K; 0
00 0 0 0O 0 0 0 AR

where, N} = 2} + x5, N, = x5, X7 = 2] + (1 — §)a3.
It can be shown that the Jacobian of (4.35)) has a right eigenvector (associated with the zero
eigenvalue) given by

_ T
w = [w17w27w37 Wy, W5, We, W7, Ws, Wy, wlO]

where,

ﬁmlﬁ*
— Wy — N:nlwg =0

—hfws — —ﬁmlg\lf;f)x; weg =0

Tpws — pywe = 0

PiTriws + qikpiws — fhpwy = 0
__ Bpiag ws — rBfllf[p

1T
N}“ }k 8w4_[1’mw8:0

Brixd Br10p1s
fN—;S(JJg + le—p}ng; — K7wg =0
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Tm1Wg — UmW10

Solving, gives

oy = _5m1$Tw9’ g — B (1= £)x§w9’ s = Bleikw97 oy = leGl/Bleikw97
g Ny, s N, KiNg, K1 K, Ny,

s = 01 G1G 31 X wy s = 70,1 G1G3Bm1 X wy wr = B X1 (0171 K3 + q151 G )wy
KiKoKsNz 1 K Kol N: 1 K KN

Furthermore, (4.35) has a corresponding left eigenvector (associated with the zero eigenvalue)
given by

v = V17V27y3uy47V57y67V77V87V97V10]

where,

BF10p178
—K2V4 + fl % 8V9 =0
f

X*
'ij\;—*lyg — K'ﬂ/g =0
m

Solving, gives
B;lxg(KQ +0,1G1)v B B;‘cl@plxgyg

— >0
K K, N; ’ KNG Yo =10

V3 =

Based on Theorem 4.1 in Castillo-Chavez and Song (2004), and by computing the non-zero par-
tial derivatives of F'(x)(evaluated at the disease free equilibrium, DFE (£y;)), we have that the

associated bifurcation coefficients defined by a and b, are given by

0 fi - O fi
a= Z VhWitdj 5 o -(0,0) and b= Z ey o5 (0,0),
S

k,i,j=1 k=1
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Figure 4.2: Bifurcation diagram for the model (4.23). Parameter values used are: [y =
0.7422, 8,1 = 0.88,61 = €3 = 10, ¢ = 0.0000009. All other parameters as in Table

are computed to be

2B m1wel . . . .
_ 5]\}*29 3 {W8X1 — 51W7Nm + (OJg + wlo)Xl — {wl + (1 — f)wg}Nm}

2B;1(W3 =+ 9p2w4)1/9
_ N}kQ

a =

{{wl + wa g — e3w10N} + (w3 + Wy + ws + we + wr)rg — wSN}"}

. 2K7W9V9

CONLXT
2K7x wovy

- NN X;

{WgXik — 81(,4.)7.]\[:;1 + (CL)g + wl(])Xik — {w1 + (1 — g)U)Q}N:,L}

{{wl + LUQ}JI; — €3W10N; + (u}g + Wy + Wy + Wg + w7)l‘§ - ng;}
(4.36)

*

b= ;8* Vg <W3 + 9p1W4) >0
!

Since the bifurcation coefficient b is positive, it follows from Theorem 4.1 in Castillo-Chavez and

Song (2004), that the model (4.23]), or the transformed model (4.35]), will undergo a backward
bifurcation if the backward bifurcation coefficient, a, given by (4.36|) is positive. O n

The associated backward bifurcation diagram is depicted in Figure 4.2)).

4.4.5 Non-existence of backward bifurcation

Theorem 4.18. In the absence of re-infection of recovered individuals with strain 1 as well as

imperfect vaccine (g1 = e3 =0, = 1), the model (4.23)) does not undergo backward bifurcation.

Proof. Consider model (4.23]). Setting ¢ = e5 = 0 and £ = 1, the expression for the backward
bifurcation coefficient, a, given as (4.36]) (and noting that all parameters of the model (4.23)) are
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positive), reduces to:

1
a = —2K7wQV9{ (CUQ + wlo) +

1 1 1
F (w3+w4+w5+w6+aJ7)+w1< ——>}<O,

N7 Ny x}

since N} > x}, then (Ni—i) < 0, and noting, that (wg+wig) > 0 and (ws+ws+ws+ws+wr) > 0
f

while w; < 0. Hence, it follows from Theorem 4.1 in Castillo-Chavez and Song (2004), that the

model (4.23]) does not undergo a backward bifurcation if ¢ = e5 =0 and £ = 1. [

Hence, this study shows that the reinfection of recovered individuals with strain 1 and im-
perfect vaccine induce backward bifurcation in the strain-1 only sub-model. A global asymptotic
stability result is established below for the DFE of the model for this scenario (to completely rule

out backward bifurcation in this case).

Theorem 4.19. In the absence of re-infection of recovered individuals with strain 1 and imperfect
vaccine (i.e. €1 =e3 =0,€ = 1), the DFE of the strain 1-only sub-model (4.23)), given by &o1, is
GAS in D whenever Roile=1 = Ro1 < 1.

Proof. Consider the model (3.23)) with strain 1-only (i.e., let Roa < 1, so that strain 2 dies out)
given by (4.23)). Also, let 61 = e3 =0,& = 1. Further, let us consider the Lyapunov function:
(Ko + 0nG)BpesS; OnbBpierSi, |, R

= I,
' K\ KK.N; VT K KNy T R

with Lyapunov derivative

= (Ko + eplGl)BjjlcfS;[' X eplﬁflcfS;P X 7%011' :
K\ K> K7N; / Ko K7 N; T m

Substituting the expressions for I 15 Pfl and I, from (4.23), we have that

; (K2 + eplGl)ﬁflcfS; leﬁ}elcfs; Roi
L, = A1 Sy — Ko T PRI G T — Ko P OIS, — Ko,
1 K1K2K7N}* [Am1 Sy U]+ K2K7N; (G11p 2 Pp] + K7[ 71 7Im1]
B (K2 + 6p1G1>ﬁ}C1CfS;)‘mISf n ﬁOlAfISm
N K1 Ky K7N; K
[t 0nGOBLerS)  InGiBhesSi] L [BBnerSi]
7 Ky KN} Ky KNy 'K 015ml
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which can be further simplified into

(K 4 0,1G1) B¢ S Am1 Sy N RoiAs1Sm BhicrSi(Ipn + 0,1 Ppy) s
b K\ K> KNG e KN} ot

Applying the group constraint in (3.28)) and the definition of the forces of infection in (3.24) -
(13.27), we have that

£— (K +‘9p1G1>5]{10fS;/\mISf . 7_301)\m1Nf 4 7201)\f15m o S}k"/\lem

1=

.[(1f(2f(7]\[}< Cmﬁml K7 K7N}k
5 ﬁOlAmle 7%015]‘ )\lem RDISm . S;;
L < -1 -1 <1
1= B N; + e N since :
7201)\m1]\[f > )\lem s . Sf Sm
— ) (Ro1 — 1 Rop —1 — < land— <1
=B (Ror — 1) + - (Ro1 — 1) since N, and 3

Since all the model parameters and variables are non-negative, we have that Ly <0for Ry <1
with ﬁl = 0 if and only if Iy; = Psy = I, = 0. Hence, £, is a Lyapunov function on D;.
Thus, using the La Salle Invariance Principle (La Salle and Lefschetz, 1976), I5; — 0, Py —
0 and /I, — 0 ast — oo. Substituting Iy; = Py = I, = 0 in shows that C'y —
0,R} = 0,Rp1 — 0,5y — S, Vy = Vi, Ry — 0,5, — 55, as ¢ — oo. Thus, every solution to
the equations of the model with e; = g3 = 0,& = 1, with initial conditions in D, approaches

the DFE &4 as t — oo whenever Ry < 1. ]
Also, the following result can be proven.

Theorem 4.20. In the absence of re-infection of recovered individuals with strain 2 (i.e. ey =
eqy = 0), the DFE of the strain 2-only sub-model (4.43)), given by &pa, is GAS in D whenever
Ro2 < 1.

Proof. Consider the Lyapunov function

(K6 + 0p2Go) Bhocs Opa375C1 Roo
9 = Ito + ————Ppo + — L2
K4K6K8 KGKS KS

with Lyapunov derivative

(Ko + 0,2Ge)Blacr . OBlacs . Roy .
)= [y 2 py, g B2
K4K6K8 KGKS K8
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Substituting the expressions for fo, Pfg and I, from (4.23), we have that

; (K6 + 9p2G6)6}{20f 9p2/8,]fc2cf Roz
Lo = AmaS s — Kal Gelio — KgP — | Ap2S,, — Kl
2 KKK [AmaSy — Kalpa] + e [Gely2 — Ko Ppa] + Ks[ £2 8]
B (KG + 9p2G6)6}020f/\m2Sf n R()Q/\fgsm
K K¢Kg Ky
[+ 0,2Gs)Blycy B 02 Giohacy b O Bhacs Cm
12 e KoK 12 —Ks 024m2

which can be further simplified into

(K + 0,2G6) Blacs Ama Sy N RoaAfaSm Bhaci(Ip2 + Op2Pr)

- — Rool,
2 K K¢Ksg Ky Ky 025m2

Applying the group constraint in (3.28)) and the definition of the forces of infection in (3.24) -

(13.27), we have that

B (K + GPQGG)B]{QCf)\mQSf _ Ro2Am2 Ny i RooAp2Sm  ApaNim

‘o K, KoK Cm B Ky K
£y < RoaAmo Ny (RoaSp 1)+ A2Ni (RoaSm 1
Cm/BrZLQ Nf KS Nm
RoaAma N AraNp, . S Sm
< (Zanng (Ro2 — 1) + f;(g (Ro2 — 1) (smce FJ; <1, andN—m < 1)

Since all the model parameters and variables are non-negative, we have that ,Cg <0 for Rogp <1
with £, = 0 if and only if Iyo = Py = I2 = 0. Hence, £, is a Lyapunov function on D;.
Thus, using the La Salle Invariance Principle (La Salle and Lefschetz (1976)), Iyo — 0, Pry —
0 and I,2 — 0 ast — oo. Substituting Iy = Pp = I = 0 in shows that Cy —
0,R} — 0,Rpp — 0,5y — S}, Ry2 — 0,5, — 5y, as ¢ — oo. Thus, every solution to the
equations of the model with €5 = ¢4 = 0, with initial conditions in Dy, approaches the DFE

&0 as t — oo whenever Rgo < 1. O ]

Theorem 4.21. In the absence of re-infection of recovered individuals with the same strain (i.e.
g1 = g3 = 0), the model (3.23) with 651 = 01 = 07c = 0,§ = 1, has a unique strain 1-only

boundary equilibrium, &.1, whenever Roz <1 < Ro1le=1 = Ror <1

Proof. In the absence of re-infection of recovered individuals with the same strain and imperfect
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vaccine (i. e. £ =e3 =0,& = 1), the polynomial (4.33]) reduces to
with,

Hs = A (rp1 + i) (g1 + o) BB A ppi Ke (1= f)(Kopip + iy Gr) + M ppic 15 ..
X (Tp1 4 pg) (501 + pp) K7 > 0,
Hy = BN At K1 Ko Ko (1 — f)(Kopip + Op10pGr) + 203 Appi a2, K1 Ko K. (4.38)
X (114 pp)(kpn + pp) (1= REy),
Hy = Ny A3t Ko Ko K7 (1 — Rgy) <0, if Rp > 1
We have from and that, irrespective of the sign of Hg, the quadratic has a
unique positive solution whenever Ry, > 1. In addition, it should be pointed out that for the

equilibrium & to exist, it is necessary that strain 2 dies out asymptotically (i.e. Rge < 1, in line

with Theorem [4.20)). Hence, the model (3.23)) has a unique strain 1-only boundary equilibrium,

.1, whenever Rgs < 1 < Ro1. [

O

Theorem 4.22. In the absence of re-infection of recovered individuals with the same strain and
imperfect vaccine (i.e. €1 = €3 =,& = 1), the unique strain 1-only boundary equilibrium, .1, of
the model (3.23), with §p1 = 61 = 0f. = 0 is globally asymptotically stable (GAS) in D\ Dy

whenever Roz < 1 < Ro1 = Roi|e=1, where
Do, = {(SfavfajflvpflaCf7R;7Rflasm7ImlaRm1) ED1:lp=Pn=Cr=R;=Rp=1Im= 0}

Proof. Consider the model (4.23]) with (4.27) and (4.28), &1 = €3 = 0 and R > 1, so that the

associated unique endemic equilibrium exists. Also, consider the non-linear Lyapunov function of
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the Goh-Volterra type (Goh, 1976):

o) *k *k *ok S *k Kk V
Vi = (K2 + eplGl)ﬁflsm {Sf - Sf - Sf In (ST’;") + V- Vf — Vf In <Wf*

I _ P
+1Ip =I5 =I5 In (I—fl> } + K10, 8715, [Pfl — Py — Piiln (P—fl> }
f1 f1

m Im
KKy | Sy — S5 — 8% In Sm Ly — I — I In 22
Sit I

with Lyapunov derivative,

. o SE . Vi Iy .
Vl = (Kg—i—gplGl)ﬁflSm 1— 5 Sf+ 1— v Vf+ 1-— i Ifl
f f f1

_ PN . SEN . I\ .
+K@wﬂ$[@_ ﬂ)aq+mK4<p.m)%+(y_m)%4
Pfl Sm ]ml

Substituting the derivatives in (4.23)) into V;, we have

k3% k3

(4.39)

. _ S _ |4
Vi = (K2 + 0,,G1) B Sy { (1 ! ) (1= )Ny = (Bia s + 115)Sy) + (1 -1 ) (fAf — Vi)

S Vi

[}kf n 0 ok P}kf
+ 11— (Bm1Lm1 Sy — Kilp) | + K10 BpSy| (1 — (Gilp1 — KoPp)

Ip Py
S** _
+ K1K2[ (1 — Sm ) (A — (5f1([f1 + 0p1 Pf1) + ,Um) Sm)

]** _
+ (1 - Iml) (BriLp1 + 01 Pp1) Sy — Kﬂm)}
ml

Observe from model (4.23) that, at steady state,

(L= f)Af = (B It + 1) S75 FA; = 1fVi*, BuI S5 = QI3

(4.40)

GiIji = KoPpy A= (Bp(IF + 0 PR + i) S5y Br(I7 + 0 PR S, = Kol
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Substituting the expressions in (4.41)) into (4.40) gives

*3k

. _ S _ _
V1 = (K3 + 0,1G1)Br1S,y [ (1 - S—J;) (Bii Ly S7 + eSSt — Bmilimi Sy — pypSy)

vf** *% I;T 2
+ (1 - 7) (Vi — g Vi) + ( - I_> (BmiIm1Sy — Kllfl)]
f f1
_ " Pff
S** _ _ _ _
+ K1 Ky |: (1 — Sm ) (5]”1];;5:1* + /BflﬁplP}‘fS;‘f + umS:: — BfllflSm — BfleplelSm — [LmSm)

m

T 3 3
+ (1 — Iml) (Br1lp1Sm + BpiOp1 Pr1Sm — K7Im1):|

ml

which can be simplified to

. _ S** S S** Sm
Vi = (Ko + 0 Go)Bripy S5 Sy ( - S_ff - sf*) + K1 Ko pim Sy, (2 - sm a S**)
f m m

A M o )| ) (4.42)

+ K KoBplis 4 -2 Zm
s ( S Sw LnlpSp ITjilmSy

i S¢Sy ImlfiS;  IiiPnS.  InPi
+ K KoBp0, Pirse |5 — =L — Zm A7) Zmd f19m
e ( Si Sw LinSy LaPiiSi TiPp

Finally, since arithmetic mean is greater that geometric mean, the following inequalities from

(A.42) hold:

S** kok
__f_si <0, (2_Sm_sm)§0
Sy Sf S Sk
4 — ﬁ _ % _ Izl*fﬁif* _ I{:[:r;klsm <0
Sf S Imlfflsf Iflfmlsfr;k

St Sw  LnInSy  LuPySy  IiiPp

G Sy x:LM%%.%&%_MWUSO

Thus, Vl < 0 for Ry > 1. Hence, V; is a Lyapunov function in D\ Dy, and it follows from the
La Salle’s Invariance principle (La Salle and Lefschetz, 1976), that every solution to the equations

of the model (4.23)) with (4.27)), and initial conditions in D\ Dy, approaches the associated unique

endemic equilibrium &, of the model as ¢t — oo for Rg; > 1. O
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4.4.6 Strain 2-only sub-model

The Strain 2-only sub-model (is obtained by setting Vy = Iy = Pyy = Ry = 1]732 =1Ip9 =11 =
M =11 = Rpa = Lz = Lin21 = M, = 0 in the model (3.23))) is given by:

dsS
—L = Aj= 2+ 1) Sy
dt
dl
d—f = )\mQSf — K4]f2 + 82)\m2Rf2
d Py
= Ggl — KgP
i Gelo 64 f2
dC'y
— = Gy Py — K3C
0t 4L 3Cy
dRS
f _ c
dt = ’/Tfo — ,ufRf (443)
dR
7}‘2 = paTral o + qenekpaPra — (fiy + €2Am2) B2
dsS,,
—=A,,— (A m) Om
dl,,
o = A2+ e R — Ksly
dR,,
dt 2 = 7_m2[m2 - (,Um + 54)\]”2) Rm2
where now
Ay — Bra(ILf2 + Op2 Ppa) Aoy — Bmadm2
f2 — Nf ) m2 — Nm
with

Nf:Sf—f—IfQ—f-Pfg—f-Of—i-R;—f—ng, and

Nm :Sm + ]m2 + Rm?

Consider the regions:

D, = D UDy
with
/ c 6 Ay
D, = (Sfsz,sz,Cf,Rf,ng)€%+:Nf§,u— ,and
f
m 3 Am
DQ - (Sm7]m27Rm2> € EHJF : Nm < /L_

The region D, is positively invariant.
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4.4.7 Local asymptotic stability of disease-free equilibrium (DFE)

The Strain 2-only sub-model (4.43]) has a DFE, obtained by setting the right-hand sides of the

equations in the model to zero, given by

m’ Tm2

A A (4.44)
:(_fa Oa 07 07 07 07 ) 07 O)
1233 Hm

502 :(S;’[;2’P;2,C;, 5‘*7R>;‘27S* I R:ﬂ)

The linear stability of £y will be investigated using the next generation operator method on the
system (4.43) (van den Driessche and Watmough, 2002). The matrices Fyo (for the new infection
terms) and Vpy (for the remaining transition terms) associated with the Strain 2-only sub-model

(4.43) are given, respectively, by (noting that S} = N} = 2—;, Sk =N = 2—: at the DFE &g9)

0 0 0 Ze¥
0 0 0 0
Fop = (4.45)
0 0 0 0
_ﬁfif?:n 9;72?\,7’;5; 0 0 |

K, 0 0 0

G Ky 0 0
Voo = (4.46)
0 -Gy K 0

0 0 0 Ky

The associated basic reproduction number of the Strain 2-only sub-model (4.43]), denoted by

Ros = p(Fogvogl), is given by

R Br2Bma(Ke + Gebp2)
02 =
K KgKy

where p represents the spectral radius of FypVy,'. Using Theorem 2 of van den Driessche and

Watmough (2002), the following result is established.

Lemma 4.23. The DFE, &, of the Strain 2-only sub-model (4.43)) is locally asymptotically
stable (LAS) if Rg2 < 1, and unstable if Rge > 1.
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4.4.8 Strain 2-only boundary equilibrium (&)

Setting Ay = Ay = 0 in (3.23) gives the following general form of the strain 2-only boundary

equilibrium (denoted by &)

Tiez = (S5%,0,0,0,CF, R$™,0,175,0, Pry, R}5, S5v,0,0, I, R, 0,0,0,0,0,0)

(It should be noted here that N;* and N are replaced with their limiting values 2—}{ and 2—:

respectively, as all disease induced death rates are assumed zero). It should be noted that setting

d2 = Oma = 0fc = 0 in (4.43)) gives Ny — 2—; and N,,, — 2—2 as t — oo. Let By = —”J;\Bf” and
Bma = —“’Xi m2 g0 that
A2 = Bra(I2 + 02 Ppo) (4.47)
and
Am2 = Bm2lma (4.48)
Define
f2 - A )
f (4.49)
)\** — ﬁm2jﬁ2um
m2 Am
Setting the right hand sides of model (4.43)) to zero gives the steady state solutions
g g g y
T S KoMy (£2X03 + 1y Nama)
d Aoz =+ #) 2 (g + Niia) [Ny (K4 Keey — KgpaTpaes + GoGoea) + KyKgpig)’
o _ Ay (E2A53 + 15 A ima) (KopaTya + GoGl)
P2 (g + Nisy) (g + 2205) [Ny (KK — KepaTras + GeGosa) + KuKepiy]
o Gols (22253 + B Ams)
T2y + M) [Ny (KuKeea — KepaTrocs + GeGoea) + KaKepuy]’
. _ GaGols (2003 + 115\
T (g 4+ Ay) K [Ny (KuKoes — KopaTpoes + GeGoea) + KaKepiy]’
Rew _ GaGolsmy (e2)in3 + HiAin)
T K (i + Xi) N (KaKoea — KepaTpags + GeGoes) + KaKgpy]’
m ()\3‘;5 + Mm) ’ m2 [(K854 - Tm2€4) )\;‘0*2‘2 + (K&um + KS,umgll — Tm2,um€4) )\’}”2‘ + K&u%n}
R** Tm2)\?§Am
me [(K854 — Tm2€4) A}EQ + (Kspim + Ksptm€s — TimaflmEa) AFy + Ksufn}
(4.50)
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Substituting the above expressions into (4.49)), gives

hoa 53 + hot Aoy

)\** — ,
P27 hggN22 4 hyt A, + hog
o JoaAFs + Jor AT

)\m2 =

J2aAFst + JuAFs + Joo

where,
hoy = Brapryea(Ke + 0p2Gs),  hor = 5]‘2#3@([(6 + 0p2G),
hos = Ky Keeo — e2(Kepatsa + G6Go),
hi1 = KyKepp + KyKgpipeo — prpea(Kopotio + GeGy),
hoo = K4K6M?u
Jo2 = BmaltmEa,  Jor = Bmapty, Joo = Ks€a — Tmats,
g1 = Kspim + Kgltmes — Tmaftmes,  Joo = Kspi2,
}/1(/\;;‘2)4 + Y2(M§2F + YS(/\:;%)Q + Y4>‘::2 +Y5=0
with

Y1 = hiyjaz + hozhoojin + h3sjo0 > 0

Yy = 2ho1hoajaz + hozhi1di1 + horheajin + 2hi1hazjoo — higjoz — hozhazjor,

Ya = hg1jaz + hozhoojin + horhiijin + hiydoo — 2horhozjos — hoahiijor + hoohaajoo(2 — Res)

Yy = hoohorji — hyjoa — hozhoojor + hoohi1joo(1 — Rey),

Ys = higjoo(1 — Rey) >0 if Rep <1

The components of the EEP are then obtained by solving for A\*%, from the polynomial (4.53)), and

substituting the positive values of A*%, into the expressions in (4.50)) [noting (4.32])|. Furthermore,
g p m2 p

it follows from (4.54]) that the coefficient Y7, is always positive and Yj is positive (negative) if Rz

is less (greater) than unity. The following results can be deduced.

Theorem 4.24. The Strain 2-only sub-model (4.43)) with §o = 62 = 07 = 0 has:

(i) four or two endemic equilibria if Yo < 0,Y5 > 0,Y; <0 and Roz < 1,
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(ii) two endemic equilibria if Y3 is of the same sign as Ya or Yy and Rpy < 1,
(iii) two endemic equilibria if Yo > 0,Y3 < 0,Y; > 0 and Rz < 1,
(1v) no endemic equilibrium otherwise, if Roy < 1,

Items (i)-(iii) of Theorem suggest the possibility of backward bifurcation in the Strain
1-only sub-model (4.43)) with negligible disease-induced deaths (i.e., s = d;p2 = 0. = 0) when

RQQ < 1.

4.4.9 Backward bifurcation analysis of strain-2 only sub-model

It is instructive to characterize the type of bifurcation the model (4.43) may undergo. We claim

the following result:

Theorem 4.25. The model (4.43|) exhibits backward bifurcation at Roz = 1 whenever a bifurcation

coefficient, denoted by a (given by (4.56) ), is positive.

Proof:

Proof. Suppose

§€ = (S**a0707070**7R;**707];;707P;;aR}>57S::70707 ]::2)R:;270707070a 070)

represents any arbitrary endemic equilibrium of the strain 2-only model (that is, an endemic
equilibrium in which at least one of the infected components is non-zero). The existence (or
otherwise) of backward bifurcation will be explored using the Centre Manifold Theory (van den
Driessche and Watmough, 2002; Castillo-Chavez and Song, 2004 and Carr, 1981). To apply this

theory, it is necessary to carry out the following change of variables.
Sf = I, IfQ = Iy, Pf2 = Is, C(f = Ty, R; = Ts, RfZ = Te, Sm = I, [m2 = Ts, Rm2 =Ty
so that

9
i=1
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Further, using the vector notation

T
X = ([L‘l, X2,X3,T4,T5,Te, L7, T8, 'TQ)

the model (4.43]) can be re-written in the form

dX
—r = F = (S for fu F oo S fs 1)
as follows:

dz
— = fi=0p = ) 1
dJTQ
’ = fo = Ana®1 + €2Ama®e — (Tp2 + 0p2 + fif) T2
dz
d—; = fa = (1 — po)7ama — (Mekip2 + piyp) T3
d.274
I = fa=n.(1— C]2)"ff2373 - (Wf + oyt 5fc)x4
dz
d—5 = f5 = TfTa — UsTs (4.55)

t
d.ﬁE6
o = fo = PaTpaTa + QaNeki a3 — (5 + E2Am2) Tg
dz
d_; Ef?ZAm_ (>\f2+/1lm)x7
d.ﬁEg
o= I3 = Apax7 4 €4Xp2T9 — (T2 + Oz + fhm) 8
dz
d_tg = fo = Tma®s — (Um + €4\ y2) Tg

_ Bra(wa + Opo13)
)‘f2 - 6
D1 Ti
Ay = Bmas

9
D i Ti

Without loss of generality, consider the case when Rg2 = 1. Suppose, further, that 3, is chosen
as a bifurcation parameter. Solving for Sy = %, from Ree = 1 gives

K, Ke¢Kg
Bz (Ko + Gebp2)

61‘2 = 5;2 =

The Jacobian of the transformed system (4.55), evaluated at the DFE (§p2) with B2 = 8}y, is
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given by

g0 0 0 0 0 0 HEo
0 -K, 0 0 0 0 0 ZEoo
0  Gs — K O 0 0 0 0 0
0 0 G. -K; 0 0 0 0 0
J(&o2)lgp0mpr, = | O 0 0 T —pp O 0 0 0
0 Pa2Tf2 Gy 0 0 —puy 0 0 0
0 ‘B]@x; ‘ﬂfﬁ;ﬂ”? 0 0 0 —p, O 0
0 Bf;j;ﬁ Bﬂf;;m? o 0 0 0 -Ky 0
0 0 0 0 0 0 0 T —fm |

where, Nj = 7, Ny, = x7

It can be shown that the Jacobian of (4.55]) has a right eigenvector (associated with the zero
eigenvalue) given by

T
w = [wla Wo, W3, Wy, Ws, W, W7, Ws, w9]

where,

m*
_quwl _ BT]’\l[i;le =0

—K4WQ + B]"\}—Qflwg =0
m
GG(JJQ — KGW;; =0
G4C«J3 — K3W4 =0
Tpwy — pyws = 0
PaTpaws + Gows — fipwe = 0
Brazy Brabpaxy
- N;7w2_ NZ}: 7(&)3_/J/mUJ7:0
N * . 0 *
—6’]‘3167 wo + —BIQNf% wg — Kgwg =0
f f

Tmaws — Umwg = 0
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Solving, gives

_ BmaTiws _ Bmariws _ GeBrariws _ G4Gefmaziws
W = W=7 W3= Ly WaTE
:U“fN;z K4N:n K4K6N:n K3K4K6N;;,L
o — TG1G6Bmatiws w B2 (KapaTra + GeGo)ws o — Br2Bma(Ke + O0p2Ge)ws
5 — y — ) T )
py K3 Ky Ko N}, Ky Keps Ny, o K4 K
wg=wg >0, wg= Tim2ts
[

Furthermore, (4.55) has a corresponding left eigenvector (associated with the zero eigenvalue)
given by

v = [V17V2a V3, V4, Vs, Vg, V7, 3, Vg]

where,

_K4V2 + G6V3 + B{;\?,? Vg = 0
f

Bo0p23
—K6l/3 + f2 p 7V8 = 0
f

‘,L,*
5%2* 11/2 — Kgl/g =0
m

Solving, gives

Kgl’;yg e — Bfgepgl';l/g
P 3= T 15 At 0

/BmQNf KGNf

Vo = vg =vg >0

Based on Theorem 4.1 in Castillo-Chavez and Song (2004), and by computing the non-zero par-
tial derivatives of F'(x)(evaluated at the disease free equilibrium, DFE (£2)) we have that the

associated bifurcation coefficients defined by a and b, are given by

a-Zyww O Ji (0,0) and b—ZVw O Ji (0,0),
S o0 M 008
k77’7] 1 ]C’L 1
are computed to be
28, maws . " * *
a= —%{W% — eowe N, + (ws + wg) ] — wle}
QB* wa + ) oWs J Vs " "
_ f2( N;Qp ) {w1m7 — 64W9Nf + (Wg —+ w3 —+ w4 + Ws + WG) — W?Nf} (456)
2K8W8V8

v { — eawe N, + (ws + wo) 1] — 4wy N} + (w2 + w3 + wy + ws + CL)6):C;}
fr'm
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*

7
Ny

Vg (LUQ —|— le(,dg) > O

Since the bifurcation coefficient b is positive, it follows from Theorem 4.1 in Castillo-Chavez and
Song (2004), that the model (4.43), or the transformed model (4.55)), will undergo a backward
bifurcation if the backward bifurcation coefficient, a, given by (4.56|) is positive. 0 O

4.4.10 Non-existence of backward bifurcation

Theorem 4.26. In the absence of re-infection of recovered individuals with strain 2 (9 = €4 =0),

the sub-model (4.43) does not undergo backward bifurcation.

Proof. Consider the sub-model (4.43) with €5 = €4 = 0. The expression for the backward bi-
furcation coefficient, a, given as (4.56)) (and noting that all parameters of the model (4.43)) are

positive), reduces to:

2K8w81/8

Qg == ——
N;N;,

{(OJgg + W9)ZL‘9{ + (WQ + w3 + wyg + w5 + wﬁ)xé} < 0,

since we have that (ws+wg) > 0 and (wy + w3 +wys +ws +we) > 0. Hence, it follows from Theorem
4.1 in Castillo-Chavez and Song (2004), that the model (4.43) does not undergo a backward

bifurcation if e9 = g4 = 0. O

Theorem 4.27. The unique endemic equilibrium (EEP) of the Strain 2-only sub-model (4.43|) is

globally asymptotically stable in Dy\ Doy whenever Roo > 1 and eg =4 =0

Proof. Consider the model (4.43)) with (4.47) and (4.48), 2 = &4 = 0 and Rg2 > 1, so that the
associated unique endemic equilibrium exists. Also, consider the non-linear Lyapunov function of

the Goh-Volterra type (Goh, 1976):

- S I
Vo = (Ko + 012G1) B2 S5 [Sf ~ 87— 83" In (S—f> + Iy — Iy —I33ln (Tﬁ> }
f 2

_ P S
+ K0y BpaS | Pro — Pry — Pyl | 22 | | + KuKs| Sy, — Sif — S5 In
P S
L,
Iy — Iy — I In <—2> }

kk
]m2
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with Lyapunov derivative,

. o Sy I3 P5\ .
Vi = (K¢ + 0,2G1) P25, [ (1 — —) S + (1 — —) If2:| + K40,0B255 [ ( — —) sz]
Sy Ifs Pry

K Kg| (1 -2 1—-m2 )]
s (1) 6 (1 45) ]

Substituting the derivatives in (4.43)) into V1, we have

koK

. _ S
Vi = (Ko + 0,5G1)BrS [ (1 _ S—f) (A — (Bala + 17)S))

]** _
+ ( - ?> (5m2fm25f - K4]f2)} + K40p2 8525, [ ( - ﬁ) (G1ly2 — Ko Py2)
2

S** 3
+ K4 K [ (1 -3 ) (A — (Br2(Ig2 + 652 Pp2) + pin) Sim)

[** _
+ (1 — [mQ) (Br2(Ly2 + 0,2 Pp2) S — K8]m2):|
m2

Observe from model (4.43) that, at steady state,

Ap = (Bualyy + 1) S7' Bl Si* = K,

Giljs = KePpy, A= (Br2(I75 + 0p2PF) + ) Sps BralIfs + 0 Pp3) So7 = Ks L

(4.59)

Substituting the expressions in (4.59)) into (4.58|) gives

k3%

. _ S _ _
Vi = (Ks + 00G1) B2y, [ (1 - S—J;) (Bmalma St + ppSt — BmalmaSy — pypSy)

[ _ P
+ ( > (Bm2[m28f - K4[f2)] + K40p2 8525, {( ) (G1lpo — KgPr2)
Ity Py

S**

K K 1-—
+ Ky 6|:( S

) <5f21;;5’** + 5f29p2P;;S** + ,UmS** - ﬁfQIfQS Bf29p2pf28m - ﬂmsm)

T+ N _
+ (1 - ImZ) (BralpaSm + BrabpaPraSm — Ksﬁm)}
m2
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which can be simplified to

Vs = (K¢ + 0,0G Sese(2— 2 - 2L ) 4 KyKep, S (2 - 2m — 2
2 ( 6 T P2 6)Bf2,uf m*f ( Sf S;;*) + Ky K6 fmOy, ( Sm S;’;f)
) 87 LolsSy IS
KK s | 4 — ZF _Pmo_ f — 2 omom 4.60
+ 1y Gﬁfz 2°m ( Sf S, [;{*QIfQS;* I;;‘]mzsfﬁk ( )

> S** S Im2l*;Sf P QS ]fQP*;
_'_ 4 6ﬁf2 p2 f2~m ( Sf Sm I:);kQIfQS;* ImQP}k;S;: I;;PfQ

Finally, since arithmetic mean is greater that geometric mean, the following inequalities from

(@.60) hold:

0

IN

S** kk
Sy Sy Sm Sz

<4 CSP S ImljiS, w::m)

IN

0

Sf Sm ];:2]]028;* I;; m2 S
(5 S; S ImelRSy f:,szfQSm_fﬂPﬁ)go

Sy Sm IﬁQIfgS;Z* ImQP;;S;‘;;k I35 Py
Thus, Vy <0 for Rog > 1. Hence, V5 is a Lyapunov function in D, and it follows from the La

Salle’s Invariance principle (La Salle and Lefschetz, 1976), that every solution to the equations of

the model (4.43)) with (4.47)) and (4.48)), and initial conditions in Vo \ Va0 approaches the associated

unique endemic equilibrium &g, of the model as t — oo for Ry > 1. O
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4.5 Basic properties of the HPV-TB co-infection model

3.29

4.5.1 Positivity and boundedness of solutions

For the model (3.29)) to be epidemiologically meaningful, it is important to prove that all its state
variables are non- negative for all time. In other words, solutions of the model system ({3.29)) with

positive initial data will remain positive for all time ¢ > 0.

Theorem 4.28. Let the initial data be

Sp(0) > 0, Vie(0) > 0, Iz (0) > 0, Ry (0) > 0, Pyr(0) > 0, C(0) > 0, RS(0) > 0, Epr(0) > 0,
Le2(0) > 0, Tex(0) > 0, [:(0) > 0, I3, (0) > 0, Pi(0) > 0, P, (0) > 0, Cri(0) > 0, Cra(0) > 0,
Su(0) > 0, Iy (0) > 0, Ry (0) > 0, Eyyr(0) > 0, Iy (0) > 0, T3(0) > 0, 1}.(0) > 0, I}, (0) > 0.
Then the solutions

(SF7 VHF) [HFa RHF7 PHF7 OF7 R;a EFT7 [FTa TFT) IEEa [iAa Pl—l;Ea Pylan CYFE)

Cras Suis Tinty Rty Byirs Lur, Tars Iy, 1Y) of the model (3.29)) are positive for all time ¢t > 0.

A, A
Furthermore, limsup Ny(t) < — and limsup Ny(t) < —
t—0 t—0

M F

Proof. Let t, = sup{Ss(0) > 0, Viiz(0) > 0, I;;z(0) > 0, Ry(0) > 0, Py (0) > 0,C:(0) > 0, R5(0) >
0, Epr(0) > 0, Ly1(0) > 0, T3 (0) > 0, I%.(0) > 0,

I8.(0) > 0,P5(0) > 0,PF,(0) > 0,Cs(0) > 0,Cea(0) > 0,54(0) > 0,1 (0) > 0, Ry (0) >
0, Eyr(0) > 0, Iy (0) > 0, Ty+(0) > 0, 1}.(0) > 0,1} (0) > 0 € [0,t]}

Thus, ¢, > 0. From the first equation of the system , we have that

dSF
dt

= (1 - f)AF - (>\HM + fF)\HF + pr + )\T)SF

which can be re-written as

t1
d

pr Sy (t) exp /()\HM(U) + & (1) + A (w))du + ppt

0
t1

=(1— f)Arexp /()\Hm(u) + & hur (W) A (u))du + ppt

0
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Hence:

a4

y Sr(t,) exp [ (M (w) + Ee () + Ap(w))du + ppt, | p — Sp(0)
0
1—f !

r )
= ( )AF ; exXp /(AH\I(U/) + SF)\HF(u) + )\T(u))du + ppx | dz

0

so that

()\Hl\l(u) + gF)\HF<U') + )\T(u))du + ety

N
=
<
I
N
=
@]

!
o

|

o\»“

e [ = [ Q) + 66dus () + M)+

0
T

X (1 - f)AF /0th exp /()\IIM(U) + fF)\HF(U) + )\T(u))du + UpT dr >0
0

Similarly, it can be shown that:

Vir(0) > 0,15:(0) > 0, Rye(0) > 0,Pue(0) > 0,C%(0) > 0,RE(0) > 0, Epr(0) > 0, L:1(0) >
0, Tex(0) > 0, I;(0) > 0, 15,(0) > 0, Fp(0) > 0, B, (0) > 0,Ce(0) > 0, (0) > 0,54(0) >
0, Iy (0) > 0, Ryn(0) > 0, Eyr(0) > 0, 1+ (0) > 0, Ty (0) > 0, I},(0) > 0, I}, (0) > 0.

4.5.2 Invariant Regions

The Co-infection model will be analyzed in a biologically feasible region as follows. We first
show that the system (3.29)) is dissipative (that is, all feasible solutions are uniformly-bounded in
a proper subset D C %'). The system is split into two parts, namely the male population
(Ny) (with Ny = Sy + Ly + Ry + Eur + Lur + Tar + L)L + 1Y) and the female population,
(Ne) (with Ne = Se+Vip+Lup+ Rup+ Pue+Co+ R+ Bt Lo+ T+ 15415 + P+ P+ Crn+Cry).
Consider the feasible region D = D, U Dy, C R}’ x R7,

with:

Dy = {(Se, Vs Iurs Bus Pars o RS, B, T, To, T, Ty, P, P, oy Cr)) € R

Se + Vir + Lue + Rur + Pur + Ce + Y + Epr + Ler + Tor + I + Iy, + P + By +

Crp + Cry) < ﬁ}

M
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and

_ M M 8 .
DRI = {SM; [HMJ RHMu EMT? IMT7 TMT7 IHEa IHA € %Jr .

Ay,
SM + IHM + RHM + EMT + IMT + TMT + Iﬁ;; + I}YA < i}

Mt

The following steps are followed to establish the positive invariance of D (i.e. solutions in D
remain in D for all time ¢ > 0 ). Adding the first sixteen and the last eight equations in the

differential system (3.29)) gives

dN
% - AF - FLFNF(t) - [5HFIHF + 5CFIF + 5FT]FT + 5HF1-[11;E + <5FT + 5HF2>I§A
+ (5FT1PHFA + 5CFCFE + (5FT3 + 5CF)CFA] (4‘61)
dN, ,
dtM = v ,UNM(t) - [5HM[HM + (SMT[MT + (sHM 1[1311; + 5MT[11-\1[A + (5HM2[EU

From (4.61)), we have that

d Ny

Ay — (HF + 105F)NF < < Ap — pe Ny

dN,
AM - (MM + 551\[)NM < TM < AM - MMNM

Where §, = min{(;HFa 6CFa 5FT7 5HF1a 6HF27 5FT1a 501«“, 5FT37 5CF7 } and 0y = min{aHMa 5MT7 5HMl; 5MT1}-

Using the Comparison theorem (Lakshmikantham, et al., 1989), we have that N(t) < N.(0)e **'+

A A A
(1 —e ) and  Ny(t) < Ny(0)e ™™ 4 (1 — e #M") . In particular, Ny(t) < — and

|3 5% Hr
A A, A

Ny(t) < 2 if N:(0) < — and Ny(0) < — respectively. Thus, the region D is positively
J2ANS J% J25N

invariant. Hence, it is sufficient to consider the dynamics of the flow generated by inD. In
this region, the model can be considered as been epidemiologically and mathematically well-posed
(Hethcote, 2000). Thus, every solution of the model with initial conditions in D remains in
D for all time ¢t > 0 . Therefore, the w—limit sets of the system are contained in D. Thus

result is summarized thus.

Lemma 4.29. The region D = D; UD,, C R x R} is positively-invariant for the co-infection

model (3.29) with initial conditions in 9R*".
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4.5.3 Existence and stability of Equilibrum

HPV-only sub-model

The HPV-only sub-model is (obtained by setting Epy = Ipy = Tyr = I, = I, = Pi, = P}, =
Crp = Cpp = By = Lyr = Tyr = I, = I}, = 0 in the model (3.29))) given by:

ds,

dt = (1 - f)AF - (/\HM + €FAHF + Mr) SF
dVi

dt = fAF - (1 - 7TF>>\HM‘/;IF - (1 - 71-F)gF)\HF‘/;IF - ,L[/F‘/IIF

d[HF

dt - (1 - WF)AHM‘/HF + (1 - TrF)é’FAHF‘/;IF + )\HMSF + gpAHFSF - (Qsi + 51—11? + MF)IHF + SOF/\HMRHF + QDFSFAHFRHF
dPHF F\ LF i

dt = (1 - Hl)¢1IHF - (pl + /’LF)PIIF

dC,

dt = (1 - Xi)piPHl“ - (7—; + (sCF + /’LF)CF

de(:f F C

i =7C, — . R
dR“F F LF F F

dt - I{1¢1I"’F + X1p1PHF - (:up + ‘;DF)\HM + (:OngAHF) Rr—m

ds,

- = AM - ()\IIF + 61\1)\111\[ + ,uM) SM

dt

dIII\I M

dt - AHFSM + fM/\HMSM - (le + 51—11\1 + Mki)IHk1 + SOMAHFRHM + SOM£M>\HMRHM
dRH\rI y
d—i = (bll\[[}n\[ - (/'I/M + ([0]\1)\}11-“ + ¢)1€SIAHNI> RHM

(4.62)
where now,
)\ :/Bb(l - CFEF)(IIIF + prIIF)
HF NH[,
A :61\1(1 - CMEM)IHM
HM ]\[HM

with

MIF :SF + -‘/IIF + [IIF + PIIF + CF + R; + RHF

]vIIM :SM + IIIM + RIIM
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4.5.4 Local asymptotic stability of disease-free equilibrium (DFE) of
the HPV-only sub-model

The HPV-only sub-model (4.62) has a DFE, obtained by setting the right-hand sides of the

equations in the model to zero, given by

50"’ _<SF7 ‘/;IF’ ]HF7 PHF7 C(F7 RF ) RHF7 SM7 ‘[HM7 RHM)

:((1 — A fAF,o,o,o,o,o,ﬂo,o)

He He Mo

(4.63)

The linear stability of &, will be investigated using the next generation operator method on the
system (4.62)) (van den Driessche and Watmough, 2002). The matrices F' (for the new infection
terms) and V' (for the remaining transition terms) associated with the HPV-only sub-model (4.62))

are given, respectively, by (noting that S, = %, Vo=t No= %, S, =N = % at the

HF /'I‘F Y HF HM HM
DFE §0H)
—5F(1*CFEF){S:+(1*7TF)VH*F}5F Br(1—cpep){Sp+(1—me) Vi }er 0 51\1(1*CMEI\I){S:+(1*7FF)VJF}—
NITF N:I(F NITI\I
0 0 0 0
F, = (4.64)
0 0 0 0
B (1—crper) Sy wpBE (1—cperp) Sy, 0 Bui(1—carent) Suéu
- N:I(F N:F N:]\'l -

Q1 0 0 0

Dy Q@ 0 0

Vi (4.65)

0 —Dy Qs 0

0 0 0 Qun

We have that the associated basic reproduction number of the HPV-only sub-model (4.62), de-

noted by Rog = p(FgV;;') (where p represents the spectral radius of FiV;; '), is given by

1
Ron = (RMM + Rk‘ﬁ) + 5 \/RI%IM + R%F + 47?'1%1\1 - QRFMSMSF

N — DN —

(Runs + Rer) + %\/ (R = Re ) TRz,
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where,

Bull = cuen)és

RMM = )
Q12
o _ (= M8 = 66)(Qa+ @, DS
v Q1Qs ’
R... = \/BF(l _ CFEF>6M(1 — CM€M>(Q2 + D1Wp>(1 — fﬂ'F)
o Q1Q2Q12

with,

Q= (¢) + 0w+ 1), Qo= (p) + ), Qu=1(0) + 0w+ ), Di=(1-r})P

It should be noted that R,y is the reproduction number for the male-male transmission of HPV,
Rer is the reproduction number for the female-female transmission of HPV and Ry, is the repro-
duction number for the male-female-male transmission of HPV.

Using Theorem 2 of van den Driessche and Watmough (2002), the following result is established.

Lemma 4.30. The DFE, £y, of the HPV-only sub-model (4.62)) is locally asymptotically stable
(LAS) if Rog < 1, and unstable if Roy > 1.

4.5.5 Analysis of the reproduction number R,
Impact of condom use and vaccine

Using the threshold parameter, R, we wish to determine the effect of condom use and vaccination
on the control of HPV in the population. We have that the reproduction number of the HPV-only

sub-model is given by:

1
R = (RMM + RFF> ™ 5\/7?'%11\1 + Rgp + 47?’%1\1 — 2Revéuér

N = DN~

(Rt Re) 2 (R = R a3,

Differentiating R, partially with respect to the condom parameters ¢, and ¢ we obtain,

a,]?’(]H a,]Q’OH a,]?’FF a,]?’(]H 8,]?’FM a,]?’()H a,]?’()H 872)11\1 872’()H a,]Q’FM

dcy B ORye Ocy ORpv Ocp 7 dey B ORuu Ocy ORpv Ocy
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which gives

OR _ (1 - fﬂ-F)BFngF(QZ + WpD1> _ BF/BMGF(l - CMEM>(Q2 + WpD1>(1 - f7TF>

der 2
’ Q1Q2 QlQQQlQ\/(RMM - RFF) i + 4R§M
+ Brer&e (1 — fmp)(Q2 + wpD1) (R — Rer) (4.66)
QlQQ\/(RMM - RFF) : + 4R}2<‘M
OR o - _6MEM§M(Q2 + wle) B BFﬁMEM(l - CFEF)(QQ + wle)
doy 20); 2
QlQQQIQ\/(RMM - RFF) + 47€§M
(4.67)

BMEMgM(RMM - RFF)
le\/ (RMM — RFF) i +4R2,,

Y

Likewise, differentiating R, partially with respect to the vaccine efficacy parameter ., we obtain,

aROH _ aROH 6RFF + aROH aRFM
87Tp 8RFF aﬂ-p 8RF‘M 67TF ’

which gives,

aROH . _f/BFgF(l - CF6F>(Q2 + WpD1> . fﬁFﬁM(l - CFEF)<1 - CMEM)(Q2 + Wle)

oy 2
" Q1Q2 QlQQQIQ\/(RMM - RFF>2 + 4R§M
+ 5F6F£F(1 - fﬂ-F)(QZ + Wle)(RMM - RFF)

2
2Q1Q2\/<RMM - RFF) + 472%1\,1

(4.68)

9
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4.5.6 Simulations of the HPV-only sub-model (4.62))

e N \

0.8 09 6 ¥ .
07\\’@\ \\ \ \
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H‘o.s\\]\ % . : 4
046 \{e
03\{\ (7\ Y

0.2F ‘9\ \ \
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N NN

Figure 4.3: A contour plot of Ry, as a function of HPV vaccine efficacy for females () and
condom compliance for females (¢;). Here, & = 2,&, = 0. All other parameters as in Table
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Figure 4.4: A contour plot of Ry, as a function of HPV vaccine efficacy for females () and
condom compliance for males (c,). Here, & = 0,&,, = 2.0. All other parameters as in Table
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Figure 4.5: A contour plot of R, as a function of HPV vaccine efficacy for females (7;) and
condom compliance for females (cp). Here, & = 2,&, = 0. All other parameters as in Table
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Figure 4.6: A contour plot of R, as a function of HPV vaccine efficacy for females (7) and
condom compliance for males (¢y). Here, & = 0,&,, = 2.0. All other parameters as in Table
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A contour plot of the reproduction number Ry, as a function of female Cervariz vaccine
efficacy (my) and condom compliance (¢;) for females (when there are only bisexual females and
heterosexual males), depicted in Figure is plotted using the baseline values of the parameters
in Table 4.7, This plot reveals that, with 40% condom compliance by the female population,
administering a female vaccine (with 50% efficacy) is sufficient for effective control of HPV. How-
ever, similar plot carried out in Figure (when there are both bisexual females and males),
shows that the maximum level of condom compliance by females is insufficient for the elimination
of HPV in the population (since R,y is always greater than unity).

A contour plot of the reproduction number Ry, as a function of female Cervariz vaccine
efficacy (my) and condom compliance (¢,) for males (when there are only bisexual males and
heterosexual females), depicted in Figure , plotted using the baseline values of the parameters
in Table [4.7] shows that with the assumed 90% Cervarix vaccine efficacy for females, about
55% condom compliance by males is required for effective control or elimination of HPV in the
population. Moreover, similar plot carried out when there are both bisexual females and males
in the population reveals that with the assumed 90% Cervarix vaccine efficacy for females, about

65% condom compliance level is required by males for the elimination of HPV in the population

(Figure |4.6)).
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TB Only sub-model

dS
S A= G+ M) S
dE
thT - (1 - @DD Ar (SF + UFTFT) - (5?)‘T + %F + 'UF) By
dl
d;T = wf)\T (SF + UFTFT) + 55)\TEFT + '71FEFT - (Tf + e+ 6FT) IFT
dT; .
d;T = rf Iy — (CTF/\T + :uF) Tier
dt (4.69)
dtl\l — AI\I - (//LM + AT) SI\I
dE ,
d:T - (1 - ?I))\T (SM + UMTMT) - ( M>‘ + 71 + IUM)EMT
dl
d;[T - wM)‘ ( Mt UMTMT) 5 A By + VMEMT - (7‘?1 + pa + 5MT) Iix
dT ,
dMT = Ti\IIMT - (UM)\T + ,UM) Jave:
t
N — Br (Lyr + Ipy)
o= M TP
(NF + NM)

4.5.7 Local asymptotic stability of disease-free equilibrium (DFE) of

the TB-only sub-model

The TB-only sub-model (4.69) has a DFE, obtained by setting the right-hand sides of the equations

in the model to zero, given by

fOT _(S E I T S\HE II\IHT\[I)

FT?) “FT?) — FT) MT?

(4.70)
—(2.0.0.0.2,0,0.0)
Hr

M

The linear stability of &, will be investigated using the next generation operator method on the
system (4.69)) (van den Driessche and Watmough, 2002). The matrices F' (for the new infection
terms) and V' (for the remaining transition terms) associated with the TB-only sub-model (4.69))

are given, respectively, by (noting that S, = N, = %, S, =N, = % at the DFE &)

[ Br(1—vl)s; i
o !
0 Zwlho 0
Fr = PN (4.71)
! Br(1-vi") sy
0 0 0 -t/
NF+NM
BrypM Sy
_O 0 0 Np+Ny
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Q. 0 0 0
;. Qs 0 0
v,— | (4.72)
0 0 Qs O
0 0 7 Qu

We have that the associated basic reproduction number of the TB-only sub-model (4.69)), denoted

by Rou = p(F;V;') (where p represents the spectral radius of F V'), is given by

R, _ ﬁT(MM + MF) (AFhf(l — ¢f) + QWﬂ + AM[’Y{VIG — 1?{”) + Qliﬂbi\/l])
o (Ar + Ay) prQ4Qs par@Q13Q14

where

Q4 = (7; + Ml“)) Q5 = (7”; + 51‘"1' + ,u[) QIS = (’YII + /’LNI) Q14 = (Tllu + 5&1’1’ + MNI))

Using Theorem 2 of van den Driessche and Watmough (2002), the following result is established.

Lemma 4.31. The DFE, ., of the TB-only sub-model (4.69) is locally asymptotically stable
(LAS) if Ry < 1, and unstable if Ry > 1.

4.5.8 Local stability of disease-free equilibrium (DFE) of the Full

model

The model (3.29) has a DFE, obtained by setting the right-hand sides of the equations in the
model to zero, given by

- * * * * * * C* * * * F* F* F* P *
é-o - (SF7VHF7IHF7RHF7PHF7CF7RF 7EFT7 [FT7TFT7I IHA7P PHA7C

HE? HE? FE?

* * * * * * * M* M*
C1FA7 SM’ ‘[HM7 RHM’ EMT7 IMT’ TMT’ ‘[HE ? IHA)

= (S:,V..,0,0,0,0,0,0,0,0,0,0,0,0,0,0,5,,0,0,0,0,0,0,0,0)

with 5;:m7 VA -]

Hr He Hon

The linear stability of the disease free equilibrium, ¢, can be established using the next gener-
ation operator method (van den Driessche and Watmough, 2002) on the system (3.29)). Using
the notation in van den Driessche and Watmough (2002), the matrices F' and V, for the new
infection terms and the remaining transfer terms, evaluated at the disease free equilibrium (DFE)

are, respectively, given by
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where:

F=1""7, v= hev
_AQBf](\;:;CFEF) 00 0 0 Agﬁf(1;£:F)eTwT Agﬁf(EcFFEF)eT Agﬁf(l—]c\%::)emwp_
0 000 0 0 0 0
0 000 0 0 0 0
0 0 0 0 M- 0 a1, 0
0 00 0 Aswibr 0 As¥ilrip 0
0 000 0 0 0 0
0 000 0 0 0 0
0 000 0 0 0 0
Aaﬁf(ljfg:wewp 0 0 LY(CEVORN! 0 b et AQﬂm(ljggn;M>ewa
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Ay () A 0 0 Asvps 0 AsC1 e
Aswlpjeiﬂpwp 0 As;vﬁiﬁT 0 0 A3]’t\[/1£ﬂT 0 %
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
[0 000 0 0 0 0 ]
0 000 0 0 0 0
0 000 0 0 0 0
BF(l—]\I;:IF:F)SM 00 0 0 BF(I_CI}‘\;gieTWTSK[ 5F(1—;5]§:)9T5K1 BF(l_CFj\I}%iTWTWpSKI
0 00 0 (1—w]%V‘2ﬁTS:[ 0 (1—@2@%5& 0
0 000 Yo 0 HPe 5, 0
0 000 0 0 0 0
0 000 0 0 0 0 |
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F,

0
0
0

Br (1—cpep)Orw, Sy

HF
(1*1&]1\’[)6T77pwps;[
N*

wilﬁ'l'npwpsltl
N+
0
0

o o o o o o o o

(1—¢1")Br Sy

1
N

Br(—cpenn)énSu

0

0

0

s

0

0

0

0 0

0 0

QR; 0

0 @

0 —

0 0

0 0

0 0
0 0
0 0
0 -—r

-7, 0
0 -7
0 0
0 0
0 0
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o o o o

©c o o O o o o o

o o O

0 0
0 0
0 0
Bu(I—cyem)émbrwrSy  Bu(l—emenm)émbrSy
i) HF
0 (1*11’]1\[)[%77;)51:[
N*
Y Brnp S
-
0 0
0 0
5 0
0
0
_D,
0
0
0
Qs

o o o o o o o o




o o o o o o o o
o o o o o o o o
o o o o o o o o

00 —D, —
00 0 —D,
00 0 0
00 0 0
00 0 0
00 0 0
00 0 0
00 0 0|
0 0 0 0

)
(@)
o o o o O
()
@)

0 QlB _QS;I 0
0 — Qu 0 _Qbi\;
0 0 0 Q, 0

0 0 0 % Qu
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Where:

Al — (1 — fﬂ-F)AF, A2 _ (1 — fﬂ-F)gFAF A? _ &

,LLF ,U/F :uF

Q= (¢ + 0w+ ), Q=(+m), Q= +0+p) Q=0l+m),
Qs = (M +0n+ ), Qo= (% 40w+ &+ ), Q= (15 + b + 0o + ¢ + )
Qs = (v + o), Qo= (ry+ 0w+ i), Quo= (V) + 0o + 75 + 1)
Qu=(ri+ 0+ 0 + 7+ 1), Qu=(+00u+m), Qu=(n—+m)
Qu= (40w + ), Qi =%+ + 0w+ i), Qi = (1) + dun + O + &) + f10)
D= (=x)¢, D,=(=x)p, Di=diph. D.=xp.
D.= @K, Di=xiph Di=(=r)g, Di=(-r)é D, =(1-x)s,
D,, = (1 - Xg)pg
Hence, the basic reproduction number of the model , denoted by Ry, is given by

Ro = max{Rog, Ror} where Roy and Ror are the associated reproduction numbers for HPV

transmission and TB transmission, respectively, given by

1 1
ROH = 5 (RMM + RFF) + 5 \/RI%H\'I + RIQ“I‘ + 47?'12?1\1 - QRFMSMSF
1 1 2
- 5 (RMM + RFF) + 5\/<RMM - RFF) + 47—‘)%1\[
where,
R = 51\1(1 _QCMEM)éM,
12
R — (1= fme)Be(1 — cree)(Qa + wpD1)&,
. Q1Q2 ’
R — ﬂF(l - CFEF)ﬁn(l - CMEM)(QZ + Dlwp)(l - fﬂ'F)
o Q102012
with,

Q= (¢, + 0w+ 1), Q=0+ 1), Qu=1(+ 6w+ ), D =(1—-r)e

o= Brli + ) (AF[Vf(l — 1) + Qu| L Ane[y" (1 —47") + ngt/)f”])
0T —

(Ar + Ay) prQ4Qs parQ13Q 14

155



where

Q4 = (’71F + :uF)’ Qﬁ = (Ti _'_ 6FT + ,U/F) QIS = (’Yf + ,LLM) QM = (7111“ + 5MT + ,LLM)7

Using Theorem 2 of van den Driessche and Watmough (2002), the following result is established.

Lemma 4.32. The DFE, &, of the HPV-TB co-infection model (3.29) is locally asymptotically
stable (LAS) if Ry < 1, and unstable if Ry > 1.

4.5.9 Interpretation of the basic reproduction number R,

There are two components in the reproduction number R,, that is the R,; and R,.. They can be

interpreted as follows:

1. Interpretation of Rqy: This is the threshold quantity associated with the transmission of
HPV among sexually active individuals. It also has three sub-components, Ry, Rer, and
Ry which can be interpreted thus. R, is the quantity associated with the male-to-male
transmission of HPV. It is the product of the rate at which males acquire HPV infection from

males fy(1 — cy€y)&y and the average duration in the Iy class ( . The threshold

T )
A S+
quantity R, is associated with the female-to-female transmission of HPV. It is the sum
of the female infections generated by HPV-infected females and persistent HPV-infected

females. The number of female infections generated by HPV-infected females is the product

&rBr (1—crep)[Sp +(1—7r) Vijp]

and
NHF

of the rate of infection of susceptible and vaccinated females

the average duration in the [ stage ( he number of female infections gener-

i )
Y +ourtpe/
ated by persistent HPV-infected females is the product of the infection rate of susceptible

wpér Br (1—cpep) [Sp+(1—7r) Vip) the

¥
NH F

and vaccinated females by persistent HPV-infected females

probability that an infected female survives the HPV infection stage and moves to the per-

(1—r1)d}

sistent HPV infection stage (m

) and the average duration in the persistent infection

stage ( ) The threshold quantity Ry, is associated with the female-to-male-to-female

L
prFNF

transmission of HPV. It can be re-written as Ry = V Ror. Row, With

o ﬁM(]- - CMGM)[S; + (1 - 71-P“)VI;«“]

B (A + dinr + ) Vi 7

Be(1 = crer) [(PF 4 pe) + (1 — “?)@FWP]S;J
(@7 + Oue + 1) (P} + 1) Ny '

R

ROM =
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Ry is the geometric mean of R, and R, where R is the average number of new cases
of female HPV infections generated by an average infected male and R, is the average
number of new cases of male HPV infections generated by an average infected female. R

is the product of the infection rate of susceptible and vaccinated females by HPV-infected

By (1—cnen) [Se+(1=m) Vigy]

HF

males and the average duration in the infected stage I, (é)

¢]Il+6m\1+llm

Rou is the sum of the male infections generated by HPV-infected females and persistent

HPV-infected females. The number of male infections generated by HPV-infected females

is the product of the infection rate of susceptible males by HPV-infected females w

1

and the average duration in the infected stage Iy (m
1 HF F

). The number of male infec-
tions generated by persistent HPV-infected females is the product of the infection rate of

susceptible males by persistent HPV-infected females w, the probability that an

infected female survives the HPV infection stage and moves to the persistent HPV infection

(1—r1)$y
(ﬂ +Our+pr

) and the average duration in the persistent HPV infection stage ( 1 )

stage ( P

. Interpretation of Ry: This is the threshold quantity associated with the transmission of
TB among individuals. It is the average number of new TB cases generated by TB infected

individuals. It can be re-written as R+ = v/ Rer. Ruyr, With

po_ D ((SF* + V)i (L= ¢0) + (n + m)%f])
T (Vi N (91 + ) () + 0+ 1) ’
R _ D <S§1 (1 =91 + (0 + ) %"])
T Wt Np) O )+ 0 ) )

where,
Rer is the average number of new female TB cases and R, is the average number of new
male TB cases generated by TB infected individuals. R is the sum of the number of new

latent TB cases and the number of new active TB cases for females. The number of new

Br ( (Sp+Vip) by (1=91))]
(N:IF+N;H\1) (9 e (7] +Opr+per)

rate for susceptible females by TB infected individuals %, the probability that a

latent TB cases for females ), is the product of the infection

o
Ve’

latent TB infected female survives the latent stage and moves to the active TB stage,
the fraction of newly infected females with latent TB, (1 — ¢!) and the average duration

in the active TB stage for females

_Br (Sp-+ Vigp) o
(NHF+N;H\I) (Y +0pr+pr)

, —————. The number of new female active TB cases,
(T1+5FT+HF)

), is the product of the infection rate for susceptible females by TB

infected individuals, W, the fraction of newly infected females with active TB, (i)
HF HM
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and the average duration in the active TB stage for females, m. The threshold
1 TOFT T HF

quantity R, is interpreted in a similar manner as Ryr.

4.5.10 HPV-only sub-model (with heterogeneous transmission route)

The HPV-only sub-model (with heterogeneous transmission route only) is (obtained by setting

_ _ _JF _ JF _ pF __ DF __ _ _ _ _ _ M __ M __
By = Iyp = FT_IHE_[HA_PHE_PHA_ e = O = Byr = Lyr = MT_[HE_IHA_Oand

& = &y = 0 in the model (3.29))) given by:

dS,
E - (1 - f)AF - ()\HM +,LLF) SF
dVi,
= fAF - (1 - WF))\IIM‘/IIF - /“’LF‘/IIF
dt
dl,,
dt = (1 - 7TF)>\HMV;IF + )‘HMSF - QIIHF + SOF)\HMRHF
dP,
" DI, — QyP
dt 14ur QQ HF
dC,
% - DQPHF - Q3CF
- (473
v FC _ R¢
dt Tl F ILLF F
dRHV F _JF F F
dt - "ilqﬁl]HF + lel-PHF - (MF + (pF)\HM) RHF
ds,
- = A\I - )\IIF M Sw
o = A= Q) S,
dl,
d;M - /\HFSM - QIQIHM + SOM)\HFRHI\I
dR
— = MIIIM - M \I>\IIF RIIM
where now,
)\ _/Bb(l - CFGF)(IIIF + prIIF)
" N,
" 4.74
A :61\1(1 - CMEM)IH]\I ( )
HM ]VHM
with

MIF :SF + ‘/HF + [IIF + PIIF + OF + R; + RHF

NHM :SM + IHM + RHM

Consider the regions

D,, = D,, U Dy,
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where

A

F ok Kok koK *ok Kk Kk 7 F

DDH :(SF 7VHF7 IHF? PHF‘? OF 7RIC?**7 RHF‘) E m—‘,— : MIF S IU/_
M *k *k *k 3 A]\I
DUII :<Sl\1 ? [Hl\l? Rl—[l\l) S %+ : NHM S ,LL_

It can be shown as in section [4.5.2] that the region Dyy is positively invariant.

4.5.11 Local asymptotic stability of disease-free equilibrium (DFE)
of the HPV-only sub-model(with heterogeneous transmission

route)

The HPV-only sub-model (4.73) has a DFE, obtained by setting the right-hand sides of the

equations in the model to zero, given by

o * * * * * C* * * * *
£0H _(SF7 vHF’ IHF’ PHF’ CF’ RF ? RHF’ SM’ IHM7 RHM)

1—f)A. fA A,
:(( f> F7f Fa070707070a_1\7070)
/J/F /J/F /J/M

(4.75)

The linear stability of &, will be investigated using the next generation operator method on the
system (4.73)) (van den Driessche and Watmough, 2002). The matrices F' (for the new infection
terms) and V' (for the remaining transition terms ) associated with the HPV-only sub-model
(4.73]) are given, respectively, by (noting that S, = %, V. = f#—AFF, N, = %, S, =N, = %

at the DFE &)

0 0 0 Bu(1—cyenm) (Sp+(1—m) Vi)
N]’T]\l
0 0 0 0
Fy = (4.76)
0 0 0 0
Bi(1—crer)Sy  wpBp(l—crer)Sy
L Vo Ve U 0 ]
1 0 0 0
-D Q 0 0
Vo= | = (4.77)

0 —-Dy Q3 O

0 0 0 Qu
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We have that the associated basic reproduction number of the HPV-only sub-model (4.73), de-

noted by Roulep—ey—0 = p(FuVi ), is given by

R | _ BF(l - CFEF)BM(l - CMEM)(QQ + Dlwp>(1 - fﬂ.F)
e Q1Q2Qu

where p represents the spectral radius of F,V,!. Using Theorem 2 of van den Driessche and

Watmough (2002), the following result is established.

Lemma 4.33. The DFE, &, of the HPV-only sub-model (with heterogeneous transmission route)

(4.73)) is locally asymptotically stable (LAS) if Rylep=¢,=0 < 1, and unstable if Ry |gp=g,=0 > 1.

4.5.12 Existence of Endemic Equilibrium of the HPV-only sub-model

[73)

Let an arbitrary equilibrium point of the HPV-only sub-model be denoted by

F 2 "HF ) 7HF )T HF ) F HF 2 M ) THM ) HM

The steady state solutions of equations of the sub-model

(1= DA, 7,
S:* = ) V;;* = )
(Amr 4 ) (1 =) A+ g

{(@ = m)AND)? + (1 — fr) A A Qo + 0 AL

b = GLAR)? + Ga(A)? + GsAl + Gy ’

pee_ L= m)A D + (1= fr) A NS Da (s + 9N

" GL(Am)? + Ga(A)” + G + Gl ’

R — {(1 — )AL+ (1 - f7TF)AFMF>\:$}(D1 + Q2)

" Gi(Am)? + Ga(A3)? + Gy + Gy ’ (4.78)
oo (U= M)A + (L= fr) AT D Do + AT

' Q3{G1(N)? + Ga(N2)? 4 GsAii + Gy} ’
pe A0 =TI + (1= fr) A A} Di Domy (1 + 0 A)

Qs{G1(Az)? + Ga(Ni2)? + GaAis + G} ’
oA e N (e + 0u )

(A Hy(N)? A+ Ho Ay 4 Ha

kK ]FAM)‘::

M H (A2 4 Ho A+ Ha
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where,

Gr=(1=m)e (1 =&)L = xX)dp] + (L= K)S + (B + ) (P + 1)} >0
Go = (1= 7m)Qup Q2 + (2 — m) o { (1 = w) (1 = X)) @1p) + (L — KD) s + (O + ) (p) + 1)} >0
Gy = (2= 1)l (&} + 0w + ) (o7 + 1) + il { (L = &)L = X)) p; + (1 — &),

+ (0w + ) (0 + )} >0

Hl = 9&\1(@12 + ¢11\1)7 H2 M\I(Q12 + Pu + ¢1 QOM) H3 = /’LleQ

Substituting the above expressions into the forces of infection (4.74)), at steady state, gives

o Aol (V) + ag A + ]
[ ()\II\I) + &22<)\IIM> 11)\111\1 + Oé ] (479)
e X BN 10,
" 622 (A:*> + 611A:: + (5

where,

a, = B(1 = ce) Apr? (1 = fm) (1.Q2 + wppnn Gh),

g, = B:(1 = coer) Mg (1 — ) (1 Q2 + wppte G1) + Bo(1 — o) ArpiZ (1 — ) (Q2pr + wp Gy,

gy = B:(1 = cie )N (1 — ) (Q2ep, + wpGripy),

Qyy = Q1Q2AFM§7

= (2= )AL (D] + G+ 1) (0] + 1) + Mopr? oo { (1 = K (1 = X))o} + (1 — K7) e
+ (8 4 p) (P + 1)} >0

gy = (1= ) Mgt (B} + S+ 1) (0] + 1) + (2 = ) Ao { (1= w7) (1 = X7) 0 + (1 — K1) e
+ (8 4 p) (P + 1)} >0

5= (1= )N@ (1= K (1= X)), + (1= Kt (8 + 1) (07 + ) } > 0
Gop = MpiiQr2, 0,y = Mty @Qua + Nty Quap + At @ips, 6,5 = 9u(Qua + &)

501 = /Bm(l - CMEM)AMI'I’]\QH 602 = ﬁm(]- - CMGM)AM,UJMSOM

(4.80)
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Since all the parameters of the sub-model (4.73]) are positive and 0 < 7, < 1, we have that all the

expressions in (4.80]) are positive.

By (A)0 4 Dy(A)P 4+ Dy(A) + Dy(A)? 4+ Ds(A)? + DA + Dy = 0 (4.81)

HM HM HM HM HM HM
with

Dy = a0, + 0, 0,0, + 60, >0

1170233 00 "33

Dy = 200y, 0y 0,y + 0, gy Ctyy 4 6,0y, Qg + 26,0y Oty — Q2 8y — 1y 0y,

01 “t02 11 %02 1101 %33 2233 0202 02%01%33»

Q3 = 2&00402522 + O‘(2)1622 + 5110‘020'/11 + 511%10422 + 5110‘06“33 + 25000*/110‘33
+ (5000‘32 - 205010502502 - 0402(5010422 - a01501a337

¢, = 2@00401522 + aooa02511 + amau(su + O‘oaméu - 20400402502 - 0431502
- 06020411501 - 04010(22501 + C“000433(500 (2 - 7?’OZH)

(I)5 = (O‘01511 - 0402501)1700 + (Oén(sn - 20501502)040 + (0411500 - 0401601>Oé11 + 05005000522 (2 - 7?’31-1)

q)ﬁ = 0500500511 - 043502 - 05000601(501 + 2O‘oo&néoo(l - 7§'EH)

O =0a26,(1-R2) >0 if Ry<l1

00

(4.82)

The components of the EEP are obtained upon solving for \** from the polynomial (4.81)), and

HM

substituting the positive values of A** into the expressions in (4.78]) [noting (4.80)]. In addition,

it follows from (4.82) that the coefficient ®,, is always positive and ®; is positive (negative) if

Ry is less (greater) than unity. The following results can be deduced.
Theorem 4.34. The HPV-only sub-model with 0, = 0,y = 0 = 0 has:

(i) siz or four endemic equilibria if ®y < 0,®3 > 0,84 < 0,P5 > 0, D5 < 0 and Roy < 1,
(ii) four or two endemic equilibria if ®y > 0,3 < 0, P4 > 0,05 < 0, P > 0 and Roy < 1,
(iii) two endemic equilibria if Py > 0, P53 > 0,8, < 0,5 < 0, P > 0 and Ryy < 1
(iv) no endemic equilibrium otherwise, if Ry < 1,

The first three items of Theorem [4.34] ((i) - (iii)) suggest the possibility of backward bifurcation
in the HPV-only sub-model (4.73]) with negligible disease-induced deaths (i.e., §,, = d,,, = d. = 0)
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when R,; < 1. In the next sub-section, we shall explore the existence of the phenomenon of

backward bifurcation in sub-model (4.73)).

4.5.13 Backward Bifurcation Analysis of the HPV-only sub-model

(with heterogeneous transmission route)

It is instructive to characterize the type of bifurcation the model (4.73)) may undergo. We claim

the following result:

Theorem 4.35. The model (4.73) exhibits backward bifurcation at Royle—ey—0 = 1 whenever a
bifurcation coefficient, denoted by a (given by (4.84) ), is positive.

proof Suppose & = (S, Vi, Lips Py Cpy RE™, Ry, Sy s Ligs Ra) Tepresents any arbitrary
endemic equilibrium of the HPV (with heterogeneous transmission route) only sub-model (that
is, an endemic equilibrium in which at least one of the infected components is non-zero). The
existence (or otherwise) of backward bifurcation will be explored using the Centre Manifold Theory
(Castillo-Chavez and Song, 2004). To apply this theory, it is necessary to carry out the following

change of variables.
c
S,, = I, V-uv = T2, ‘[Hl‘ = I3, Pr—uf = Xy, C}ﬂ = Ts, RF = Ts, Rr—uf = X7, SM = g, IHM = X9, RHM = Z10

so that
10
i=1

Further, using the vector notation
T
X = (171, To,T3,Ly,T5,Tg, L7, T8, L9, IL‘10>

the model (4.73) can be re-written in the form

dX

—r == fo fa fa Fs oo Fr i Fo fro)”
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as follows:

dx
W = DA~ Ot )
dx
W o= A~ [ At i)
dIg
E = f3 - )\Imxl + (1 - T(F))\HM'TQ + QDF)\HMQ:’? - le?’
dx
d_t4 = fi4 = Dixs — Qa14
o (4.83)
E = f5 = Doxy — Q375
d.’I)ﬁ f F
— = s =T'15 — 1T
It 6 1L5 — Ul
dx
_dt7 = f7 = /ﬁ;?qﬁf{]jg —+ Xl;pl:.fgl — Upl7 — SOF)\HMZ'7
dx
> = fS = AM — (/\HF + ,LLM) xs
dt

dx

d_tg = f9 = )\IIFxS + (101\1)\11F$10 - Q12$9

dx

=10 = fi0 = @19 — [uT10 — PurrT10

dt

where
Vo B (1 — cpep) (3 + wpy)
" 217:1 Li
= BM<1 - CMEM)IQ

ng Li

Without loss of generality, consider the case when R, = 1. Suppose, further, that 3. is chosen

as a bifurcation parameter. Solving for g = 5 from Ry = 1 gives

Q1Q2Q12

ﬁp = 6: = 5“’1(1 _ CMEM)(I — CFEF) (Qz + wle) (1 — f7TF)

The Jacobian of the transformed system (4.83)), evaluated at the DFE (&) with 8. = 57, is given
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[ 0 0 0 0O 0 0 0 —Bull—enen)zy 0
0 0 —1 0 o 0 0 0 5<1*N7>X 0
0 0 D, —Q2 0 0 0 0 0 0
Y 0 D3 —Q; 0 0 0 0 0
J(fo)|3F:5;: = 0 . 0 . oo . . ; .
0 0 R0y XiPh 0 0 —m O 0 0
0 0 7[5;(1]\7;:@)@ *ﬁ?(lfj\tfrgzp)wpf% 0 0 0 —m 0 0
0 0 65(17\705‘@)963 BS(l—JC\;;:)wpaa; 0 0 0 0 O 0
0 0 0 0 6. o0 0 0 oY s

where, N =} + a3, NY =z}, X{ =27+ (1 — 7).
It can be shown that the Jacobian of (4.83) has a right eigenvector (associated with the non-zero
eigenvalue) given by

T
w = [wbw?a w3, Wyq, Ws, We, W7, Ws, Wy, wl()]

where,
Bu(l — ¢ €,) 5w Bu(1 = cye,) (1 — ) xhwy Bu(1 — cue,) XFwg
w1 = — 5 Wy = — ) w3 = )
/’I/FN:\I /’LFN:}\I QlNI:\'I
wle/BM(l - CMEM)XTWQ wleDQ/BM(]- - CMGI\I)XTWQ
Wy = y W5 = )
! Q1Q2N, ’ Q1Q2Qs Ny,
W — Wk‘wleDzﬁM(]‘ - CMEM)XTWQ W = Bm(l - CI\IEAI)XT(K?QS};QQ + XTpTDl)wE)
6 — [ T — 9
pyQ1QaQs Ny, teQ1Q2 N,
X* M
wg = — Q12 199 WQ:CUQ>0, Wi = 149

:uM(l - fﬂ-F)’ Hog

Furthermore, (4.83)) has a corresponding left eigenvector (associated with the zero eigenvalue)
given by

v = |\, Vs, V3, V4, Vs, Vg, V7,8, V9, Vl()]
where,

B (1 — crer)r(Q2 + wpDy)vy L BE(1 — crep)wprivg
) 4 — )
Q1Q2 N, Q2N

Vs = vg =19 >0

We have, based on Theorem 4.1 in Castillo-Chavez and Song (2004), by computing the non-zero

partial derivatives of F'(z)(evaluated at the disease free equilibrium, DFE (&)) that the associated
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Figure 4.7: Bifurcation diagram for the sub-model (4.73). Parameter values used are: [, =
0.7422, By = 0.88, 0r = oy = 12, m = 0.000000009. All other parameters as in Table

bifurcation coefficients defined by a and b, are given by

2
a= Z kalw]a 8x (0,0) and b= Z l/kwlaa g;* (0,0),
j

k,i,j=1 k=1

are computed to be

206, (1 — cyén)wol
o= -2 Ni; e 3{W8X pewr N+ (wo + wio) X7 — {wi + (1 — 7 Jwn } N }
26 (1 — crép) (W3 + wpwy ) . . . .
Bt F]3[<*23 )ty {{Wl +watag — puwioNy, + (W3 + wa + ws + ws + wr)ag — WSNHF}
2012wy
2 [ N+ (a4 )X — (w4 (1 - m)n} N,
N3 X7
2@12%0}9”9

N*N* X7

HM

{{Wl + wotrg — Qw10 Ny, 4 (w3 4wy + w5 + we + wr) Ty — WstF}

(4.84)

*

NS‘F Vg (wg + prU4) >0

b=

Since the bifurcation coefficient b is positive, we have, based on Theorem 4.1 in Castillo-Chavez
and Song (2004), that the model (£.73), or the transformed model ([4.83)), will undergo a backward
bifurcation if the backward bifurcation coefficient, a, given by is positive. The associated
backward bifurcation diagram is depicted in Figure . The epidemiological significance of
Theorem [4.35[ is that the condition R,y < 1 for the elimination of HPV, though necessary, is no

longer sufficient. Therefore, the reproduction number must be further reduced to a much smaller
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value than one for the disease-free equilibrium to be locally-asymptotically stable.

4.5.14 Non-existence of backward bifurcation of the HPV only sub-

model (with heterogeneous transmission route)

Theorem 4.36. In the absence of re-infection of recovered individuals with HPV as well as im-

perfect vaccine (p, = ¢, = 0,7, = 1), the HPV only sub-model (with heterogeneous transmission

route only) (4.73)) does not undergo backward bifurcation.

Proof. Consider the HPV only sub-model (with heterogeneous transmission route only) (4.73]).
Setting ¢, = ¢, = 0,7, = 1, the expression for the backward bifurcation coefficient, a, given as

(4.84) (and noting that all parameters of the model (4.73)) are positive), reduces to:

1
N;\% (wg + wlo) +

1 1 1
a= —2@12w9u9{ (w3 4+ wa + w5 + we + wr) + wl( - E)} <0,
1

N N

since Nj: > z7, then <NL—:L%> < 0, and noting, that (wg+w1g) > 0 and (w3 +ws+ws+ws+wz) > 0
F 1

while w; < 0. Hence, based on Theorem 4.1 in Castillo-Chavez and Song (2004), we have that

the model (4.62)) does not undergo a backward bifurcation if ¢, = ¢, = 0 and 7, = 1. O

Hence, this study shows that the reinfection of recovered individuals and imperfect vaccine
induce backward bifurcation in the HPV-only sub-model. A global asymptotic stability result is
established below for the DFE of the model for this scenario (to completely rule out backward

bifurcation in this case).

4.6 Global Asymptotic Stability of the disease-free equi-
librium (DFE) of the HPV-only sub-model (with het-
erogeneous transmission route): Special Case ¢, =
Oy =0,m. =1

Theorem 4.37. Consider the model (4.73) with ¢, = ¢, = 0,7, = 1. The DFE is GAS in Dy

whenever Ry = Rou|ep=ey=0 < 1
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Proof. Consider the Lyapunov function

DB or(1 — S* For(1 — S* _
(Q2+wp 1)51 QF( CFEF) ¥ ]Hp_|_ Qlwpﬁl QF( CFEF) F PHI“—I—QlQZRUHIHM

L=
N Nx

with Lyapunov derivative

(Q2 + Wle)BlFQF(l - CFEF)S:[ + QlwafQF(l - CFGF)SF*
Nl:“ HF N‘-TF

;C. = Pr—w + Q1Q27?’0Hjﬂm

Substituting the expressions for I, P, and I, from (3.29), we have that

F 1 _ * F 1 . *
(@2 + D 1)6\;?( GE)SE IS, - Qul,) + D QF](\,* S D)1, — QuPy)

HF HF

+ QlQQ,}?’OH [)\HPSM - QIQ-[HM]
(Q2 + WPD1>/BFQF(1 - CFEF)S:AHMSF

E‘:

= N* + QIQQ,]?’OHAHFSM
_J Ql (Q2 + Wle)BFQF(l - CFEF)S: o QlwleﬁfQF(l - CFGF)S: _p Q1Q2Wp51FQF(1 - CFGF)S:
HF N:l N:l HF N:}
- Q1Q2Q12720HIHM

which can be further simplified into

i

QlQQ/BfQF(l - CFGF)S:(([IIF + prIIF)

+ D F 1-— Sik)\IIMSF D
QQ wp 1>ﬁ1 QJI;[(* CFEF) £ + QlQZROH)\HVSM - N*

- QIQQQIQQOHII{M

Applying the group constraint in (3.22)), we have that

£ — (QQ + wle)BFQF (*1 - CFGF)S:)\HMSF N QlQQ?lQ,]?’OH)\HMNHF + QlQQﬁoH)\HFSM _ QlQQS:*)\HFNHI\{
NHI—‘ QMﬁ1 (1 - CMEM) ]\[HF
5 QlQQQlQQOHAHMNHP ﬁOHSF 7?’OHSM . S*
< -1 AV, —1 ' 1
L < 0B (L = cuerd) N + Q10Q2A Ny N since N- <
Q1Q2Q127§’0H>\HMNHF = =S . SF SM
—1 NN, -1 1
QMﬁ?[(l — CMEM) (ROH ) + Q1Q2>\“’f " <R0H ) i ]VHF < 7 and ]VHM

Since all the model parameters and variables are non-negative, we have that L <0 for Ry <1
with £ = 0 if and only if I, = P,, = I, = 0. Hence, L is a Lyapunov function on Dy. Thus, using
the La Salle’s Invariance Principle (La Salle and Lefschetz, 1976), I,, — 0, P, — 0 and [, — 0
as t — 0o. Substituting I,, = P, = I, = 0 in shows that C, — 0, R® — 0, R,, — 0,5, —
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S Ve =V R, —0,5, = S"ast — oco. Thus, every solution to the equations of the sub-model

(4.73) with ¢ = ¢y = 0,7 = 1, with initial conditions in Dy, approaches the DFE as ¢t — 0

whenever Rog < 1. ]

GAS of EEP of the HPV-only sub-model (with heterosexual transmission route only):

special case(yr = Py = Op = Ocp = Oy = 0,1 = 1)

The HPV-only sub-model (with heterogeneous transmission route only) endemic equilibrium (de-

noted by &) is given by
geH = (S;*7 VH*;<7 [;:7 PI—’;;? CF**7 R}S**7 R:{;" 07 07 O? 07 S;\k[*7 ‘[:;:17 R:Ii:[? 07 O? 07 07 07 O? 07 0)

(It should be noted here that N and N7, are replaced with their limiting values 2£ and 2x
MF KM

respectively, as all disease induced death rates are assumed zero). It should be noted that setting
By = /“X—fl“ so that

Aup = BF(]HF + WpPHF) and Ay = BMIHM (485)
Theorem 4.38. Consider the sub-model (4.73|) with ¢, = ¢, = 0,7, = 1. The model is GAS in
Dy\Dor whenever Roy = Roulep—ey=0 > 1, where

DOH = {(SFa M—IF?IHFv PHF; CF7R§7 RHF7 SM,]HlmRHM) S DH : ]HF = PHF = CF = R; - RHF = Ipm — 0}

Proof. Consider the model (4.62) with (4.85) and ¢, = ¢, = 0, m, = 1 and R,y > 1, so that the
associated unique endemic equilibrium exists. Also, consider the non-linear Lyapunov function of

the Goh-Volterra type:

- S, Vie
£ = (Qs+w,D1)B.S [SF — 8= 5 (S—) V=V =V (V)

F HF

I _ P
TR S ( I;:) } Quaf S {pﬁ,, e ( I ) }

S 1,
Q1Q; {SM — 5 — §*1In ( S;‘*) + L, — Iy — I In ( [Z“i) ]

M HM
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with Lyapunov derivative,

=<@2+wpD1>ﬁFS::*K i )s +( £ )v;+ (1_ I“F)IHF}
+ QlwpﬁFS;:* [ ( PHF ) HF:| + QlQQ |: < SM > S}\I + < I]::[) IHM:|

Substituting the derivatives in (4.62)) into £, we have

£ = (Qs +w,D1)B.S" [ (1 - f;) (1= f)As = (Bl + 11)S,) + (1 Y/) (FA, — Vi)

+(1-5) Buts - @) + Qe | (1- 1) (011, - un)

HF HF

+ Q1Q2 [ <1 - ﬁ) (A = (Be(Lue + wpPu) + i) S)

SM
I:I\T n
+ ( I ) (/B ( HF +prHF) M Q12IHM):|
(4.87)
Observe from model (4.62) that, at steady state,
L= NN =B+ ) S, fA =V, BduS, =Qil,,
(4.88)

DlI:F* - QQP;;*7 AM = (BF(I:F* + prHz*) + /’LM) S:I*7 BF(I** + WPP**)S - QIZI;;

Substituting the expressions in (4.88)) into (4.87)) gives

_ SH* _
= (Q2 + wpD1) BT [ (1 - S ) (BuL S + 11y S — BolSy — 11,5,)

V I
_I_ (1 - %) (/uﬂ‘/;:* - l’[’]‘/}'{l) + (1 - IHF ) (/BM‘[HMSf Qllr-w):|

rQue sy | (1-5) (i - Qi)

HF

S** * QUkk o) sk Qkok *k 0
+ Q1Q2|: ( S ) (ﬁ [:F S + Bpr]DHF SM + ,LLMS /BF HF \I ﬁ prIIFSM ,UMSM>

T+
+ (1 - ]H\I> (6 [HFS\I + 6 prHFS‘I QlZIHM):|

170



which can be simplified to

. — S** Sp n B )
L= (Q2 + wyDs) .1, S5 S* (2 — —= ) + (Q2 + wpD2) Bt SEV (2

- LV Ve
S, S

Vie VI

Ms** 2 oM M / I** S**S** 4 _ZFr w0 HM~"pp ~F HE "y ~'M
+ Ql QQ;U/ M < SM S:* ) + QQBFBM HM~MM MF ( SF S}\I I:]\T IHFS:* ]:F* IHMS:;* >

o n Kk QUkk QUkk S:* S:;* ‘[HMI:F*SF I:I\TPHI"SM IH]“PI-:?‘*
Dol Sy Sy (5 TS TS T InLSe LLBrSr f;;pﬂj

HM

(4.89)

Finally, since arithmetic mean is greater than geometric mean, the following inequalities from

([@39) hold:

2 L) <0, (2-22-Zt)<o
-5-5) =0 (-5 -5)
S** S** [IIM[**SF [IIF[**SM
4_L_L_ HF _ HM SO
SF SM I:\T[HFS]T* I::k[IIMS]:*

HF HM HF

S, S, I*I[,S I,P>S* I*P,

HM

(5 S SM HM F HFSI\ ) S 0

HF M HF

Thus, £ < 0 for Ry, > 1. Hence, £ is a Lyapunov function in Dy and based on the La Salle’s

Invariance principle (La Salle and Lefschetz, 1976), we have that every solution to the equations
of the sub-model (4.73)) with (4.85]) and initial conditions in Dy \ Doy approaches the associated

unique endemic equilibrium &z, of the model as ¢t — oo for Ry > 1. O
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4.7 Simulations of the Treatment model (3.19

The model is now numerically simulated using the parameter estimates in Table (unless
otherwise stated), to assess the potential impact of various control strategies on the transmission
dynamics of HPV in the population (South Africa). Demographic parameters relevant to South
Africa were chosen. Specifically, since the total population of sexually active susceptible females
and males (15-64 years) in South Africa are estimated to be 17,827,279 and 17,901,625 respectively,
at disease free equilibrium, 2—; = 17,827,279 and ﬁ—:’; = 17,901,625 (CIA World Factbook, South
Africa Demographics Profile (2018)). In South Africa, the life expectancy for females and males
are estimated at 64.6 years and 61.6 years, respectively (CIA World Factbook, South Africa

Demographics Profile (2018)).

4.7.1 Uncertainty and sensitivity analysis of the Treatment model

The model has forty seven (47) parameters, and uncertainties are expected to arise in the
estimates of their values used in the numerical simulations. Following Blower and Dowlatabadi
(1994), we perform a Latin Hypercube Sampling (LHS) on the parameters that appear in the
expression for the reproduction number, Ry and the infected classes. For the sensitivity analysis,
a Partial Rank Correlation Coefficient (PRCC) was calculated between values of the parameters in
the response function and the values of the response function derived from the sensitivity analysis.
A total of 1,000 simulations (of the model ) per LHS run were carried out. Using the basic
reproduction number, Ry, as the response function, it is observed in Table that the top four
PRCC-ranked parameters are the effective contact rate for female to male transmission of HPV,
By, fraction of vaccinated females, f, the effective contact rate for male to female transmission
of HPV, ,, and fraction of vaccinated males, m. It is important to note that the profile of
Rr as a function of condom compliance for males (¢,,) and condom compliance for females (cy),
as depicted in Figure [£.8|a), shows that if the condom compliance by males (females) is 40%, a
little or no compliance is required for females (males) to eliminate HPV from the population (this
drives R below unity, which results in the GAS property of the DFE of the model (3.19), in line
with Theorem [4.8)). Ry as a function of condom efficacy for females (¢;) and condom compliance

for females (cy), as depicted in Figure (b), shows that if the condom efficacy for females is
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(a) A contour plot of Rt as a function of
condom compliance for males (¢;,)

and condom compliance for females (cy)
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(¢) A contour plot of Ry as a function of
condom efficacy for males (e,,) and condom
compliance for males (¢, )

Figure 4.8: Simulations of the model (3.19) showing the contour plots. Parameter values used
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(b) A contour plot of Ry as a function of
condom efficacy for females (ey)

and condom compliance for females (cy)
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(d) A contour plot of Ry as a function of
condom efficacy for females ()
and condom compliance for males (¢, )

are: By = 2.5, B, = 2.5, k5 = Ky, = 0.3. All other parameters as in Table
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(a) A contour plot of Rt as a function of
vaccine efficacy for females ()

and condom compliance for females (cy)
R
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(¢) A contour plot of Ry as a function of
vaccine efficacy for males (my,)
and condom compliance for females (cy)

Figure 4.9: Simulations of the model (3.19) showing various contour plots. Parameter values used
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(b) A contour plot of Ry as a function of
vaccine efficacy for males ()

and condom compliance for males (¢;,)
Rr
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(d) A contour plot of Ry as a function of
vaccine efficacy for females (7¢)
and condom compliance for males (¢, )

are: By = 2.0, B, = 2.0, k5 = K, = 0.3. All other parameters as in Table
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Table 4.1: Baseline values and ranges of the parameters of the model (3.19).

Parameter | Baseline value | Range(per year) | Reference

I 0.0162 [0.0100,0.2000] | SA Demo. Pro. (2018)

lim 0.0155 0.0100,0.2000] | SA Demo. Pro. (2018)

A, 271369 250000, 280000] | SA Demo. Pro. (2018)

A 266208 (250000, 280000] | SA Dem. Pro. (2018)

B; 1.0 0.4,3.0] Malik ef al.(2013)

Brm 0.8 0.3,2.5) Malik ef al.(2013)

cy 0.2 (0.1,1.0] Mukandavire et al (2007)
Cm 0.4 [0.1,1.0] Mukandavire et al (2007)
er(€m) 0.92 (0.1, 1.0] Mukandavire et al (2007)
01(0ma) 0.8 (0.7, 0.9] Alsaleh and Gumel (2014b)
Or2(Omz) | 0.9 0.5, 0.95] Malik ef al.(2013)

f(m) 0.87 [0.5,0.9] HPV and Related Cancers, SA (2018)
T () 0.9 [0.9,1] Malik et al. (2013)

51 (0m) 0.001 0.0005,0.002] | Malik ef al. (2013)

V¢ (Yim) 0.5 [0.3,0.7] Alsaleh and Gumel (2014b)
O(Dm) 0.9 (0.7,0.9] Malik et al. (2013)

Qply, 114 [110,120] Alsaleh and Gumel (2014a)
Tt (i) 0.9 0.5,2.5] Assumed

Vi (Vm) 0.99 0.5,1] Myers et al. (2000)

Ki(Km) 0.3 (0.1,0.5] Alsaleh and Gumel (2014b)
0% 0.001 [0.0005,0.002] Malik et al. (2013)

Wy 0.01 [0.005,0.02] Assumed

5a(0m) 0.001 0.0005,0.002] | Malik ef al. (2013)

re(ke) | 0.76 [0.56,0.96] Elbasha et al (2007), Malik ef al. (2013)
K 0.76 [0.56,0.96] Elbasha et al. (2007), Malik e al. (2013)
N (M) 0.9 (0.1,1.0] Assumed

er(em) 0.01 [0.005,0.02] Assumed

or(om) 0.8 0.2,0.90] Assumed

©r(pm) 0.5 (0.1,0.9] Assumed

Er(&m 0.001 [0.005,0.10] Assumed
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Table 4.2: Partial rank correlation coefficients (PRCC) for Ry and each input parameter variable

Input parameter | PRCC(Rr) | Input parameter | PRCC(Rr)
B; 0.5056 B 0.5006
f -0.5024 m -0.5017
cf -0.2762 Cm, -0.26777
€ -0.2590 em -0.2667
ff -0.2409 L -0.2230
Vr -0.1800 Ym -0.1881
Uy -0.0754 T -0.0841
Tf -0.1740 Tm -0.1553
051 0.0540 01 0.0520
& 0.0075 £ 0.0586
5 -0.0062 Om 10.0021
br -0.0057 Om -0.0143
£f 0.0390 Em -0.0153
02 -0.0038 0o -0.0030
ay -0.0393 Qo -0.0008
oy 0.0012 Om -0.0188
Ul -0.0267 Nm -0.0029
(o 0.0029 U 0.0101

60%, then 40% condom compliance is required for females for the effective control or elimination
of HPV in the population (since this brings Ry below unity, which results in the GAS property of
the DFE of the model , in line with Theorem )to drive Ry below unity. In addition, it
is noteworthy to note that if condom compliance by females is below 30%, then condom efficacy
for females, no matter how high, is not sufficient to drive Ry below unity. In Figure £.§(c), the
profile of Ry as a function of condom efficacy for males (¢,,) and condom compliance for males
(¢m) is given. The figure shows that with 40% male condom efficacy, condom compliance of about
60% by males is required to drive the reproduction number, R below unity. The profile of Ry as
a function of condom efficacy for females (e7) and condom compliance for males (¢,,), depicted in
Figure (d), shows that if the condom compliance by males is 40%, then female condom efficacy,
no matter how small, is sufficient to drive Ry below unity.

The profile of Ry as a function of vaccine efficacy for females (77) and condom compliance
for females (cy), as depicted in Figure [4.9(a), shows that if the vaccine efficacy for females is
75%, then a little condom compliance by females is required to drive Ry below unity. If condom
compliance by males is 80%, as depicted in Figure [4.9(b), then vaccine efficacy for females, no
matter how small is enough to drive Ry below unity. The contour plot of Ry as a function of
vaccine efficacy for males (m,) and condom compliance for females (cf), as depicted in Figure

4.9(c), shows that if the condom compliance for females is 75%, then a male vaccine with 45%
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Figure 4.10: Simulations of the model ([3.19) showing the cumulative number of new cases of HPV
when there is none of the control strategies. 5y = 0.3, 8, = 0.25,¢f = ¢, = 0,¢p =€, = 0, f =
m=mf ="y =0T =7, =cf =€y =& =&, =05 =0, = 0. All other parameters as in

Table

efficacy is required to drive Ry below unity. The profile of Ry as a function of vaccine efficacy
for females (7) and condom compliance for males (c,,), as depicted in Figure .9(d), shows that
if the condom compliance rate by males is 75%, then a female vaccine with about 40% efficacy is
sufficient to drive Ry below unity.

Alsaleh and Gumel (2014a) reported that with 90% vaccine efficacy, vaccinating 78-88% of
new sexually active females could lead to the effective control of the four Gardasil-preventable
HPV types. Again, the study in Alsaleh and Gumel (2014b) revealed that 70% vaccine coverage
for susceptible females, vaccinating 45% (34-56%) of new sexually active males would lead to
effective control of HPV in the community. Numerical simulations of the current study showed
that, with the parameter values used, if the vaccine efficacy for males is 75%, then about 40%
condom compliance is required by females to eliminate the disease in the population. Also, if
condom compliance by males is 70%, then a female vaccine with 45% efficacy is sufficient for
effective control of the disease. Moreover, with 80% condom efficacy for males, a female condom

with 55% efficacy is required to eliminate HPV from the population.

4.7.2 Treatment-only strategy

Consider the scenario where treatment is the only available control measure, as depicted in Figures
4.11)(a)-(d). It is observed that increasing treatment leads to a decrease in the cumulative number
of new HPV cases in the population. However, a higher population level impact is observed when

both males and females are treated than when either males only or females only are treated.
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Figure 4.11: Simulations of the model showing the impact of treatment-only on the cumu-
lative number of new cases of HPV. In (a) 74 = 0 and 7, is varied from 0 to 2, (b) 7, = 0 and 7
is varied from 0 to 2, (c¢) 74 = 0.9 and 7,, is varied from 0 to 2, (d) 7, = 0 and 7y is varied from 0
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Figure 4.12: Simulations of the model (3.19) showing the impact of (a) male-only condom use
(Condom preventability for male p,. is varied from 30% to 80%) and (b)female-only condom use
(Condom preventability for female p,. is varied from 30% to 80%) on the cumulative number of

new cases of HPV. Parameter values used are: 8y = 0.3,8,, =025, f =m =7my =m,, = 0,75 =
Tm =€f = 6€m =& = &n = 0 = 0,, = 0. All other parameters as in Table

4.7.3 Condom-only strategy

The simulations of the model showing the impact of condom-use by male-only and female-
only respectively, on the cumulative number of new HPV cases, depicted in Figures and
4.12b, show that male-only condom use can have more beneficial effect in reducing disease burden
in the population than female-only condom-use. Again, Figures [£.13h-c depict the simulations of
the model showing the impact of condom use by both females and males on the cumulative
number of new HPV cases. The condom preventability for males p,. is varied from 30% to 80%
while the condom compliance for females by females c; is varied from 0 to 1. It is observed from
the figures that increasing condom preventability for males and condom compliance by females
can reduce the burden of HPV in the population, with the highest reduction in disease burden
recorded when condom preventability for males p. = 80% and condom compliance by females

100%.

4.7.4 Vaccination-only strategy

The simulations of the model showing the impact of vaccination only on the cumulative
number of new HPV cases, depicted in Figures [£.14] (a)-(d), show that, though vaccination can
reduce the burden of the disease in the population, vaccinating both sexually active susceptible
males and females can induce a more beneficial effect than vaccinating only sexually active suscep-
tible males or only sexually active susceptible females. It is worthy of note, comparing Treatment

only strategy, condom only strategy and vaccination only strategy, to observe that, treatment
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Figure 4.13: Simulations of the model showing the Impact of condom-use (by both males
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only strategy and condom-only strategy have more population level impact than vaccination only

strategy.

4.7.5 Condom-treatment strategy

The simulations of the model showing the impact of condom-treatment only strategy on the
cumulative number of new HPV cases, depicted in Figures - reveal a decrease in disease
burden in the population with increase in treatment rates (as expected), condom preventability
for males and condom compliance for females; with the highest decline recorded (in Figure [4.17))
when condom preventability for males, p. is 80%, condom compliance by females, ¢, is 100% and

treatment rates, 7y and 7, are four times baseline values.
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Figure 4.16: Simulations of the model showing the impact of condom-treatment strategy
on the cumulative number of new HPV cases. Here, treatment rates are twice baseline values
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Figure 4.18: Simulations of the model showing the impact of condom-vaccination strategy
on the cumulative number of new HPV cases. Here, m = 0, f = 0.87 while in (a) ¢; = 0.375, (b)
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4.7.6 Condom-vaccination strategy

The simulations of the model showing the impact of condom-vaccination strategy on the
cumulative number of new HPV cases, depicted in Figures - show a decrease in disease
burden in the population with increasing condom preventability for males, p., condom compliance
by females, c; and vaccination of both sexually active males and females. It is interesting to
note that the highest reduction in disease burden is recorded (in Figure when condom
preventability for males, p. is 80%, condom compliance by females, ¢y is 100% and 87% of both

sexually active susceptible males and females are vaccinated.

4.7.7 Treatment-vaccination strategy

The simulations of the model (3.19)) showing the impact of treatment-vaccination only on the

cumulative number of new HPV cases, depicted in Figures - show a decrease in disease
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Figure 4.19: Simulations of the model showing the impact of condom-vaccination strategy
on the cumulative number of new HPV cases. Here, m = 0.87, f = 0 while in (a) ¢; = 0.375, (b)
cy = 0.625, (c) ¢y = 1.0 and condom preventability p. is varied from 30% to 80% in each case.
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Figure 4.20: Simulations of the model showing the impact of condom-vaccination strategy
on the cumulative number of new HPV cases. Here, m = 0.87, f = 0.87 while in (a) ¢; = 0.375,
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Figure 4.21: Simulations of the model , showing the impact of treatment and vaccination
on the cumulative number of new HPV cases. Here, 8y = 0.3, 8,,, = 0.25, m = 0,¢y = ¢, = €5 =
€m = 0. In (a) treatment rates are at baseline values, (b) treatment rates are twice baseline values
and (c) treatment rates are four times baseline values. The proportion of vaccinated females (f)
is varied from 0 to 1. All other parameters as in Table

burden in the population with increase in treatment rates and proportion of vaccinated sexually
active susceptible males and females; with the highest reduction in disease burden recorded (in
Figure when treatment rates are four times baseline values and 87% of sexually active
susceptible females or males are vaccinated. Comparing condom-treatment only strategy, condom-

vaccination only strategy and treatment-vaccination only strategy in Figures [4.17], [£.20] and [4.24]

respectively, shows that condom-treatment only strategy has more population-level impact than

condom-vaccination only and treatment-vaccination only strategies.

4.7.8 Universal strategy

The simulations of the model (3.19)) showing the impact of the universal strategy (where all the
control strategies are present) on the cumulative number of new HPV cases, depicted in Figures

-[£.27] show a decrease in disease burden in the population with increase in treatment rates,
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Figure 4.22: Simulations of the model (3.19), showing the impact of treatment and vaccination
on the cumulative number of new HPV cases. Here, 8y = 0.3, 8,, = 0.25, f = 0,¢f = ¢, = €5 =
em = 0. In (a) treatment rates are at baseline values, (b) treatment rates are twice baseline values

and (c) treatment rates are four times baseline values. The proportion of vaccinated males (m)
is varied from 0 to 1. All other parameters as in Table
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Figure 4.23: Simulations of the model (3.19)), showing the impact of treatment and vaccination on
the cumulative number of new HPV cases. Here, 8y = 0.3, 8,, = 0.25, m = 0.87,¢y = ¢, = €5 =
€m = 0. In (a) treatment rates are at baseline values, (b) treatment rates are twice baseline values

and (c) treatment rates are four times baseline values. The proportion of vaccinated females (f)
is varied from 0 to 1. All other parameters as in Table
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Figure 4.24: Simulations of the model , showing the the impact of treatment and vaccination
on cumulative number of new HPV cases. Here, 8y = 0.3, 8, = 0.25, f = 0.87,¢cy = ¢, = €5 =
€m = 0. In (a) treatment rates are at baseline values, (b) treatment rates are twice baseline values
and (c) treatment rates are four times baseline values. The proportion of vaccinated males (m)

is varied from 0 to 1. All other parameters as in Table
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Figure 4.25: Simulations of the model , showing the cumulative number of new HPV cases.
Here, 85 = 0.3, 8, = 0.25, f = 0.87, m = 0.87, ¢; = 0.375. Condom preventability p. is varied
from 30% to 80%. (a) Treatment rates at baseline, (b)twice treatment rates and (c) four times
treatment rates. All other parameters as in Table

increase in condom compliance by both sexually active susceptible males and females, proportion
of vaccinated sexually active susceptible males and females. The highest population level impact
is observed (in Figure when condom preventability for males, p., is 80%, condom-compliance
by females, cf, is 100% and treatment rates, 7; and 7,,, are four times baseline values.

It is interesting to note, comparing all the various control strategies, that the universal strategy
has the highest population-level impact.

It is also imperative to state that the simulations carried out in this work are subject to
uncertainties in the estimates of the parameter values given in Table (the effect of such
uncertainties was assessed by using the Latin Hypercube sampling technique) and the above

conclusions are based on the parameter values used for obtaining the plots in Table
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Figure 4.26: Simulations of the model (3.19)), showing the cumulative number of new HPV cases.
Here, 8y = 0.3, 8, = 0.25, f = 0.87, m = 0.87, ¢y = 0.625. Condom preventability p. is varied
from 30% to 80%. (a) Treatment rates at baseline, (b)twice treatment rates and (c) four times

treatment rates. All other parameters as in Table
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Figure 4.27: Simulations of the model (3.19)), showing the cumulative number of new HPV cases.
Here, By = 0.3,8,, = 0.25, f = 0.87, m = 0.87, ¢; = 1.0. Condom preventability p. is varied
from 30% to 80%. (a) Treatment rates at baseline, (b)twice treatment rates and (c) four times

treatment rates. All other parameters as in Table
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Figure 4.28: Cumulative new cases of HPV infection using model (3.19) and the model in Alsaleh
and Gumel (2014a). Parameter values used are: 3/ = 0.5, 87" = 0.5. All other parameters as in

Table

The cumulative new cases of HPV infection, using the parameters in Table [1.1] as shown in
Figures and compares the model with the models in Alsaleh and Gumel (2014a)
and Malik et al. (2013), respectively. There is a reduction in the cumulative new cases of HPV
using the model compared to the simulations using the models in Alsaleh and Gumel
(2014a) and Malik et al. (2013). This is as a result of the control strategies included in our

model.
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Figure 4.29: Cumulative new cases of HPV infection using model (3.19) and the model in Malik
et al. (2013). Parameter values used are: 8/ = 0.5, 87 = 0.5. All other parameters as in Table

A1
4.8 Simulations of the Two-strain HPV model (3.23

4.8.1 Uncertainty and sensitivity analysis

We now carry out a Latin Hypercube Sampling (LHS) on the parameters of the model, to ascertain
the effect of these uncertainties and to determine the parameter(s) that have the greatest impact
on the transmission dynamics of Human Papilloma Virus. For the sensitivity analysis, a Partial
Rank Correlation Coefficient (PRCC) was calculated between values of the parameters in the
response function and the values of the response function derived from the sensitivity analysis.
Using the reproduction numbers Ry; and Rz as response functions, we have from Table [4.3] that
the top PRCC-ranked parameters are: the effective contact rates, 81 (Bm1) and Sra (Bie2) for
strain 1 and strain 2 respectively, the fraction of females vaccinated against strain 1 f, the vaccine
efficacy, &, the treatment rates, 771 (7,,1) and 7y (7y,2) for strain 1 and strain 2. respectively as

well as the demographic parameters, py and fiy,.
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Parameters | Roy Koz

[y -0.5377 | -0.7109
L -0.5396 | -0.6937
€1 0.0076 -

€9 — -0.0014
€3 -0.0187 | —

€4 - 0.0313
D1 -0.0014 | -

Do - -0.0597
19 -0.5644 | —

1 0.0905 —

o - -0.0325
s -0.0105 | -0.0319
Th -0.8511 | -

Timl -0.8542 | —

dp -0.0137 | —

Kf1 -0.0042 | —

K f2 - 0.0315
Omi1 -0.0210 | —

de 0.0385 0.0551
f -0.9600 | —

B2 — 0.6088
Bmo — 0.9470
Ne — -0.0128
ds2 -0.0137 | -0.0298
Om2 - -0.0346
Tro — -0.9285
T2 - -0.9324
01 0.0142 —

02 — 0.0187
Br1 0.5001 | —

Bm1 0.8835 | —

Table 4.3: Partial rank correlation coefficients (PRCC) for Ry, and Rg2 and each input parameter
variable
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4.8.2 Numerical simulations

We now simulate the model numerically using the parameter estimates in Table (unless
otherwise stated), to assess the potential impact of various targeted control strategies on the
transmission dynamics of HPV in the population. Demographic parameters relevant to Nigeria
were chosen. Specifically, since the total population of sexually active susceptible females and
males (15-64 years) in Nigeria are estimated to be 50,697,439, and 52,862,042 respectively, at
disease free equilibrium, 2—; = 50,697,439 and 2—: = 52,862,042 (HPV and Related Cancers
NG (2018), Nigeria Demographics Profile, 2018). In Nigeria, the life expectancy for females and
males are estimated at 55 years and 52.8 years, respectively (Nigeria Demographics Profile, 2018).
Hence we have that py = 0.0182 and p,, = 0.0189, so that Ay = 922693 and A,, = 9999073 per

year.
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Table 4.4: Baseline values and ranges of the parameters of the model (3.23)).

Parameter | value | Range(per year) | Reference

r 0.0182 | [0.0100,0.2000] CIA World Factbook, NG Demo. Pro. (2018)
fm, 0.0189 | [0.0100,0.2000] CIA World Factbook, NG Demo. Pro. (2018)
Ay 922693 | [900000, 1000000] | CIA World Factbook, NG Demo. Pro. (2018)
A, 999073 | [900000, 1000000] | CIA World Factbook, NG Demo. Pro. (2018)
BB 0.5 [0.4,0.6] Alsaleh and Gumel (2014a)

BT (By) 0.4 [0.3,0.5] Alsaleh and Gumel (2014a)

cy 2 [1,5] Malik et al.(2013)

nr (1) 0.5 [0.5,1.0] Inferred from Ault (2007)

Ne 0.5 [0.5,1.0] Inferred from Ault (2007)

bp 0.7 [0.5,1.0] Assumed

e1(e2) 0.2 0.1, 1.0] Inferred from Ho et al. (2002)

e3(eq) 0.3 (0.1, 1.0] Inferred from Ho et al. (2002)

01 (0,2) 0.9 (0.7, 0.9] Malik et al.(2013), Alsaleh and Gumel (2014a)
f 0.80 [0.5,0.9] Assumed

13 0.9 [0.9,1] Malik et al.(2013)

351 (0m1) 0.001 | [0.0005,0.002] Alsaleh and Gumel (2014a)

df12(6m12) | 0.001 | [0.0005,0.002] Alsaleh and Gumel (2014a)

352 (0m2) 0.001 | [0.0005,0.002] Alsaleh and Gumel (2014a)

d721(6m21) | 0.001 [0.0005,0.002] Alsaleh and Gumel (2014a)

%y 0.01 [0.005,0.002] Assumed

Yi(Ym) 0.5 [0.3,0.7] Alsaleh and Gumel (2014a)

or(0m) 0.0 0.7,0.9] Malik et al.(2013)

Kf1(Ky2) 114 [110,120] Alsaleh and Gumel (2014b)

Tr(r2) | 0.9 0.5,2.5] Malik ef al.(2013)

Tr1(rp12) | 0.9 0.5,2.5] Malik ef al.(2013)

T (Tm2) | 0.9 0.5,2.5] Malik et al.(2013)

Tt (T2) | 0.9 0.5,2.5] Malik ef al.(2013)

Kf1(Kp2) 0.3 [0.1,0.5] Alsaleh and Gumel (2014a)

5 0.01 | [0.005,0.002] Malik et al.(2013)

wy 0.01 [0.005,0.02] Assumed

Ty 0.76 [0.56,0.96] Elbasha et al (2007),Malik et al.(2013)

ay 0.4 [0.1,1.0] Inferred from Ho et al. (2002)

Qg 0.5 [0.1,1.0] Inferred from Ho et al. (2002)

as 0.3 [0.1,1.0] Inferred from Ho et al. (2002)

ay 0.2 [0.1,1.0] Inferred from Ho et al. (2002)

p1(p2) 0.5 (0.1,1.0] Assumed

q1(q2) 0.3 0.1,1.0] Assumed

p12(p21) 0.5 [0.1,1.0] Assumed
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Figure 4.31: Effect of f on the cumulative new cases of Strain 2 infection. (a) Here, [ =
3.5, B2 = 3.5, (b) Here, ff2 = 4.0, B2 = 4.0. All other parameters as in Table

Numerical simulations for the cases Rg; < 1 and Ro; > 1, depicted in Figure [£.32] shows that
strain 1 dies out when Ry; < 1 and persists at steady state when Ry, > 1. Similar conclusions
are reached for the cases Rgo < 1 and Rg2 > 1. Numerical simulations for the case Ry; > 1 > Ros
(Roz > 1 > Ry1), depicted in Figure show that the strain with the lower reproduction
number dies out over time while the strain with the higher reproduction number drives the other to
extinction. Thus, the model (for the case when vaccination against one strain confers partial
cross-immunity against incident and persistent infection with the other strain (n; # 0,7, # 0))
exhibits competitive exclusion. (The two-strain HPV model in Alsaleh and Gumel (2014b) and
the two-strain Polio model in Okuonghae et al (2015) also exhibit competitive exclusion).

The effect of the fraction of vaccinated females, f, on the cumulative new cases of strain

1 and strain 2 infections, depicted in Figures [£.30] and [£.31] respectively, show a decrease in

the cumulative new cases of strain 1 infection with increasing fraction of vaccinated females, as
expected. Also, increasing the fraction of vaccinated females leads to a corresponding decrease in

the cumulative new cases of strain 2 infection.
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Figure 4.34: Simulations of the model showing the total number of infected individuals
at different initial conditions. (a) Here, 8r1 = Bp1 = 2.2 and Sp2 = B2 = 0.8 (so that Ry =
1.11976 > 1 > Rge = 0.875646). (b) Here, fy1 = Bp1 = 1.7 and B2 = B2 = 2.2 (so that
Ro1 = 0.865268 < 1 < Roe = 2.40803). All other parameters as in Table
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4.9 Simulations of the HPV-TB Co-infection model (]3.29

4.9.1 Uncertainty and sensitivity analysis

We carry out a Latin Hypercube Sampling (LHS) on the parameters that appear in the expression
for the reproduction numbers, R, and Ry, respectively (Blower and Dowlatabadi, 1994). For the
sensitivity analysis, a Partial Rank Correlation Coefficient (PRCC) was computed between values
of the parameters in the response function and the values of the response function derived from
the sensitivity analysis. We carried out a total of 1,000 simulations of the model per LHS
run. Using the reproduction numbers R, and R,; as response functions, it follows from Tables
and [£.6] that the top PRCC-ranked parameters with respect to the reproduction number Ry,
are the effective contact rate for HPV transmission from female to male 3;, the fraction of females
vaccinated against HPV f, condom efficacy for females €, condom compliance for males c,; and
the recovery rate from HPV for males in the I, class, while the only parameter that strongly

influences the dynamics of TB in the population is the effective contact rate for TB transmission

Br
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Table 4.5: Partial rank correlation coefficients (PRCC) values for the parameters of the model
that appear in the reproduction number Ry, using the reproduction number as the response

function.

Table 4.6: Partial rank correlation coefficients (PRCC) values for the parameters of the model
that appear in the reproduction number R,;, using the reproduction number as the response

functions.

Parameters | Roy
B 0.8559
€ -0.7243
Y 0.7957
Cur -0.7173
o) -0.6407
o 0.5010
f -0.5104
T 0.0180
oy -0.0152
Ky -0.0220
X, -0.0202
i -0.2334
O -0.0094
Ou 0.0179
Our -0.0025
O -0.0085
Ocr -0.0097
W, 0.0076
Tp -0.0810
€r -0.2816
Cr -0.2577
& 0.2223
e -0.0785
L -0.29657

Parameters | R

By 0.6534
Py 0.2961
(U 0.3456
el -0.0136
el 0.0476
Op 0.0215
Ou 0.0224
Y -0.3743
i 0.0142
7 0.1650
AN 0.1851
Opr -0.0727
Oy -0.0642
[y -0.3735
ot -0.3395
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4.9.2 Numerical simulations

We now simulate the model numerically using the parameter estimates in Table (un-
less otherwise stated), to assess the potential impact of various targeted control strategies on
the transmission dynamics of HPV in the population. Demographic parameters relevant to the
Shanxi Province in China were chosen. Specifically, since the total population of sexually ac-
tive susceptible females and males (15-64 years) in the Shanxi Province of China are estimated
to be 12,850,804 and 13,544,652 respectively, at disease free equilibrium, % = 12,850,804 and
% = 13,544,652 (Shanxi Demographics Data (2015),China Demographics Profile, 2018). In
China, the life expectancy for females and males are estimated at 78 years and 73.6 years, respec-
tively (China Demographics Profile, 2018). Hence we have that u; = 0.0128 and p,, = 0.0136, so
that Ay = 164490 and A,, = 184207 per year. Using the expressions for the basic reproduction
numbers, R, and Ry, corresponding to TB and HPV respectively, we calculate the threshold
condition for the elimination of the two diseases in Shanxi Province, in China. The parameter
values used are as given in Table [£.7 We obtain R = 1.57524, and R,y = 1.62118, resulting in
R, = max {Ryr, Reu} = 1.62118. As seen, the HPV reproduction number is higher than the TB
reproduction number in Shanxi Province in China. So the basic reproduction number is influenced

by the HPV disease burden in the population.
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Table 4.7: Baseline values and ranges of the parameters of the model ((3.29)).

Parameter value | Range(per year) | Reference
Jis 0.0128 | [0.0100,0.2000] | China Demographics Profile (2018)
Ly, 0.0136 | [0.0100,0.2000] | China Demographics Profile (2018)
A, 164490 | [150000, 200000] | China Demographics Profile (2018)
A, 184207 | [150000, 200000] | China Demographics Profile (2018)
Bi 0.5 [0.5,0.6] Malik et al. (2013)
v 0.4 0.3,0.5] Malik ef al. (2013)
c 2.0 [1,5] Malik et al. (2013)
Cr 0.2 [0.1,1.0] Mukandavire et al. (2007)
Cu 0.4 [0.1,1.0] Mukandavire et al. (2007)
er(€y) 0.92 (0.1, 1.0] Mukandavire et al. (2007)
0, 1.2 [1.0, 2.0] Assumed
w, 0.9 0.5, 0.95] Malik ef al. (2013)
w; 0.9 0.5, 0.95] Malik ef al. (2013)
p 1.2 [1.0, 2.0] Assumed
i 070 | [0.5,0.9] Lovin ef al. (2015)
B 2 [1,2] Assumed
7TF 0.9 [0.9,1] Malik et al. (2013)

"N (o), YY) 0.9 [0.5,1.0] Malik et al. (2013), Myers et al. (2000)
¢f( ) 0.9 [0.5,1.0] Malik et al. (2013), Myers et al. (2000)
rirs st 2.0 [1,2] Agusto and Adekunle (2014)

o) 2.0 [1,2] Agusto and Adekunle (2014)

o 05 0.1,1.0] Malik ef al. (2013)

KY, KL 0.5 [0.1,1.0] Malik et al. (2013)

ol 114 [110,120] Alsaleh and Gumel (2014b)

Py Ph 114 [110,120] Alsaleh and Gumel (2014a)

Xh 0.895 | [0.5,1.0] Alsaleh and Gumel (2014a)

X5, X5 0.895 | [0.5,1.0] Alsaleh and Gumel (2014a)

e () 0.2 [0.1,1.0] Alsaleh and Gumel (2014a)

Tr 0.76 [0.5,1.0] Elbasha et al. (2007), Malik et al. (2013)

T, Ty 0.76 [0.5,1.0] Elbasha et al. (2007), Malik et al. (2013)

Suee (Orr) 0.001 | [0.0005,0.002] | Malik et al. (2013)

Ser 0.001 | [0.0005,0.002] | Malik et al. (2013)

Opr (Oyrr) 0.365 | [0.1,0.5] Borgdoff (2004), Okuonghae and Omosigho (2011)

Burs: Onrs (B2 Oma) | 0.001 | [0.0005,0.002] | Assumed

Orr1s Opra (Oyrrr) 0.365 [0.1,0.5] Assumed

v () 0.2 [0.1,0.5] Borgdoff (2004), Okuonghae and Omosigho (2011)

P (M) 0.7 [0.1,1.0] Sharomi et al. (2008)

(T 0.7 [0.1,1.0] Sharomi et al. (2008)

(M) 0.05 [0.005,0.05] Blower et al. (1995), Cohen et al. (2007)

AE e A 0.05 [0.005,0.05] Blower et al. (1995), Cohen et al. (2007)

HGY) 1.5 [1.5,3.5] Okuonghae and Aihie (2008)

eMel ef el 1.5 [1.5,3.5] Okuonghae and Aihie (2008)

& (&n) 2 [1,3] Gorgos and Marrazzo (2011), Nyitray et al. (2011)
T 1.3 [1,3] Inferred from Zhao et al. (2011)

56 1.7 [1,3] Inferred from Zhao et al. (2011)

Qg 1.3 [1,3] Inferred from Zetola et al. (2015)
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Figure 4.35: Plots of the cumulative new cases for individuals singly infected with HPV (Figures
and [4.35b) and co-infection new cases for individuals dually infected with HPV and active
TB (Figures and ), at different condom preventability levels for females, viz p. =
30%(Ron = 1.67771), pt = 50% (R = 1.61225), ph = 80%(Rey = 1.53114) and (R, = 9.90526).
Here, 8y = 2.0, By = By = 1.0,& = & = 2.0, =71 =7rf =78 =M =) = 0. All other
parameters as in Table

4.9.3 HPYV vaccination/Condom use-only strategy

Simulations of the co-infection model when HPV vaccination/condom use-only strategy
is administered are given in Figures [4.35h4.35d. The associated basic reproductions are both
greater than one, though TB associated basic reproduction number (R, = 9.90526) is greater,
thereby driving the co-endemicity of the two diseases. The vaccination rate , f and the vaccine
efficacy, 7, are at baseline values while the condom preventability level for females is varied from
from 30% to 80%. The TB treatment rates for singly and dually infected individuals are set to

=7y =1 =r)=0). From the figures, it is observed that increasing

zero (that is, ri =rf =}

the condom preventability for sexually active susceptible females leads to a resultant decrease in

the number of individuals singly infected with HPV and individuals dually infected with HPV

and active TB (even when there is no treatment for the TB infected individuals).

206



4.9.4 TB treatment-only strategy

Simulations of the co-infection model when TB treatment-only strategy is administered
are given in Figures m The HPV associated basic reproduction number (R,; = 3.2874)
is greater than the TB associated reproduction number, thereby driving the co-endemicity of the
two diseases. The vaccination and condom parameters are set to zero ( f = m = ¢ = ¢y = € =
ey = 0). The TB treatment rates for singly and dually infected individuals are varied (that is,
ri=ry=ri=r) =r' =1 =20Ry =1.57524), ri =rf =rf =r] =r' =) = 4.0(Ryx =
0.85561), i =15 =715 =) =71 =71y = 8.0(Ryr = 0.447144)).

Figure depicts the simulations of the cumulative new cases for individuals singly infected

with HPV (Figures 4.38a and [4.38b) and co-infection new cases for individuals dually infected

with HPV and active TB (Figures [4.38c and [4.38d), at different treatment rates for singly and

dually infected individuals with active TB. The simulations of the co-infection new cases for
individuals infected with persistent HPV and active TB (Figure [4.40h) and co-infection new cases
for individuals dually infected with cervical cancer and active TB, depicted in Figure [4.40p,
respectively.

The plots reveal that increasing treatment rates for individuals with active TB cases could
bring down the incidence of HPV as well as co-infection new cases of mixed infections among
individuals with HPV and TB (even when there is little or no HPV vaccination and condom use
by sexually active susceptible individuals). This is consistent with the claim that TB infection is
linked with increased susceptibility to infection with oncogenic HPV /cervical cancer [?]. There-
fore, to reduce susceptibility to Oncogenic HPV /cervical cancer, focus should be on treating TB

cases.
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Figure 4.36: Plots of the cumulative new cases for individuals singly infected with HPV (Figures
and [4.36p) and co-infection new cases for individuals dually infected with HPV and active
TB (Figures and [4.36(d), at different treatment rates for individuals with active TB, wiz
ri=rs=ri=r] =1 =r) =20Rey = 1.57524), v =ri =rf =1y =r)' =71y =40(Ryx =
0.85561), i =ry =rf =r) =)' = r) = 8.0(Ry = 0.447144) and (R, = 3.2874). Here,
Br=20,8=Bu=10,& =6 =20, f =7 = ¢ = ¢y = & = &, = 0. All other parameters as
in Table Fl;?l
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Figure 4.37: Plots of the co-infection new cases for females dually infected with persistent HPV
and active TB (Figure [£.37h) and co-infection new cases for females dually infected with cervical
cancer and active TB (Figure [4.37b), at different treatment rates for individuals with active TB,
vizry =rs=rf=r)=r)' =1y =20(Ryy = 1.57524), ri =rf =rf =r) =r)' =1y =4.0(Ryx =
0.85561), i = ry =rf =r) =) = r) = 8.0(Ryr = 0.447144) and (R, = 3.2874). Here,
Br =20, 0 =Pu=10,&=&,=20,f =7 = c = ¢y = €& = ¢4 = 0. All other parameters as

in Table
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Figure 4.38: Plots of the cumulative new cases for individuals singly infected with HPV (Figures
and [4.38b) and co-infection new cases for individuals dually infected with HPV and active
TB (Figures and ), at different condom preventability levels for females, viz p. =
30%(Roy = 1.67771), pt = 50%(Roy = 1.61225), p¥ = 80%(Roy = 1.53114) and (R, = 1.57524).
Here, 8, = 2.0, 5 = By = 1.0,& = & = 2.0,6; = 0.80,¢,, = 0.80. All other parameters as in

Table @

4.9.5 Universal strategy

Simulations of the co-infection model when all the control strategies for both HPV and
TB are administred are given in Figures - (441 Figure depicts the simulations of the
cumulative new cases for individuals singly infected with HPV (Figures and [4.38p) and
co-infection new cases for individuals dually infected with HPV and active TB (Figures
and |4.38d), at different condom preventability levels, pf’, (for females). The figure shows that,
with increasing condom preventability levels for sexually active susceptible females (from 30% to
80%), there is a decrease in the cumulative new cases for individuals infected with HPV and a
corresponding decrease in the co-infection new cases for individuals infected with HPV and active
TB.

The simulations of the cumulative new cases for individuals infected with HPV (Figures |4.39
and ) and co-infection new cases for individuals dually infected with HPV and TB, depicted

in Figures [4.39c and [4.39d, reveal that increasing treatment rates for individuals with active TB
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Figure 4.39: Plots of the cumulative new cases for individuals singly infected with HPV (Figures
4.39k and [4.39b) and co-infection new cases for individuals dually infected with HPV and active
TB (Figures and [4.39d), at different treatment rates for individuals with active TB, viz
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0.85561), r{ =715 =15 =] =r' =) = 8.0(Ry = 0.447144) and (R,y = 1.72942). Here,
Br = 2.0, B = By = 1.0, = & = 2.0, = 0.80, ¢, = 0.80. All other parameters as in Table [1.7]
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Figure 4.40: Plots of the co-infection new cases for females dually infected with persistent HPV
and active TB (Figure [4.40p) and co-infection new cases for females dually infected with cervical
cancer and active TB (Figure [£.40p), at different treatment rates for individuals with active TB,
vizry =ry=ry =1y =r)'=r) =20(Ry = 1.57524), i =ry =rf =r] =r) =r) =4.0(Ry =
0.85561), r{ =15 =15 =1y = r)' = r) = 8.0(Ryr = 0.447144) and (R,; = 1.72942). Here,
Br =20, B = Py =1.0,& = & = 2.0, 6, = 0.80, ¢, = 0.80. All other parameters as in Table
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Figure 4.41: Simulations of the co-infection model showing the total number of infected
individuals at different initial conditions. (a) Here, 5y = 2.5, fr = [y = 0.4,& = & =
2.0 (sothat Ry = 1.96906 > 1 > Ry = 0.801948). (b) Here, By = 0.5, Br = By = 2.0,& =
& =2.0 (sothat Ry =4.00974 > 1 > R, = 0.393811). All other parameters as in Table

cases could bring down the incidence of HPV as well as co-infection new cases of mixed infections
among individuals with HPV and TB. This is consistent with the claim that TB infection is linked
with increased susceptibility to infection with oncogenic HPV (Zhao et al., 2011). Therefore, to
reduce susceptibility to Oncogenic HPV, focus should be on treating TB cases.

The simulations of the co-infection new cases for individuals infected with persistent HPV and
active TB (Figure [£.40h) and co-infection new cases for individuals dually infected with cervical
cancer and active TB, depicted in Figure [4.40b, respectively, reveal that increasing treatment
rates for individuals with active TB cases could bring down the incidence of mixed infections
with persistent HPV and active TB and as well decrease the co-infection new cases of mixed
infections among individuals with cervical cancer and active TB. As reported in the introduction,
Zetola et al. (2015) confirmed that prior TB infection is highly prevalent among patients with
cervical cancer. Again, Zhao et al (2011) pointed out that TB infection is linked with increased
susceptibility to infection with oncogenic HPV. Therefore, if we focus on treating TB cases, among
individuals with mixed infections, it can lead to significant decrease in the co-infection new cases.

Moreover, simulations of the co-infection model at different initial conditions, depicted
in Figures [1.41)(a) and [{.41}(b) show that for the case when Ry > 1 > Ry, TB dominates and
drives HPV to extinction. However, for the case when R, > 1 > Ry, both diseases die out

asymptotically over time.
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Chapter 5

Conclusion and Recommendations

5.1 Conclusion

A new two-sex deterministic treatment and vaccination model for Human Papilloma Virus (HPV)
was designed and qualitatively analyzed. The model was shown to have a locally asymp-
totically stable DFE whenever the associated basic reproduction number (Rr) is less than unity.
The model was also shown to undergo the phenomenon of backward bifurcation, where the stable
DFE co-exists with one stable endemic equilibrium when the associated reproduction number was
less than unity. The analyses showed that the phenomenon of backward bifurcation was caused
by the imperfect vaccine as well as the re-infection of individuals who recover from a previous
infection. Moreover, analyses of the treatment model showed that the use of treatment could
have a positive population-level impact on the dynamics of the disease, depending on a certain
epidemiological threshold. Simulations of the study showed that, with the parameter values used,
if the vaccine efficacy for males was 75%, then about 40% condom compliance was required by
females to eliminate the disease in the population. Also, if condom compliance by males was 70%,
then a female vaccine with 45% efficacy was sufficient for effective control of the disease.

Also, a new two-sex vaccination model for the transmission dynamics of two strains of HPV
(type-16/18 and type-31/45) was designed and rigorously analyzed. The model was shown
to have a locally asymptotically stable disease free equilibrium whenever the basic reproduction
number (Ry) was less than unity. The model was also shown to undergo the phenomenon of
backward bifurcation, where the stable disease free equilibrium co-exists with one stable endemic

equilibrium when the associated reproduction number was less than unity. The analyses showed
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that the phenomenon of backward bifurcation was caused by the imperfect vaccine as well as
the re-infection of individuals who recovered from a previous infection with the same strain.
Furthermore, the existence and stability of the boundary equilibrium of the the strain 1-only
sub-model was investigated. It was shown rigorously that the strain 1-only sub-model undergoes
backward bifurcation in the due to re-infection of recovered individuals and the presence of an
imperfect vaccine. In the absence of re-infection of recovered individuals and imperfect vaccine for
females, the DFE of the strain 1-only sub-model was shown to be globally asymptotically stable
when the associated reproduction number was less than one. Moreover, numerical simulations of
the model that the bivalent Cervariz vaccine offered high protection not only against the most
prevalent HPV types -16 and -18, but also against other oncogenic types like HPV-31 and -45.
Finally, a new sex-structured co-infection model for the transmission dynamics of HPV and
TB in a population was developed and analyzed to assess the impact of the spread of each disease
on the general transmission dynamics. The HPV-only sub-model (with heterosexual transmission
route only) was shown to undergo the phenomenon of backward bifurcation when the associated
reproduction number of the HPV-only sub-model (denoted by Ru|ep—¢,=0) Was less than unity.
The global asymptotic stability of the infection free and endemic equilibria of the HPV-only sub-
model (with heterosexual transmission route only) was proved using the method of Lyapunov
functions. Uncertainty and sensitivity analyses of the full model, using data relevant to the
dynamics of the two diseases in Shanxi Province in rural China, showed that the top ranked
parameters that drive the HPV infection (with respect to the associated response function, Ry)
were the effective contact rate for HPV transmission from males to females, 3, condom efficacy
for males, €,, condom compliance rate for males, c,;, homosexual contact rate between males,
&y, the HPV recovery rate for males, ¢, , the effective contact rate for HPV transmission from
females to males, . and the fraction of females vaccinated against HPV, f. In addition, the top
ranked parameter that affect TB dynamics (with respect to the response function R,;) was the
TB transmission rate ;. In addition, simulations of the HPV-TB model reveal that increasing
treatment rates for individuals with active TB in the singly and dually infected stages could
bring down the burden of HPV (when the infection was caused by dually infected individuals),
and increasing the condom preventability for females could significantly lead to reduction in the

cumulative new TB cases (when the infection was caused by dually infected individuals).

213



5.2 Recommendations

Based on the results from the study, we make the following recommendations:

1.

11.

iii.

Proper condom usage and compliance by sexually active individuals should be encouraged,
especially in middle-income and low-income countries, where the government may not be
able to afford the cost of National HPV vaccination programme, as means of eliminating

the disease.

For effective control and prevention of oncogenic HPV types and cervical cancer, this study
recommends wide vaccination of susceptible females with the bivalent Cervariz vaccine,

especially in a population where HPV type-16/18 and type-31 and -45 are co-circulating.

We recommend proper and adequate treatment for individuals infected with Tuberculosis
(TB), as a means of bringing down the burden of Human papilloma virus (HPV) as well
as burden of the co-infection of HPV and TB in a population where the two diseases are
endemic.

The models in this dissertation can be extended in numerous ways:
i incorporating the effect of co-infection with other sexually transmitted infections like
Chlamydia Trachomatis, Syphilis, and so on.
ii carrying out optimal control analysis of the developed models

iii proving the global stabilities of the infection free and endemic equilibria for the full

models (instead of considering special cases)

5.3 Contributions to knowledge

The contributions of the first model (3.19) are as follows: incorporating the use of condom by

both sexually active susceptible females and males; including compartments for infected females

and males treated of HPV symptoms and allowing for disease transmission by individuals treated

of HPV symptoms and including HPV induced mortality for individuals in the A;(A,,), (1)

and Ty(T,,) classes for females(males). Numerical simulations of the model (3.19) showed that,

with the parameter values used, if the vaccine efficacy for a vaccine administered to males is

75%, then about 40% condom compliance is required by females to eliminate the disease in the
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population, where condom compliance by males is 40%. Also, if condom compliance by males is
70%, then a female vaccine with 45% efficacy is sufficient for effective control of the disease, if
20% of females use condoms.

Also, some of the new features of the second model include: incorporating the dynamics
of cross-immunity due to vaccination (n; # 0, 1, # 0); allowing for heterogeneity in infectiousness
of vaccinated and unvaccinated females with strain 2 (HPV type-31/45) and including compart-
ments for females (males) who recover from one strain and are infected with the other strain,
Itii(Lmij), 1 # j, for females (males), and allowing for disease transmission by individuals who
recover from one strain and are infected with the other strain. Moreover, numerical simulations
of the second model showed that increasing the fraction of females vaccinated against
a particular strain could significantly bring down the burden of the strain not included in the
vaccine.

Finally, some of the novelties of the third model are as follows: incorporating the dynam-
ics of co-infection of HPV with tuberculosis; including the dynamics of homogeneous transmission
of HPV (& # 0,&, # 0) and including a modification parameters accounting for the increased
infectiousness of dually infected individuals; allowing for increased susceptibility to HPV by TB
infected individuals (¢] # 0, # 0,¢5 # 0," # 0). In addition, simulations of the HPV-
TB model reveal that increasing treatment rates for individuals with active TB in the singly
and dually infected stages could bring down the burden of HPV and the co-infection new cases
and increasing the condom preventability for females could significantly lead to reduction in the

cumulative co-infection new cases of the two diseases in a population.
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5.4 Publications from the Dissertation

Publications from the dissertation include Omame et al (2018), Omame et al (2020a) and Omame

et al. (2020Db).
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Appendix A: Coefficients of the polynomial (4.14

S1 =

So =

S3 =

S4 =

Sy =

Sg —

d33955 + dosdazgosgss + doogss + di1gosgss > 0

3d33902905 + 2d22902903933 + d22933933 + 2d11 903922933 + 11902955 + 3do0g22955 — dosgas — do290s9ss
- d01go39§3

3d33952903 + 3ds3go190s + d22giagss + 2d22901903933 + 2da2g02903922 + d22g5s g2z + d11903g3

+ 2d11 903911933 + 2d11902922933 + d11901935 + 3dooga93s + 3doogi19as — 3dosgoados — 2do2902903933
- dozggggm — 2do1903922933 — d019029§3

d3395, + 6ds3g01902903 + 2d22901 902933 + d22955922 + 2d22g01903922 + 2da2902903911 + d22953911

+ 2d11901922933 + doog§2 + 6doog11922933 — 3d039(2)2903 — 3do3go1903 — d029(2)2933 — 2d02901903933

— 2do2902903922 — d02g(2)3911 - d019039§2 — 2d01903911933 — 2d01902922933 + doogoogg?)(?’ - RQT)
3ds390190 + 3d33951903 + d22gi1 933 + 2d22901902922 + d22ggag11 + 2d22901903911 + 2d22902903900

+ daagoodos + 11903971 + 2d11900903922 + 2d11 902911922 + 2di19o0go29ss + di1901955 + 2d11901911933
+ 3do0g1193; + 3doogii 933 — dosgis — 6doszgorgo2gos — 2doagorJo2gss — doagiagaz — 2doagor Josges

— 2dg2902903911 — do2953900 — 2do1903911922 — 2do1903900933 — do1902950 — 2d01902911933

+ 2doogooga2933(3 — R

3ds3951902 + da2 1 922 + 2daagorgozgnn + dasgagoo + 2daagorgoodos + 2di1googosgn + diigozgty

+ 2d11 goagoogez + 2d11901911922 + 2d11go1go0gss + ooty 922 — 3dosgorgas — 3dosggigos — doz2gg19ss
— 2dg2901902922 — do29ie911 — 202901903911 — 2d02902900903 — do1 903G — 2do19o0gos g2

— 2d01902911922 — 201900902933 + doogoogas (3 — R7) + 2doogoogiigss(3 — R3.)

s7 = dssgpy + dagoig11 + 2dazgoogorgoz + di19ap90s + 2d11go2googin + di19o1giy + 2di1googorgez + doogi;

- 3d03g(2)1902 - d02g(2)1922 — 2do2901902911 — d029(2)2900 — 2d02901903900 — 2d01903900911 — d019029%1

— 2do1 902900922 + 2doogoogr1922(3 — RT) + doogiygss(3 — 2R3)

ss = da2gg1 900 + d11902950 + 2d11901900911 + doogoogti (3 — R7) + doogopg22(3 — 2R7) — dosgyy — doagingin

— 2dpago1900902 — 01950903 — 2do19o0go2911

s9 = d11901900 + do0gang11(3 — 2R%) — doagay goo — do1GayJoz

S10 = dooggo(l - R%)
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My(MoMy — Hoty) — Hyyprp = (ap + pug) [ (v + pp) (5 + 05) (0505 + 5 + piy)
+pp(opby +ep+ pup) + 7p(0p0p + pyp)) + (1 —np)pgesrs ] >0
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where,
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