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Abstract

Basarab loops are non-associative generalizations of groups and are classified as loops of
non Bol-Moufang type. They are G-loops with deep algebraic and structural properties. Not
much were known about the form of isotopes, holomorphs, associators, center, and subloops
of Basarab loops. This work was to determine some algebraic properties of Basarab loops.
The objectives of the study were to construct a Basarab loop, investigate the relationship
between Basarab loop and other loops like conjugacy closed loop, abelian inner mapping loop,
and Osborn loop, examine the isotopes of a Basarab loop, investigate the holomorphs and
associators of a Basarab loop, and characterize some subloops of a Basarab loop. Basarab loop
identities were considered and some algebraic properties of loops were investigated. Loop
notions such as the use of parentheses, multiplication group, isotopy theory, and holomorphy
theory, total multiplication group were examined on a Basarab loop through the governing
laws of Basarab loop. Some constructions of Basarab loops were given and some algebraic
properties of Basarab loops were determined. The results obtained have shown that the centrum
of a Basarab loop is a subloop and it is equal to the center of a Basarab loop, and that a Basarab
loop with the left (right) inverse property, or inverse property is an extra loop. Necessary and
sufficient conditions for isotopes and principal isotopes of a Basarab loop were determined. It
was proved that every principal isotope of a Basarab loop is a Basarab loop. It was proved that
any Osborn loop is a Basarab loop if and only if it is a left (right) Basarab loop. Also, the holo-
morphs of a Basarab loop were investigated by considering a group A(Q) of automorphisms of
a loop. Some necessary and sufficient conditions for an A(Q)-holomorph of a loop (Q, -) to
be left (right) Basarab loop, and Basarab loop were established. Some left (right) translation
mapping of the holomorph of a left (right) Basarab loop was shown to be left (right) regular. It
was shown that an A(Q)-holomorph of a loop (@, -) which satisfies the inverse property is a
Basarab loop if and only if (@, -) is a Basarab loop and every automorphism of () is nuclear.
Some subloops of a Basarab loop which are characterized by permutations were obtained. It
was proved that a Basarab loop is a centrum-abelian inner mapping loop. Relationship between
associators and inner mappings of a Basarab loop was defined. It was shown that the associator
of any three elements of a Basarab loop is contained in the center and centrum of a Basarab
loop. This study has presented additional properties of Basarab loops which are now available
for applications. Therefore, it is recommended that researchers and cryptographers should use
the properties of Basarab loops determined by this study for further research and applications.

Keywords: Basarab loop, isotopy, holomorphy, associator, inner mapping
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CHAPTER ONE

INTRODUCTION

1.1 Background of the Study

Plain subtraction of natural numbers is the oldest known non-associative operation used by man.
In the year 1845, Arthur Cayley constructed the first example of an abstract non-associative
system. Cayley numbers is the name given to the example of an abstract non-associative
system constructed by Arthur Cayley. Cayley numbers were later generalized by Dickson,
and are known as Cayley-Dickson algebras, (Pfulgfelder, 2000). Dickson (1906) published
the paper titled Linear algebras in which division is always uniquely possible. In his paper,
‘non-associative division rings’ were investigated. As at that time, ‘non-associative division
rings’ had less attention. It was seen that ‘non-associative division rings’ had a loop as the
multiplicative structure, but this time, without weak associativity. Dickson also constructed
examples of loop which are not Moufang. Also, Goodaire, Jespers & Miles (1996) examined

alternative rings from loop point of view.

Loop theory emerged from pure Mathematics areas in a simultaneous manner. These areas

include algebra, geometry and topology. In Algebra, the researchers Max Zorn and Hans



Zassenhaus who were the students of Artin in Hamburg researched on the Algebraic aspect
of non-associative systems through alternative algebras. Researcher like Suschkewitsch
investigated non-associative systems through binary systems. Thus, Suschkewitsch approach to
non-associative systems was different from the approach taken by Max Zorn and Hans Zassen-
haus. Researcher Artin had proved theorems which were used by researchers to advancing
results in pure Mathematics, (Pflugfelder, 2000). Worthy of mention is Ruth Moufang who
used a theorem proved by Artin in her well-cited paper titled ‘On Quasigroups *(Moufang,

1935).

In Geometry, Wilhelm Blaschke introduced another branch of Mathematics and it is known as
Web Geometry. The Three major areas from which loop theory came to be are brought together
by Web Geometry. The research followed the Hilbert’s principle which states that geometric
axioms of the planes correspond to the algebraic properties of the coordinating system. The two
prominent papers written by Moufang (1935) and Bol (1937) marked the official beginning of
loop theory. Moufang was a geometer, and one of the first three women who became famous in
Mathematics, the other two women are Sofia Kovalevskaya and Emmy Noether, (Pflugfelder,
2000). In her paper, she began with an alternative field, and she proved Artin’s theorem by the
use of only the multiplicative system. She defines a structure, which she calls a Quasigroup Q*,

satisfying the following postulates :

(i) Closure;

(i) Existence of an identity element and unique inverse;
(iii) a(a’b) = (aad’)band (ba')a = b(d'a);

(iv) [a(ca)]b = a[c(ab)];

She also defines a system Q**, believing it to be different from Q*. Thus, ()** satisfies an

additional identity :



(v) (ab)(ca) = a[(bc)al;
Bol showed that (iv) implies (v), and Bruck later proved that they are both equivalent to

two other identities :
(vi) [(ab)c]b = a[b(cb)]; and
(vii) (ab)(ca) = [a(bc)]a.

The system (0 is known as a Moufang loop, and it can be defined using any one of the identities
(iv) through (vii) which are called the Moufang identities. According to Moufang, the system
(2" is diassociative and obeys the theorem called Moufang’s theorem and it echoes Artin’s the-
orem.

Moufang’s Theorem states that every Moufang loop is di-associative, that is, any two elements
generate a subgroup. Kiechle (2002) noted that Moufang in her paper presented a definition
which is now known as a ‘Bol loop with the right inverse property’. Kunen (1996) proves that
each of the Moufang identities in a quasigroup implies that the quasigroup is a loop. Kunen

(1996) noted that a loop identity need not always imply its mirror.

Bol’s used Web-geometry to establish his results. He began his research by developing three
new configurations Uy, Uy, Us. He then asked a question, whether the closure of these three
figures implies associativity. Bol proved that the three U figures together imply only the law
a[b(cb)] = [(ab)c]b. This law is one of the Moufang identities. So, Bol was able to answer
the question he asked in the negative. Details of this result are found in Nagy & Vojtéchovsky
(2003), Blaschke & Bol (1938), and Pflugfelder (1970). Bol made clear the algebraic meaning
of each of the U figures. He showed that U; and U correspond to the loop identities known as
the left Bol and right Bol identities. These identities are : (b(cb))a = b(c(ba)) and a((bc)b) =

((ab)c)b. Bol justified the following properties implied by the U figures :

U, the right inverse property : (dc)d = d



U, the left inverse property : a’(ab) = b
Us the anti-automorphic inverse law : (ab)’ = t/'a’

Bol proves that U; and U, together imply Us, and when all three are closed, a Moufang’s
quasigroup Q* is obtained. According to Bol’s results, Moufang’s Quasigroup (J* obeys the
law : b(cb) = (bc)b. This law is called the elastic law. Bol was able to show that a loop
is Moufang if only if it is both right and left Bol. By this, Bol split the Moufang identities
into two. He presented an example of Bol loops which are not Moufang, and credited this
example to Zassenhaus. Bol also gave an example of a commutative Moufang loop, which is
not a group, again, Bol credited this result to Zassenhaus. In the 1960s, Robinson investigated
Bol loops from separate point of view. Details of this result are found in Ajimal (1978),
Robinson (1964), Chein & Goodaire (2005), Foguel, Kinyon & Phillips (2006), Solarin (1986),
and Solarin & Sharma (1984). Kiechle (2002) emphasized that the class of Bol loops is not
self-dual, that the Bol identity a(b - ac) = (a - bac) does not imply the right Bol identity. At
the usage of the left Bol identity, the left inverse property, the left alternative law, etc. fit nicely
with the mappings applied. For Bol loops, it is known that every loop isotope of a Bol loop is a

Bol loop, (Pflugfelder, 1990).

Some renowned mathematicians like Max Zorn and Emil Artin who were previously exposed
to the subject of quasigroups arrived at the United States and continued their research in this
field. Besides this reason, a robust interest in non-associative structures previously existed in
the United states, remarkably at the University of Chicago. Leonard Dickson, whose name we
know from Cayley-Dickson algebra, was teaching at Chicago. Thus, Chicago became a new
center of quasigroups research in the 1940s, just like Hamburg had become in the previous
decade. In addition to research in alternative algebra, there were already American publications

on quasigroups and they used the term ‘quasigroup’ in a broader sense, the way it is used now.



The terminology of quasigroup theory undertook a historic change at this time. It became
apparent that it was necessary to distinguish between two classes of quasigroups : those with
and those without an identity element. A new name was needed to designate the system with
identity. This occurred around 1942, among people of the Albert’s circle in Chicago, who
coined the word ‘loop’ after the Chicago Loop. For Chicago locals, the term ‘Loop’ refers to
the main business area and the elevated train that literally made a loop around this part of the
city. The name loop, was an excellent choice in numerous ways. First, the word ‘loop’ rhymes
with ‘group’. Second, it expresses a sense of closure. Third, it is short and simple so that it
could be adopted in other languages. Today, it is used in many languages, with slight variations
: for example, DIE LOOP in German (first used by Pickert) and LUPA in Russian, (Jaiyeola,

2005).

The first publications introducing the term ‘loop’ were the two very important papers by Albert
(1943, 1944) titled Quasigroups I and Quasigroups II. In addition to the introduction of the
new term ‘loop’, a highly significant aspect of the Quasigroups I paper was the introduction of
the concept of isotopy for quasigroups. Albert’s papers were followed by two very important
publications by Richard Hubert Bruck : Some Results in the Theory of Quasigroups (1944) and
Contributions to the Theory of Loops (1946). American period of loop theory, extending from
the 1940s through 1960s, has most important role credited to Albert and Bruck and their schools.
The volume of the research done during this period by Albert and Bruck and the followers are

enormous. Among the dominant topics of their research were the following:

(i) Isotopy theory; properties of isotopic quasigroups and loops; isotopic invariants, auto-

topisms, pseudo-automorphisms, isotopy-isomorphy properties;

(i) Loops with different inverse properties: left, right, weak, cross, automorphic and anti-

automorphic inverse properties;



(i11) Basic concepts of subquasigroups, cosets, ‘characteristic’ property 7 and nilpotency with

respect to ;

(iv) Homomorphy theory;

(v) Groups of permutations on loops: multiplication groups, inner mappings and the notion of

A-loops, semi-automorphism;

(vi) Moufang loops: commutative Moufang loops;

(vil) Bol loops and their subvariety of Bruck loops; and

(viii) Different classes of quasigroups: totally symmetric, distributive, abelian and through

them, different geometric and combinatorial systems.

Bruck (1958) became the most reference book on loops. After some years, Jaiyeola (2009a)
became another interesting book on loop theory as it extends the notion of Smarandache on
loops.

The subject of Latin squares is, of course, much older than loop theory. Mutually orthogonal
Latin squares were already studied by Euler in the XVIII century from a combinatorial point of
view. However, as loop theory developed, there appeared connections between the combinato-
rial and several quasigroup- theoretical aspects of Latin squares. For example, combinatorial
structures such as bloc designs or Steiner triple systems can be associated with algebraic
varieties of Steiner quasigroups and totally symmetric loops, Denes & Keedwell (1974),
Pelling & Rogers (1979). As discussed in Effiong (2017), some scientists in England during
the 1930s, showed that every 6 x 6 Latin square belongs to a set of six so-called ‘adjugates’,
which we now know as ‘conjugates’ or ‘inverse’ quasigroup operations, or ‘parastrophes’. The
concept of parastrophes in general was introduced by Sade in France and subsequently, Rafael

Artzy introduced isostrophes as product of parastrophes and isotopes, (Kannappan, 2009).



Loop theory is applied prominently in the science of protection of a set of information given
out from the sender to the receiver. The information transformed is protected from an unlawful
user, and error which may occur during the process. This science of protecting information is
divided into parts, and the most common parts are cryptology and coding theory. Cryptology
is further divided into two parts, namely cryptography and cryptanalysis. The knowledge of
cryptography and cryptanalysis are much needed by a good cryptographer. In fact, a good
cryptanalyst is a good cryptographer. This is because, cryptography is a science on procedures
of transformation of information having an aim of securing the information transformed from
an unauthorized beneficiary, while cryptanalysis is a science on procedures and strategies of
attacking or penetrating an already secured information. Obviously, a cryptographer works
to protecting a given information, while a cryptanalyst thrives to break down that particular
information. Thus, the work in cryptography is to create new ciphers (that is, method of
transformation of information) while the work in cryptanalysis is to search for means of
breaking down a secured information (Shcherbacov, 2003; Jaiyeola & Adeniran, 2010; Effiong,

2017).

Denes & Denes (2001), noted that cryptology is based generally on fields which are com-
mutative and associative. Shcherbacov (2003) supported this view, according to him, many
development of error detecting and error correcting codes, cryptographic algorithms and
enciphering systems have made use of associative algebraic structures, in which groups and
fields are not exemption. Magliveras, Stinson & Trung (2002) presented a new approach to
designing public key cryptosystems using one-way function and trap doors via associative
algebraic structure. It is interesting to note that non-associative structures such as quasigroups
and loops work wonderfully well, and to some extent perform better than associative structures.
Jaiyeola (2008d) examined a double cryptography using the Smarandache Keedwell cross

inverse quasigroup, while Jaiyeola (2012a) studied the application of Keedwell cross inverse



quasigroup to cryptography. Jaiyeola & Smarandache (2018) worked on the inverse properties
in Neutrosophic Triplet loop and their application to cryptography. Jaiyeola (2011a) studied
middle universal m-inverse Quasigroups and their application to cryptography. Accordingly,
Denes & Keedwell (2002) and Koscienlny (1997) noted that ciphers constructed using
non-associative systems give excellent possibilities than ciphers constructed using associative
systems. Denes & Keedwell (1992) studied equipment of hardware encryption and theoretical
construction of cryptosystems using quasigroups. Denes & Keedwell (1974) and Shcherbacov
(2003) noted that quasigroups are ‘generalized permutations, “of some kind and the number
of quasigroups of order n is larger than n!- (n — 1)!- ... - 2!.1l. These results in general
have prompted the effectiveness of applications of quasigroups and loops in cryptography and

cryptanalysis.

Coding Theory is a science of protecting a given set of information from an unexpected error
during transmission. Coding theorist ensures that errors occurred during transmission of
information are corrected. According to Verhoeff (1969) and Beckley (1967), errors during
transmission of data are mostly made by human operators. And the outstanding errors made
by human are called single errors. These are errors made by interchanging adjacent digits. For
instance, instead of ...ab... one rather obtained ...ba.... Other types of single errors are insertion
and deletion errors. Coding theory makes use of a loop transversal, a linear code and a channel.
Smith (2000) explained that an abelian group channel is the set of errors corrected by the
code. He considered the length 3 binary repetition code C' = {000, 111}, and set Z3 to be the
channel and 7" = {000, 001, 010, 100} to be the set of errors corrected by the linear code C,
and used it to define an abelian group homomorphism. He emphasized that an effective way of
defining a code in a good channel is to specify the loop structure (an abelian group) on the set

of errors.



Shcherbacov (2003) define a loop transversal as follows:

Let (@, -) be a group, (H, -) be its subgroup, e be the identity element of this group. A complete
system 7' of representatives of the left cosets as, a € @ is called a left transversal in group
(@, ) by subgroup (H, -). That is, from any coset a; - H we take only one element, for example,
element a;. Thus, T' = {1, ay, as, ..., a,, ...} is a left transversal. Define on the set 7" an
operation * in the following way: a * b = a - b(mod H). Shcherbacov claimed that (7, *) is
a right quasigroup with identity element e. This means that, the equation a * x = b has unique
solution for any a,b € Q and e x s = s * e for all s € T. He concluded that if (7, %) is a
loop, then (7', *) is called a loop transversal. According to Koscienlny (1997) and Denes &
Keedwell (2002), the use of codes based on non-associative structures like quasigroups and
loops in coding theory are of great advantage and research have shown that they present better
possibilities than codes based on associative systems. Apart from cryptology, quasigroup theory
are also applied in music theory. Effiong (2021) discussed some applications of quasigroups in

music theory.

Research on loop theory which began over seven decades ago, has spread into various aspect
of Mathematics and beyond. In Algebra, loop theory is extended into theories like Ring and
Field, while in Functional Analysis, Topological loops have been investigated to some extent.
In Physics, loop theory has been examined under near-field structures (Bulut, 2005; Figula,
2009). Further studies on loop theory showed that loop could be classified depending on the
identities or conditions such a loop constitute. It is in this regard that loop theorists boast of
Bol loop, Moufang loop, Buchsteiner loop, and other well-known loop structures. These loops
over the years, have been much helpful in the science of securing information. Basarab loop is
another type of a loop, and could serve as a variety and substitute, when loops are needed for
a better security system in dissemination of information (Jaiyeola & Adeniran, 2010; Effiong,

2017).



1.2 Statement of the Problem

A Basarab loop is a type of loop which was introduced by Basarab (1992). He investigated
the nucleus of a Basarab loop and also examined the relationship between Basarab loop and
other loops like VD-loop, Generalized Moufang loop and Osborn loop. Some properties of
a Basarab loop and its relationship with other loops were known which include Bol-Moufang
loops and some inverse property loops, (Effiong 2017; Jaiyeola & Effiong 2018). The form of
isotopes, holomorphs and associators of a Basarab loop are not yet known. Hence, there is need
to investigate the isotopes, holomorphs and associators of a Basarab loop which form the main

problem of this study.

1.3 Objectives of the Study

The main objective of this study is to establish some properties of isotopes, holomorphs and
associators of a Basarab loop, using the middle inner mapping as well as the left and right
translations of a loop.

The specific objectives of the study are :

(a) to construct a Basarab loop, and investigate the relationship between Basarab loop and some

loops like (left, right) CC-loop, CC-loop, and Osborn loop;

(b) to examine the isotopes of a Basarab loop, and show that the centrum of a Basarab loop is

a subloop and it is equal to the center of a Basarab loop;

(c) to investigate the holomorphic structure of a Basarab loop, and obtain some subloops of a
Basarab loop that are characterized by permutations and then find the relationship among

them; and
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(d) to examine the algebraic properties of associators of a Basarab loop, and show that a

Basarab loop is a centrum-Abelian inner mappings loop.

1.4 Justification of the Study

Loop theory has been an area of interest to many researchers considering its applications in
coding theory and cryptography. Depending on the technical requirements for the dissemination
pattern of a given information, the loop identities that will be used for the programming must
be rightly chosen. Basarab loop identities are known to be pertinent tools for cryptographers,
yet sufficient theoretical and practical investigations have not been carried out on the isotopes,
holomorphs and associators of a Basarab loop. For instance, Jaiyeola (2011b, 2013a) worked
on the application of some quasigroups and also on the discovery of cryptographic identities.
The results have not been studied for a Basarab loop. The need of isotopism as a means of
covering the message under transmission is that any unauthorized beneficiary at the receiving
end, who has an access to the message, will not see the real message correctly in its isotopic
form. The isotopic properties of a Basarab loop which could be used for this cryptic message,
and holomorphs of a Basarab loop are yet to be investigated. This study hopes to provide some
isotopic properties of a Basarab loop, some properties of holomorphs of a Basarab loop, and
examine some algebraic properties of the associators of a Basarab loop. These results shall be

useful to cryptographers, cryptanalysts and musicians.

1.5 Scope of the Study

This investigation is limited to the centrum, isotopes, holomorphs and associators of a Basarab
loop, construction of a Basarab loop, the relationship between a Basarab loop and centrum-
Abelian inner mappings loop, and to obtain some subloops of a Basarab loop that are charac-

terized by permutations and the relationship among them.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Related Literature

Basarab loops (also called K-loops) are non-associative generalizations of groups. Basarab
(1992) studied the nuclues of a Basarab loop . It was established that the nucleus of a Basarab
loop is nontrivial, and it is a normal subloop. If (Q,-) is a Basarab loop and N (@, -) be the
nucleus, it was proved that the quotient loop QQ/N(Q, ) is an abelian. A Basarab loop (@, )
is solvable, if the nucleus N(Q),-) of a Basarab loop (@, -) has an odd order. Basarab (1996)
studied the Nucleus of a Basarab loop and it was proved that any Basarab loop (any V" D-loop)
is a G-loop, and any Basarab loop (V' D-loop) is an Osborn loop. A generalized Moufang loop
(Q, -) was shown to be a V D-loop, if z* € N whenever z € ), and N being the nucleus of
the generalized Moufang loop(Q), ). It was proved that the three nuclei of each V D-loop (@, -)
coincide, that is, N, = N,, = N; = N. Moreover, N was proved to be a normal subloop in
(Q,-). It was established that a Basarab loop (Q, -) is a V D-loop if > € N for any = € Q,
where N is the nucleus of (Q,-); and a V D-loop (Q, -) is a Basarab loop if 22 € N for any
x € (), where N is the nucleus of (@, -). Basarab (1997) studied the Nucleus of a Basarab Loop

and it was established that if a loop (@, -) has a nontrivial nucleus N, which is a normal subloop
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of (Q,-) and (x,y, z) is the associator of elements z,y,z € @, then (z,y,2)n = n(z,y, 2),
where n € N. It was shown that if a (non-group) loop (@, -) has a nontrivial nucleus N which
is a normal subloop of (@), -) and the associator of any three elements of ((), -) belongs to N,
then N has a nontrivial centre Z(N). The nucleus N(Q), -) of a Basarab loop (@, -) which is
not a group, was proved to have a nontrivial centre. The nucleus N (@, ) of a Basarab loop
(Q,-) was proved to contain the associator of any three elements of (). The centre Z(N) of
the nucleus N (@, -) of a Basarab loop (@), -) was shown to be a normal subloop of (@, ). If a
Basarab loop (@, -) is not a group, it was proved that the quotient loop Q/Z(N) is a group. A
Basarab loop generated by one element was proved to be solvable, and it was established that
every subloop of a Basarab loop generated by one element is solvable. It was proved that the
centre and the nucleus of a Basarab loop with an automorphic inverse property coincide, and

that every Basarab loop with an automorphic inverse property is nilpotent.

Effiong (2017) studied a Basarab loop. The results showed that the left, right and middle
nuclei of the Basarab loop coincide, and the nucleus of the Basarab loop was obtained to be
the set of elements = of the Basarab loop permitting their middle inner mapping 7. to be in
the automorphism group of the Basarab loop. The following results were also established:
a Basarab loop is flexible if and only if it has an alternative property; a Basarab loop has a
cross inverse property if and only if it is an abelian group; a Basarab loop has a left inverse
property if and only if it is flexible; a Basarab loop has a right inverse property if and only
if it is flexible; a Basarab loop has an inverse property if and only it is flexible; a Basarab
loop is a Moufang loop if and only if it is an extra loop; a Basarab loop is a right central
loop if and only if it is a right Bol loop; a Basarab loop is a left central loop if and only if
it is a left Bol loop; a Basarab loop is a central loop if and only if it is a Moufang loop; a
Basarab loop is an extra loop if and only if it is a Moufang loop; a Basarab loop is a group

if and only if the middle inner mapping of the Basarab loop is an automorphism; a Basarab
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loop is a right Bol loop if and only if it is a right central loop; a Basarab loop is a left Bol
loop if and only if it is a left central loop; a Basarab loop is a Bol loop if and only if it is a

flexible central loop; and a Basarab loop is a Buchsteiner loop if and only if it is a Moufang loop.

Jaiyéold & Effiong (2018) investigated Basarab loop and its variance with inverse properties.
It was shown that a Basarab loop (@, -) has the cross inverse property if and only if (Q,-) is
an abelian group or all left (right) translations of (@, -) are right (left) regular. In a Basarab
loop, the following properties are equivalent: flexibility property, right inverse property, left
inverse property, inverse property, right alternative property, left alternative property and al-
ternative property. The following were proved: a Basarab loop is a weak inverse property
loop if it is flexible such that the middle inner mapping is contained in a permutation group; a
Basarab loop is an automorphic inverse property loop if a semi-commutative law is obeyed such
that the middle inner mapping is contained in a permutation group; a Basarab loop is an anti-
automorphic inverse property loop if every element has a two-sided inverse such that the middle
inner mapping is contained in a permutation group; a Basarab loop is a semi-automorphic in-
verse property loop if the Basarab loop is flexible, the middle inner mapping is contained in a
permutation group such that a semi-cross inverse property holds; and a Basarab loop with the
m-inverse property such that a permutation condition is true is a cross inverse property loop if
it is flexible. Jaiyéola & Effiong (2021) studied the generators of the total multiplication group
of Basarab loop and it was shown that a Basarab loop is a totally automorphic loop if and only

if it is a commutative and flexible loop.

2.2 Specific Literature

Chiboka (1990) constructed a certain finite order G-loops. In Chiboka & Solarin (1991), the

holomorphs of conjugacy closed loops were studied. The following results were established:
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if a group of automorphisms of a loop (Q,-) is given which satisfies the inverse property,
then the holomorph of (@, ) is conjugacy closed if and only if (@, -) is conjugacy closed and
every automorphism of () is nuclear; and if (Q,-) is an inverse property conjugacy closed
loop, then each right inner mapping is a nuclear automorphism. Jaiyeola (2006a) studied
the holomorphs in the Smarandache concept in loops and the following were established:
if two loops are isomorphic, then their holomorphs are also isomorphic, conversely, if their
holomorphs are isomorphic, then the loops are isotopic; a loop is a Smarandache loop if and
only if its holomorph is a Smarandache loop; a loop is an inverse property Smarandache loop
if and only if its holomorph is an inverse property Smarandache loop; and a loop is a weak
inverse property Smarandache loop if and only if its holomorph is a weak inverse property
Smarandache loop. Jaiyeola (2008¢) studied the holomorphic structure of automorphic inverse
property quasigroup [AIPQ and (AIPL)] and cross inverse property quasigroups and loops
[CIPQ and (CIPL)]. It was proved that the holomorph of a loop is a Smarandache; AIPL, CIPL,
K-loop, Bruck-loop or Kikkawa-loop if and only if its Smarandache automorphism group is

trivial and the loop is itself a Smarandache; AIPL, CIPL, K-loop, Bruck-loop or Kikkawa-loop.

Adéniran, Jaiyéold, & Idowu (2014) studied the holomorph of generalized Bol loops. The
notion of the holomorph of a generalized Bol loop and generalized flexible-Bol loop were char-
acterized. With the aid of two self-mappings on th holomorph of a loop, the following results
were proved: the loop is a generalized Bol loop if and only if its holomorph is a generalized
Bol loop; the loop is a generalized flexible-Bol loop if and only if its holomorph is a general-
ized flexible-Bol loop. Jaiyeola (2015) characterized afresh the notion of the holomorph of a
generalized Bol looop (GBL). The following results were established: the holomorph of a right
inverse property loop (RIPL) is a GBL if and only if the loop is a GBL and some bijections of
the loop are (middle) regular; and the holomorph of a RIPL is a GBL if and only if the loop is

a GBL and some elements of the loop are right (middle) nuclear. Isere, Adéniran & Jaiyéola
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(2015) deduced some commutative diagrams for holomorphy of Osborn loops by considering
isomorphisms among the various groups of regular bijections and the nucleus of the loop.

Jaiyéol4, David, Ilojide & Oyebo (2017) explored the structure of the holomorph of a middle
Bol loop. The following results were established: for some automorphisms, the holomorph
of a commutative loop is a commutative middle Bol loop if and only if the loop is a middle
Bol loop and its automorphism group is abelian and a subgroup of both the group of middle
regular mappings and the right multiplication group; commutativity (flexibility) is a necessary
and sufficient condition for holomorphic invariance under the existing isostrophy between
middle Bol loops; and the right combined holomorph of a middle Bol loop is equal to the
holomorph of the middle Bol loop if and only if the automorphism group is abelian and a
subgroup of the multiplication group of the middle Bol loop. Ogunrinade, Ajala, Olaleru, &
Jaiyeola (2019) considered the holomorph of self-distributive quasigroup with key laws. It was
shown that given a quasigroup (@, -), its holomorph obeys the key laws if and only if there
exists a subsemigroup which obeys the key laws and the generalized key laws in (@, -). Tlojide,
Jaiyeola & Olatinwo (2019) investigated the holomorphy of Fenyves BCI-Algebras. It was
proved that if a loop and its holomorph are BCI-algebras, then the former is a BCI-algebra if

and only if the latter has a BCK-subalgebra.

Jaiyeola (2005) carried out an isotopic study of properties of central loops. The following
results were established: constuction of a known C-loop and its isotope; the automorphism
group of a loop is a group of exponent 2 which characterizes the isotopism of loops with the
same carrier set by inner mapping and automorphism; the left central and right central identities
are isotopic invariant properties, and the same is true for the central identity if the loops are
alternative central square; there exists a system of isotopic central loops that obeys a kind of
generalized distributive law; and a C-loop of exponent 4 and a central square C-loop exist if

some autotopisms exist. Jaiyeola & Adeniran (2006) studied the derivatives of central loops.
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The right (left) derivative isotopes of C-loop were proved to be C-loops. It was shown that
C-loops are isotopic to some finite indecomposable groups of the classes D;,7 = 1,2,3,4,5
and that the center of such C-loops have a rank of 1,2 or 3. Jaiyeola (2009c) examined the
universality of central loops. The following results were established: an LC (RC)-loop is a
left (right) universal loop; an LC (RC)-loop is a universal loop if and only if it is a right (left)
universal loop; if a RC-loop (LC-loop, C-loop) is universal, then it is a right Bol loop (left Bol,
Moufang loop) respectively; if a loop and its right or left isotope are commutative then the loop
is a C-loop if and only if its right or left isotope is a C-loop; and if a C-loop is central square and
its right or left isotope is an alternative central square loop, then the latter is a C-loop. Jaiyeola
& Adeniran (2009a) investigated the representation sets of central loops and the obtained
results were used to construct a finite C-loop. It was proved that for certain types of isotopisms,
the central identities are isotopic invariant. Jaiyeola (2008¢) studied the holomorphic structure
of automorphic inverse property quasigroups and loops [AIPQ and (AIPL)] and cross inverse
property quasigroups and loops [CIPQ and (CIPL)], it is established that the holomorph of
a loop is a Smarandache; AIPL, CIPL, K-loop, Bruck-loop or Kikkawa-loop if and only
if its Smarandache autophism group is trivial and the loop is trivial and the loop is itself a

Smarandache; AIPL, CIPL, K-loop, Bruck-loop or Kikkawa-loop.

Jaiyeola (2008b) presented a special type of isotopism under which m-inverse quasigroups are
isotopic invariant. It was shown that if two distinct quasigroups are isotopic under 7 - condition
and any one of them is an m-inverse quasigroup and has a trivial set of m-weak inverse permu-
tatios, then the two quasigroups are both m-inverse quasigroups that are isomorphic. Jaiyeola &
Adeniran (2009c) proved two distinct isotopy-isomorphy conditions for a weak inverse property

loop. It was established that if (G, ) and (H, o) are two distinct loops that are isotopic under

the triple (A, B, C). In addition, if the pair of (G, ) and (H, o) obey the T -condition then (G, )

is a WIPL if and only if (H, o) is a WIPL. Jaiyeola (2011c) examined Smarandache isotopy of
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second Smarandache isotope of a special loop is Smarandache isomorphic to a Smarandache
principal isotope of the special loop. It was shown that every special loop that is Smarandache
isotopic to a second Smarandache Bol loop is itself a second Smarandache Bol loop. Still on
Smarandache concept, Jaiyeola (2006b) studied the universality of some Smarandache loops of
Bol-Moufang type.

Over the years, researchers have delved into the properties of Osborn loops. Jaiyeola & Adeni-
ran (2009b) solved Michael Kinyon’s 2005 open problem. This problem was focused on the
universality of Osborn loops, and these authors proved that it is not every Osborn loop that is
universal. Jaiyeola (2008e) worked on the universality of Osborn loops. The following were
proved: an Osborn loop is universal if and only if any of its f, g -principal isotopes is isomor-
phic to a left principal isotopes of the loop and right universal if and only if any of its f, e-right
principal isotopes is ismorphic to some principal isotopes of the loop.

Jaiyeola (2012b) re-affirmed that an Osborn loop is universal if and only if some of its principal
isotopes are isomorphic to some other principal isotopes of the loop. Jaiyeola (2013b) estab-
lished some new identities for universal Osborn loop and left (right) universal Osborn loop. It
was shown that these identities are true for Moufang loops, extra loops, CC-loops, VD-loops
and universal WIP loops. Jaiyeola (2014) examined universal Osborn loops. The following
results were established: a loop is a universal Osborn loop if and only if it has a particular sim-
plicial complex; a loop is a universal Osborn loop and obeys two new identities if and only if it
has another simplicial complex; a universal Osborn loop pyramid and four of its isotopes form
a rectangular pyramid in a 3- dimentional space. A simplicial complex is a pair (V,.S) where
V' is a set of points called vertices and S'is a given family of finite subsets, called simplexes, so
that all points of V' are simplexes, and non-empty subset of a simplex is a simplex.

Two new identities that characterize universal (left and right universal) Osborn loops were es-
tablished in Jaiyeola & Adeniran (2009d). It was further proved that a conjugacy closed loop

is said to be diassociative if and only if it is power associative and has a weak form of dias-
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sociativity. Jaiyeola & Adeniran (2011) established eight non equivalent sufficient conditions
under which an arbitrary loop is a G- Osborn loop. Jaiyéola, Adéniran & Solarin (2011a) ex-
pressed the 2005 open problem, "Does there exist a proper Osborn loop with a trivial nucleus?”
for finite Osborn loops in terms of the orders of the nucleus, ond Bryant-Schneider and auto-
morphism groups of the loop. Some sufficient conditions for the non-existence of a universal
(left,right universal) Osborn loop with trivial nucleus were also deduced.

Isere, Adéniran & Jaiyéola (2021) studied some properties of Latin quandles that are applicable
in cryptography. They established some necessary and sufficient conditions for four distinct
cores of Osborn loop and used these results to build cipher algorithms. In Jaiyéola, Adéniran
& Soléarin (2011b), for universal (left and right universal) Osborn loops, it was shown that
every CC-quasigroup is isotopic to an Osborn loop if and only if every CC-quasigroup obeys
any of the two identities that characterize universal (left and right universal) Osborn loops.
It was further shown that an Osborn loop is universal if and only if any of its f, g- principal
isotopes is isomorphic to some principal isotopes of the loop. Jaiyeola, Ilojide & Popoola
(2013) studied some polynomials that generate quasigroups over the ring Z, with regards to
their isotopy structure. Jaiyeola, Ilojide, Saka & Ilori (2020) studied some varieties of Fenyves
Quasi Neutrosophic Triplet loop and their isotopy. The results obtained were applied to health
sciences. Necessary and sufficient conditions for a groupoid istope of a BCI-algebra to be a
BCl-algebra were established. BCI-algebras are quasi neutrosophic loops, while Fenyves BCI
are BCI-algebras that satisfy the 60 Bol-Moufang identites. It was shown that for BCI-algebras,
associativity is isotopic invariant. These authors applied their results to the initial (old, sick or
healthy) state of a person, and the final (new, healthy or sick) state of the person as a result
of the prescribed medical treatment. Interestingly, these authors proved an isotopism in health
sciences to be a measure of the change from the old state of a body condition to the new state.
Adeniran, Oyebo & Mohammed (2011) investigated certain isotopic maps of a C-loop. It was

shown that the holomorph of a C-loop is a C-loop if each element of the automorphism group
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of the loop is left nuclear. Condition under which an element of the Bryant-Schneider group of
a C-loop forms an automorphism was established. It was proved that elements of the Bryant-
Schneider group of C-loop can be expressed as a product of pseudo-automorphisms and right
translations of elements of the nucleus of the loop. These authors were able to established
that the Bryant-Schneider group of a C-loop is a kind of generalized holomorph of the loop.
Necessary and sufficient conditions for the holomorph of a loop to be a C-loop were established.
Kinyon & Kunen (2004) studied the structure of extra loops. It was shown that every finite
nonassociative extra loop has a nontrivial center. Also, an infinite nonassociative extra loop
with a trivial center was constructed, and necessary and sufficient conditions for a loop to be
an extra loop were given. The authors described those groups which could form the nuclei of
nonassociative extra loops. They proved that if there is a nonassociative extra loop with the
nucleus being a group, then the center of the nucleus contains an element of order 2. Also, an
extra loop is solvable if and only if its nucleus is solvable.

Kinyon, Kunen & Phillips (2004) studied the diassociativity in conjugacy closed loops (CC-
loop). It was proved that the center of the nucleus of a CC-loop contains all the associators of
elements of the loop. If in addition, the CC-loop is diassociative (that is, an extra loop), then
all the associators of elements of the CC-loop have order 2. It was shown that a CC-loop with
the AAIP is an extra loop. In any CC-loop, the nuclei of the loop coincide and the nucleus is a
normal subloop of the loop. The authors further established that every commutative CC-looop
is a group. These authors also investigated the associators and inner mappings of a CC-loop.
It was established that the nucleus of a nonassociative CC-loop has a nontrival center which
contains the subgroup generated by the associators.

Kinyon & Kunen (2006) studied CC-loops and power-associative CC-loops (PACC-loops). It
was proved that if @) is a PACC-loop with nucleus N, the quotient (/N is an abelian group
of exponent 12. The authors studied some sets such as the set of Moufang elements, the set

of weak inverse property (WIP) elements, and the set of extra elements. It was proved that in
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a CC-loop, the set WIP and the sets of extra elements are normal subloops. The authors also
investigated the associator subloops of a loop, and they established some properties for some
associator subloops of the given loop to be subgroups of the nucleus. Equivalent forms for
identities of a CC-loop were obtained and used in establishing more properties of a CC-loop.
Interestingly, examples of a CC-loop and PACC-loop were constructed respectively.

Nagy & Strambach (1994) investigated left CC-loops (LCC-loops). It was proved that a loop
with the inverse property is left conjugacy closed if and only if it is an extra loop. It was
further emphasised that such a loop is conjugacy closed. The authors constructed examples
of LCC-loops and CC-loops. One of such constructions was used to establish that there exist
LCC-loops which are not conjugacy closed but are G-loops. Goodaire & Robinson (1982),
defined the center of a loop to be the set of elements of the loop that are commutative and are
in the nucleus of the loop. It was shown that in any CC-loop, the right and left inner mappings
are automorphisms. Goodaire & Robinson (1990) established that a CC-loop with the inverse
property is an extra loop.

Drapal (2004) studied CC-loop and their multiplication groups. The author stated clearly that
groups are those loops in which the right translation mappings 7, (and also the left translation
mappings L) are closed under composition, that is, 12, R, is always equal to some I?.). The
author identified and proved some basic properties of a CC-loop. It was established that if a
loop is conjugacy closed, then its left and right multiplication groups are normal subgroups of
its multiplication group. It was shown that in a CC-loop, the left and right inner mapping groups
are equal. The inner mapping group of a CC-loop () was shown to be generated by the set of
its middle inner mapping 7, for every x in (), and the right and left inner mapping group of a
CC-loop @ is a normal subgroup of the inner mapping group of ). The nucleus of a CC-loop
was proved to be a normal subloop. It was also proved that every CC-loop is a G-loop. Drépal
& Kinyon (2020) studied normality and nuclear squares of some loops. They showed that every

Osborn loop has a normal nucleus and this nucleus coincides with the left, right and middle
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nuclei.

Syrbu & Drapal (2019) worked on total multiplication groups of loops. It was established that
the multiplication group of an inverse property loop () is a normal subgroup of index two of
the total multiplication group of (). The authors gave a set of mappings which generates a total
multiplication group. The authors investigated the centre of the total multiplication group, and
they established that if two loops are isostrophic then the center of their total multiplication
group are isomorphic. It was proved that for a middle Bol loop, its multiplication group is a
normal subgroup of its total multiplication group, and that its inner mapping group is a normal
subgroup of its total inner mapping group.

Phillips & Stanovsky (2012) studied Bruck loops with abelian inner mapping groups and it was
established that Bruck loops with abelian inner mapping groups are centrally nilpotent of class
at most 2. The condition that inner mapping of a loop is abelian was expressed in a set of
equations. Using these equations, the authors were able to described the definition of centrally
nilpotent of class 2 in a form of equation. Kinyon, Veroff & Vojtéchovsky (2013) investigated
loops with abelian inner mapping group and it was proved that the quotient G/N(G) is an
abelian group where G is an abelian inner mappings left central loop and N (G) is the nucleus
of G.

All the above work did not look into the form of isotopes, holomorphs and associators of a

Basarab loop. This research work will be focused on these properties.
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Figure 2.1: Hasse Diagram for Basarab loops
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CHAPTER THREE

METHODOLOGY

3.1 Introduction

Let () be a non-empty set, and let - be a binary operation defined on (). If, for every z, y €
Q, T -y € Q,then (Q,-) is called a groupoid. Bruck (1966) used the name groupoid to refer
to a magma. Let (@, -) be a groupoid, and let = be a fixed element in (Q, -). Then the left and

right translation maps of ), L,, R, : () — () can be defined respectively by
yL, =2 -yandyR, =y -z

Let (@, ) be a groupoid. If for every =, y € @, the equations a - x = band y - a = b have
unique solutions for z and y respectively, then (@, -) is said to be a quasigroup.

Equivalently, a groupoid (@, -) is a quasigroup if its left and right translation mappings are
bijections or permutations. Then for quasigroups, the inverse mappings L ! and R, ! exist, and

x\y =yL;"and z/y = 2R, ", for every z,y € Q. Here,

\y=z < zv-z=yandzx/y=2 < z-y=u.
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Thus, (@, \) and (Q, /) are also quasigroups.
A quasigroup (@, -, /,\) is a set () equipped with three binary operations of multiplication (-),

right division (/), and left division (\) such that for all =,y € @ :
(i) z-(z\y) =y, (y/z) -z = y; and
(i) z\(z-y)=u. (y-2)/z =y.

Here, x - y/z and z - y\z stand for z(y/z) and x(y\z) respectively. Suppose that (().-) be a
quasigroup with a unique element ¢ € () such that for every z € ), x-e = e - x = z, then
(@, -) is said to be a loop.

There exists an element z* € @ for every z € @ such that z* - © = e and the element 2
is called the left inverse element of x € (). Also, there exists an element z” € (), for every
x € @ such that x - x” = e and the element x” is called the right inverse element of x € Q).
Suppose that ¢ is an element of a quasigroup (Q, -) and for every x € Q, e’z = x, then e* is
called a left identity element. Similarly, if e” is an element of a quasigroup (@, -) and for every
r € @, xef = z, then e is called a right identity element. The element 2 = z.J, € () is
called right inverse element if z2” = e for all x € Q. The element 2* = x.J, € Q is called left
inverse element if z*z = e* for all x € Q, (Jaiyeola, 2009b). A loop (@, -) is called a Basarab

loop (or K-loop), if the identities:

(@ -y(zp)) - (w2) =x-yz, (y-2)-((x)x-2)-2)=yz-x

-1 -1

(xd,=a", xJy = ly ady 2= Tlrez)

hold for all z,y,z € Q). A loop (Q,-) is called an automorphic inverse property Basarab loop
(or I K-loop) if (@, -) is a Basarab loop and the mapping J of (@, -) is an automorphism of the

loop (@, -), (Basarab, 1992).

25



Theorem 3.1.1. (Basarab, 1997)

Let (@, -) be a Basarab loop.
1. N(Q,-) contains the associator of any three elements of Q).
2. The quotient loop Q/Z(Q), -) is a group.
3. If (@, -) is generated by one element, then it is solvable.
4. If (@, -) has the automorphic inverse property, then it is nilpotent.

Theorem 3.1.2. (Basarab, 1992)

Let (@, -) be a Basarab loop.
1. N(Q,-) is a nontrivial normal subloop.
2. The quotient loop @ /N (@, -) is an abelian.
3. If N(Q, -) has an odd order, then (@, -) is solvable.
Theorem 3.1.3. (Basarab, 1996)
1. Any Basarab loop (any V' D-loop) is a G-loop.
2. Any Basarab loop (V' D-loop) is an Osborn loop.
3. A Basarab loop (Q,-) is a V D-loop if 2* € N(Q, -) for any x € Q.

4. AV D-loop (Q, -) is a Basarab loop if 22 € N(Q, ) for any = € Q.

3.2 The Use of Parentheses

Let @ be a groupoid. If yxr = e for all x,y € @Q, y is called a left inverse of x. If y is the
unique left and right inverse of z, we write y = 2~ 1. Let # € () and m € N, then we can speak

of ° = 1, x(z™ ') = 2™. Also, if 27! is the unique inverse then (x~*)™ = z~™. Applying
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this to left translation mapping we have eL]' = 2™, where e is the identity element. The use
of parentheses is applied in the study of quasigroup and loops. Hence, the dot-convention are
sometimes applied for parentheses. For instance, letz,y, z € Q,; z(yz) = x-yz, (vy)z = xy-2,
and 2"y = (2")y, zy™ = z(y") for n € Z. Let () be a groupoid, an element = € () is called left
(right) alternative if 2%y = x - 2y (y2* = yx - ) forall y € Q. Also, an element z € Q is a left

power alternative if for all n € Z, x and L, each have an inverse such that L,» = L.

Lemma 3.2.1. (Kiechle, 2000)

Let () be a groupoid, then the following are true:
(i) if every element in Q has a unique inverse, then (z7!)~! = z, for z € Q;
(i) an element = € Q is left alternative if and only if L,> = L2;
(iii) ) is a left loop if and only if L, is bijective for every y € )

Also, an element x € () is a right power alternative if for all n € Z, x and R, each have an

inverse such that R,» = R7.

Lemma 3.2.2. (Kiechle, 2000)

Let () be a groupoid, then the following are true:
(i) if every element in Q has a unique inverse, then (z7!)~! = z, for z € Q;
(i) an element = € Q is right alternative if and only if R,» = RZ;

(iii) ) is a right loop if and only if R, is bijective for every y € )

3.3 Construction of a loop

Lemma 3.3.1. (Nagy & Strambach (1994))

Let F be a field with 3 elements and denote by F* the multiplicative group of F. Define on
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Q) = F x F* the multiplication (a ,«a)(b,3) = (ab,(a —1)(b—1) + ab+ /). Then a loop

Q =F x F*,with e=(1,0), g=(1,1)and h = (—1,0) is obtained.

Theorem 3.3.1. (Nagy & Strambach (1994))
Let G and H be abelian groups and g : G x G — H be a mapping with g(a ,0) = g(0 ,a) =0

for any a € G. Then the multiplication o on G x G given by

(a,a)o(b,B)=(a+b,a+ B+ g(a,b))

defines a loop Q(g) with the identity (0,0).If (a ,«)(b, ) = (¢ ,~) then

(CL, a):(C,y)/(b,ﬂ):(c—b,’y—ﬂ—g(c—b,b)),

(b7ﬁ) = (CL,O()\(C,’}/) :(C_a77_a_g(aac_a))'

Corollary 3.3.1. (Nagy & Strambach (1994))

The loop Q(g) is a left conjugacy closed loop if and only if

(a,0)o[(b,B)o(c,y)]={lla,a)o(b,B)]/(a,)}ol(a,a)o(c,7)],

forall a,b,c € G and «, B,y € H. This identity is equivalent to the relation

gb,c)+gla,b+c)=gla,b)—gb,a)+gla,c)+gb,a+c)

forall a,b,c € G.

Corollary 3.3.2. (Nagy & Strambach (1994))
Let G and H be abelian groups and g : G x G — H be a mapping with g(a ,0) = g(0 ,a) =0
forany a € G. If g(a ,-) : G — H is a homomorphism of abelian groups for any fixed a € G

then ()(g) is a left conjugacy closed loop.
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3.4 Multiplication Group

Aloop (@, ) is a set () with a binary operation such that the following conditions are satisfied:

(i) for each x € @), the left translation L, : () — @); y — xy is a bijection;
(ii) for each = € @, the right translation R, : Q — Q); y — yx is a bijection;

(iii) there exist e € () such thate-x =x-e =z forall x € Q.

Given a loop (@, -), the set of all left translations L, : ) — Q; y — xy generates a permutation
group on () which is known as the left multiplication group of (), and denoted by M, (Q, ).
The set of all right translation R, : () — @); y — yx generates a permutation group on (),
called the right multiplication group of (), and denoted by M, (@, -). Then the multiplication

group of () is the set M(L,-) = <{Rx, RYL,,L7' : z€ L}>

Lemma 3.4.1. (Figula, 2009)

Let L be a loop with multiplication group M (L, -) and e its identity element.

(i) Let o be a homomorphism of the loop L onto the loop aL with kernel N. Then N is a
normal subloop of L and « induces a homomorphism of the group M(L, -) onto group

M(a(L,-))

(ii) For every normal subgroup N of M(L, -) the orbit N (e) is a normal subloop of L. More-

over, N < M(N(e)).

Theorem 3.4.1. (Smith, 2007)
Let G be a group. Then there are group isomorphisms R : G — M, (G, -);g — R, and

L:G— Mx(G,-); g — Ly-1. Moreover, there is an exact sequence

e — Z(G) 25 G x G~ M(G,-) —> e
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of groups with A : z — (2 ,2)and T : (a ,b) — RyL;".

Theorem 3.4.2. (Drapal, 2004)
Let G be a loop, and let M (G, ) and M, (G,-) be its left and right multiplication groups,
respectively. Then M, (G, ) = (L,L,L;}

sx,y € G),M,, (G,-) = (RyR, R}z, y € G),

Ty yx

and Inn(G,-) is generated by My, (G, -) U M, (G,-) U{T; : x € G}.

Lemma 3.4.2. (Drapal, 2004)
Let (G, -) be aloop and let M, (G, -) and M (G, -) be its left and right multiplication groups,
respectively. Let C(G) be the centrum of (G, -) and put H = M, (G, -). Then Cy (M, (G, ")) =

{L; 2z € N\}and Cy(M,(G,-)) ={R, : v € N,}.

Theorem 3.4.3. (Drapal, 2004)

Let (G, -) be aloop and let M, (G, ) and M (G, -) be its left and right multiplication groups,
respectively. Then Z(M,(G,)) = {L, : x € N,} (Y M,(G,-)and Z(M(G,-)) ={R, : x €
N} YMA(G, ).

3.5 Total Multiplication Group

Let (G, -) be a quasigroup and z € G. The left, right and middle translations by x, denoted
by L., R, M,, respectively are mappings from the symmetric group S, defined as follows:
yL, =x-y, yR, =y -z, yM, = y\z, forall z,y € G. The groups M(G <Lx, R, |z €
G) and Ty(L,-) = (Ls, Ru, M, |z € G) are called the multiplication group and the total
multiplication group of (G, -), respectively. If (G, -) is a loop, then its inner mapping group
is denoted by Inn(G,-) and the total inner mapping group of (G, -) is denoted by 77,,(G, -),

(Stanovsky & Vojtéchovsky, 2014).

Theorem 3.5.1. ( Syrbu & Drapal (2019))

If (G, -) is an IP-loop then M (G, -) is a normal subgroup of index two of the group T((L, -)
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Theorem 3.5.2. ( Syrbu & Drapal (2019))

If (G, -) is an RIP-loop or an LIP-loop then Ty(L,-) = <M(G, ), I>,

Lemma 3.5.1. ( Syrbu & Drapal (2019))
If (G,-) is loop with unit e, then the generators of Inn.(G,-) = Inn(G,-) are: L,, =

L,L,L7', Ry, = R,R,R;}, T, = R,L;".

Ty Ty’
Theorem 3.5.3. ( Syrbu & Drapal (2019))
If (G,-) is a loop, then 71, (G,*) = (Luy; Ruy; Toy Puy; Us | 2,y € G), where P, =

MxMnyRgl, U, = R, M,.

Corollary 3.5.1. ( Syrbu & Drapal (2019))
If (G, -) is a power associative loop, then

Tinn(G, ) = (Lay: Roy Poy: Uy | 2,y € G), where Py = MyM,L, R, U, = R, M,.

Corollary 3.5.2. ( Syrbu & Drapal (2019))
If (G, -) is a middle Bol loop, then

Tinn(G,+) = (Ray Proy; Uy |,y € G), where P,y = MyM,L,R,", U, = R, M,.

Theorem 3.5.4. ( Syrbu & Drapal (2019))

If (G, -) is a middle Bol loop, then M(G,-) < Ty(L,-) and Inn(G,-) < Trnn(G, -)

Lemma 3.5.2. ( Syrbu & Drapal (2019))

A loop (G, -) is called a middle Bol loop if the corresponding e-loop (G, - /,;\) satisfies the

identity z(yz\z) = (z/2)(y\z).

3.6 Isotopy Theory

The triple (U, V, W) such that U, V,W € SY M(Q) is called an autotopism of (@), if and only

if alU - bV = (a - b)W, for all a,b € Q. If (Q,-) and (G, o) are any two loops. Then the
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triple (U, V,W) : (Q,-) — (G,o) such that U, V,W : Q — G are bijections is called a loop
isotopism if and only if aU obV = (a-b)W, forall a,b € Q). By component-wise composition,

the set of all autotopisms of () forms a group called the autotopism group of Q.

Definition 3.6.1. (Pflugfelder, 1990)

Let (G, -) be a quasigroup. Then

1. abijection U is called autotopic if there exists (U, V, W) € AUT (G, -); the set of all such

mappings forms a group 3(G, -).

2. abijection U is called p-regular if there exists (I,U,U) € AUT(G, -); the set of all such

mappings forms a group P(G, -).

3. abijection U is called A\-regular if there exists (U, [, U) € AUT(G, -); the set of all such

mappings forms a group A(G, ) < X(G, ).

4. a bijection U is called p-regular if there exists a bijection U’ such that (U, U~ 1) €
AUT(G,-). U’ is called the adjoint of U. The set of all p-regular mappings forms a

group ®(G, +) < (G, ). The set of all adjoint mapping forms a group ¥ (G, -).
Theorem 3.6.1. (Bruck, 1966)
(i) Every isotope of a quasigroup is a quasigroup.

(ii) If the loop (@, o) is isotopic to the loop (@, -), the left, right and two-sided multiplication

groups of (@), o) are respectively isomorphic.

(iii) If the loop (@, o) is isotopic to the loop (@, -), the left, middle, and right nuclei of (@, -)

are respectively isomorphic to those of (@, o) and the center of (@, -) is isomorphic to

that of (@, o).

(iv) If the loop (@, o) is isotopic to the loop (@), -) and if ¢ is a homomorphism of (@), -) upon

aloop (G, -), then ¢ induces a homomorphism of (), o) upon a loop (G, o).
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(v) Every loop isotopic to a Moufang loop is Moufang.

Let the triple (U, V, W) be an isotopism from a loop (@, -) onto another loop (G, o), then @
and G are called loop isotopes. If Q = G and W = [ (identity mapping) then (U, V) is
called a principal loop isotopism. Then (G, o) is called a principal loop isotope of (G,-). If
U =V = W, then U is called an isomorphism. This means, an isotopism with three equal

components forms an isomorphism.

Theorem 3.6.2. (Smith, 2007)
If a loop is isotopic to a group, then it is isomorphic to the group. In particular, isotopic groups

are isomorphic.

Proof. Let (G, -) be a loop. It suffices to consider a principal isotopy

(g,h,eg)l(G,O,G)—>(G,O,/,\)

between a loop structure (G ,o ,e) and a group structure (G ,o ,/ ,\) on a set G, so that
a?-b" = aobfora,b € G. Since, €9 -b" = eob = b, it follows that b" = e9\b. Also, a? = a/e".
Then (9 -a -e")o(ed -b -eh) =e9-a-b-e", whichmake (G,-) — (G,-); f—e9- f-e"

as the required isomorphism. O]

Theorem 3.6.3. (Nagy & Strambach (1994))
Let ) be a loop and let L be the group generated by the left translations L, : ) —, h € Q.

The following conditions are equivalent for the loop Q:
(i) the set { Ly, h € Q} is invariant under the inner automorphisms of L;
(ii) a\ (bc) = a\(ba) - a\c for all a,b, c € Q;
(iii) a - bc = (ab)/a - acfor all a,b, c € Q;

(iv) the triples (R, L', L', L_') are autotopisms of @ for all a € Q;
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(v) the triples (L, R; ', L,, L,) are autotopisms of Q for all a € Q.

Proof. Putting (ab)/a = z and ac = y then the equivalence of the conditions (ii) and (iii) is
obtained. The conditions (ii) and (iv), respectively (iii) and (v) are equivalent by the definition
of an autotopism of (). If the condition (i) holds, then for any a, b € () there exixts an element
¢ € Q such that L,LyL, = L.. This implies, aL;'LyL, = ab = ca and ¢ = (ab)/a or
wL,;'LyL, = xLay/q. And with ¢ = 2L " the last relation gives a - bc = (ab)/a - ac. From (iii)

above, (1) is obtained immediately. L]

Lemma 3.6.1. (Nagy & Strambach (1994))
Let (@, -) be aloop and let (Q*, ) be a principal isotope of () with the multiplication (a, b) —

a*bgivenby a x b = a/x - y\b, where x, y are fixed elements in Q.

The loops with multiplication a x b = a/x - b or a*b = a - y\b are said to be left or right

isotopic to (), respectively.

Corollary 3.6.1. (Nagy & Strambach (1994))

Every principal isotopism is a composition of a left and a right isotopism.

Corollary 3.6.2. (Nagy & Strambach (1994))
The class of left conjugacy closed loops is closed with respect to left isotopisms. Moreover, the

left translations are isomorphisms between left isotopic left conjugacy closed loops.

Proof. Let () be aloop and let () be a loop which is left isotopic to Q. Then the left translations
L, of Q are given by L, = L,, for some fixed € Q. Thus, the set {L,, a € Q} of left

translations of Q} coincides with the set {L,, a € Q} of left translations of Q. O]

Nagy & Strambach (1994) noted that the multiplication b o ¢ = b/a - ¢ which defines a loop left
isotopic to () is related to the multiplication of () by the isomorphism b — ab because of the

identity in Theorem 3.6.3 (iii).
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Lemma 3.6.2. (Drapal, 2004)
Let G be a loop and let U and V' be permutations of G such that (U, V, W) or (V,U,U) is an

autotopism. If U(e) = e, then U = V and V' is an automorphism.

Lemma 3.6.3. (Isere, Adéniran & Jaiyéola 2015)

Let (G, ) be a loop. Let

Wi P(G,) = N(G,) T (U) = eU,9 : A(G, ) — NA(G,-) 1 9(U) = eU, o : B(G,-) — U(G, ")

toU)=U",0:2(G,") > N,G,")To(U)=eUand 5 : ¥(G,-) = N,(G,-) 1t B(U") = elU’

Then P(G,-) = N,(G,-), AG.) = N\(G,), (G) £ WG, o(G) =
N#(Gv )7 ‘P(Gv) gNu(Ga )

3.7 Holomorphy of a Loop

Let (Q,-) be a loop, A(Q) is a group of automorphisms of loop (@, -) and let G = A(Q) x @
and define (U, a) o (V, b) = (UV, aV -b) forall (U,a), (V, b) € G. Then the loop (G, o) is

called A(Q)—holomorph of (@, -) or simply holomorphy of (@, -), (Chiboka & Solarin, 1991).

Theorem 3.7.1. (Adeniran et al. 2011)
Let (Q,-) be an LC- loop and A(Q) be a group of automorphism of (Q,-). Then the
A(Q)—holomorph (G, o) of (@, -) is an LC- loop if and only if (aU - ab)c = aU (a - be) for all

a,b,c € Qand forall U € A(Q).

Proof. Suppose, A(Q))—holomorph (G, o) of (@, -) is an LC- loop then

{(U, a)o[(U, a) o (V, b)]} o (W, ¢) = (U, a) o {(U, a) o[(V; b) o (W, )]}
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forall a,b,c € @ and for all U, V,W € A(Q). Thus,

{(U, a)o (UV, aV -b)} o (W, ¢) = (U, a) o {(U, a) o (VW, bW - ¢)}
{U-UV, aUV - (aV -b)} o (W, ¢) = (U, a) o {(U - VW, aVW - (bW - ¢))}

(U -UVYW, [aUV - (aV - b)]W - ¢} = {UU - VW), (aU - VW) (a- VIV)(BW - )}

forall a,b,c € Q and for all U, V,W € A(Q). Therefore,

(@UV - (aV -))W -c=aU-VW)-((a- VW) - (bW -¢))

forall a,b,c € Q and for all U, V,W € A(Q). Therefore,

(@UVW - (aVW - 0W))-c=a(U - VW) - ((a- VW) - (bW -¢))

forall a,b,c € Q and for all U, V,W € A(Q). Putting X = VIV gives

(aUX - (aX -bW))-c=a(U-X)-((a-X)- (bW -¢))

Hence, (aU - (a - WX 1)) - Xt = (aU - a(BWX ! X)) for all a,b,c € Q and for
all U, V,W € A(Q). Setting b = bW X! and ¢ = cX !, then (aU - ab)c = aU - (a - bé).
Thus, (aU - ab)c = alU(a - be) is obtained by replacing b and ¢ with b and c respectively, for all

a,b,c € Qandforall U, V,W € A(Q). By reserving the process, the converse is obtained. [

Corollary 3.7.1. (Adeniran et al. 2011)
Let (@, -) be aloop, and A(Q) be the group of all automorphism of @, then () is LC—loop if and

only if B = <LaLaU, I, LaLaU> is an autotopism of Q, for all a € ) and for all U € A(Q).

Theorem 3.7.2. (Adeniran et al. 2011)

Let (Q,:) be a loop and A(Q) be a group of automorphism of (Q,-). Then the
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A(Q)—holomorph (G, o) of (Q,-) is an RC-loop if and only if b((c - aU)a) = (bc - aU)a

forall a,b,c € Q and forall U € A(Q).

Corollary 3.7.2. (Adeniran et al. 2011)
Let (@, -) be aloop, and A(Q) be the group of all automorphism of (), then () is RC—loop if and

only if B = <I, R, R,, RaURa> is an autotopism of Q, for all a € @) and for all U € A(Q).

Theorem 3.7.3. (Adeniran et al. 2011)
Let (Q,:) be a loop and A(Q)) be a group of automorphism of (Q,:). Then the
A(Q)—holomorph (G, o) of (Q,-) is an C-loop if and only if (b - bU)a - ¢ = b(aU - ac) for

all a,b,c € Qandforall U € A(Q).

Corollary 3.7.3. (Adeniran et al. 2011)
Let (Q, ) be aloop, and A(Q) be the group of all automorphism of @), then () is C— loop if and

only if B = (R Ra, Ly }L,-1, I)is an autotopism of Q, forall a € @ and forall U € A(Q).

3.8 AIM Loops

A loop G is said to be an AIM loop (for Abelian Inner Mappings) if /nn(G) is an abelian group

(Kinyon et al. 2013).

Lemma 3.8.1. (Kinyon et al. 2013)

A nonempty subset L of aloop G is a subloop ( L < G ) ifiitis closed under the three operations

-\, and /.

Lemma 3.8.2. (Kinyon et al. 2013)

A subloop L of G isnormal (L <JG) if Ly = { lp | | € L} isequal to L for every ¢ € Inn(G).
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Let G be a loop. Then the left, right, and middle nuclei of () are given by:

N\(G)={aeGlax-y=a- -2y, Va,ye G}
N,(G)={aeG|azy-a=z-ya, Vr,yc G}

N,(G)={aeGlza-y=z-ay, Vo, yc G}

and the nucleus is N(G) = N»(G) N N,(G) N N,(G).
Thus the nucleus N(G) consists of all elements a € G that associate with all z,y € G, the
commutant C'(G) consists of all elements @ € G that commute with all z € G, and the center

Z (@) consists of all elements a € G that commute and associate with all z,y € G.

Lemma 3.8.3. (Kinyon et al. 2013)
Let G be a loop, then the inclusions N, (G) < N(G), N,(G) < N(G),

N,(G) < N(G),N(G) < Z(G) and C(G) < Z(G) hold, but not necessarily the equalities.

Lemma 3.8.4. (Kinyon et al. 2013)

Aloop G is an AI M loop if and only if the following identities hold:

TxTy = Tmi L:r:,yLz,w = Lz,wLx,ya
Rx,sz,w = Rz,wa,ya L:c,yTz = TzLx,ya

Rx,yTz = TzRa:,ya Lx,sz,w = Rz,wL;r,y

forall z,y, z,w € G.

Thus, let (Q, -) be a loop with a subloop H # (), then (Q), -) is called an H- AIM loop or H-
Abelian inner mappings loop if Inn(Q, -)|y is an Abelian group. Now, given a normal subloop
L of aloop GG, G/L denotes the factor loop G modulo L whose elements are the subsets (left
cosets) al = {al |l € G} fora € G,and aL - bL = (a - b) L. The associator, (a, b, c¢) of a,b

and ¢ in G is defined as ab - ¢ = (a - bc)(a, b, ¢) and the commutator, [a, b] of a and b in G,
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is defined as ab = ba - [a, b]. The mirror of the associator and the commutator respectively is

given as [a, b, ¢| = (a-bc)/(ab- ¢) and [a, b] = (ba)/(ab).

Lemma 3.8.5. (Kinyon et al. 2013)

If N(G) < G then G/N(G) is an abelian group if and only if the following identities hold:

[a, b, |,z y] = [z, [a, b, c, Y| = [, y,]a, b, ] = ¢

[[a, b], ¢, 2] =c, [a, b], 2] = [¢, z,[a, b]] = e, forall a,b,c,z,y € G.

Proof. Let L < G. The following conditions are equivalent: (aL - bL) - cL = aL - (bL - cL),
(ab-c¢)L = (a-be)L, ((a-bc)\(ab-c))L = L, [a, b, ]L = L,[a, b, ¢] € L. Thus Q/L is a
group if and only if [a, b,] € L for all a,b, € G. Similarly, G/L is commutative if and only if
[a,b] € G forall a,b € G.

The condition [[a, b, |, z; y| = [z, [a, b, ], y] = [z, vy, [a, b, c|]] = e implies [a, b, ¢| €
N(G) for all a,b,c € G, and the condition [[a, b], ¢,z] = [c, |a, b], x] = [¢, z, [a, b]] =€

implies [a, b] € N(G) forall a,b € G. O

It is noted that an element = € G is in the left nucleus N, (G) if and only if [x, b, ¢] = e for all

b, c € G. The other nuclei are similarly characterized.

Theorem 3.8.1. (Kinyon et al. 2013)

Let G be an AIM LC loop. Then G/N(G) is an abelian group and G/Z(G) is a group.

LC loops were introduced by Fenyves (1969) as one of the loops of Bol-Moufang type (the
element occuring twice on both sides has no other element separating it from itself). If G is an

LC loop then for all z,y, 2z € G, z(z(yz)) = (z(zy))z.

39



CHAPTER FOUR

MAIN RESULTS

4.1 Introduction

In this chapter, some algebraic properties of Basarab loops are determined using some loop
notions and some basic features of Basarab loops. The study concentrates on the centrum,
isotopes, holomorphs and associators of a Basarab loop, construction of a Basarab loop, the
relationship between a Basarab loop and centrum abelian inner mappings loop, and to obtain
some subloops of a Basarab loop that are characterized by permutations. It is proved that an
Obsorn loop is a Basarab loop if and only if it is both left and right Basarab loop. Investigation
is carried out on the isotopes of a Basarab loop and it is proved that every principal isotope of
a Basarab loop is a Basarab loop. It is shown that the centrum of a Basarab loop is a subloop
and it is equal to the center of a Basarab loop. Some necessary and sufficient conditions for the
holomorphs of a loop to be a Basarab loop are determined. Also, some subloops of a basarab
loop are obtained and characterized. The algebraic properties of associators of a Basarab loop
are examined and it is found that the associator of any three elements of a Basarab loop is
contained in the center and centrum of a Basarab loop. It is also proved that a Basarab loop is a

centrum abelian inner mapping loop.
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4.2 Basarab loop Constructions

In this section, some constructions are carried out for a Basarab loop. Two abelian groups are
considered. A mapping f which takes a cross product of one of the abelian groups into the
other is considered with a condition. A multiplication o satisfying some laws with respect to
the elements of these abelian groups and the mapping f is defined, on the cross product of
these abelian groups with an identity (0,0). This algebraic structure with multiplication o is
shown to be a loop. Specifically, the necessary and sufficient conditions for such an algebraic
structure with multiplication o to be a left (right) Basarab loop, and Basarab loop are established,

respectively. Equivalent forms of these necessary and sufficient conditions are expressed using

mapping f only.

Theorem 4.2.1. Let (A, +) and (B, +) be abelian groups, and f : A x A — B be a mapping

with f(a,0) = f(0,a) = 0 for any a € A. Let o be defined on A x B by

(a,z)o (byy) = (a+bx+y+ f(a,b))

. Then, the pair (A x B, o) is a left Basarab loop with the identity (0, 0) if and only if

[(a,2) o ((b,y) © (a,2)°)] o [(a, 2) o (¢, 2)] = (a,2) o [(b,y) o (¢, 2)]

forall a,b,c € Aand z,y,z € B, and (a,2)” = (—a, —x — f(a, —a)).

Proof. This result is the consequence of Theorem 3.3.1 and Corollary 3.3.1 in the case of left
Basarab law. Next, it is shown that the permutation (a, z)” on the left Basarab loop exists. The

permutation (a, z) is obtained by solving

(a,z) 0 (t,y) = (a+ V', x4y + f(a, b)) = (0,0)
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a+b =0 = a=—-bor —b =—-a

4y +flat)=0 = z+y + fla,—a) =0 = y' = —f(a,—a) —z

— (V,9) = (=a,—f(a,—a) — )

Therefore, (a,z) o (a,z)” = (a,z) o (—a,—x — f(a, —a))

=(a—a,x—x— f(a,—a)+ f(a,—a) = (0,0)

So, (a,2)? = (—a, —x — f(a,—a)). O

Theorem 4.2.2. Let (A, +) and (B, +) be abelian groups, and f : A x A — B be a mapping

with f(a,0) = f(0,a) = 0 for any a € A. Let o be defined on A x B by

(a,z)o (byy) = (a+bx+y+ f(a,b))

. Then, the pair (A x B, o) is a left Basarab loop with the identity (0, 0) if and only if

f(b,e)+ fla,b+¢c) = —f(a,—a) + f(a,b—a)+ f(b,—a) + f(a,c) + f(b,a+c)

forall a,b,c € A.

Proof. From Theorem 4.2.1,

[(a,2) o ((b,y) © (a,2)")] o [(a, 2) o (¢, 2)] = (a,x) o [(b,y) o (b,y) © (¢, 2)]

and (a,2)” = (—a,—z — f(a, —a)).

(ba y) © (CL?x)p = (bv y) © (_CL> - = f(% —CL))

=(b—-ay—x— f(a,—a)+ f(b,—a))
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Also, (av ZL‘) © ((ba y) © (a’ x)p) = (a’ fL‘) © (b -4,y —T— f(a7 _a) + f(bv _a)

=(a+b—a,x+y—z— fla,—a)+ f(b,—a) + f(a,b—a)

= (b,y — f(a,—a) + f(b,—a) + f(a,b—a).

Then, (a,z)o (¢,2) = (a+ ¢,z + 2+ f(a,c)), so that

[(a,2) o ((b,y) © (a,2)"] o [(a, 2) o (¢, 2)] =

(b,y — f(a,—a) + f(b,—a)+ f(a,b—a))o(a+c,x+ z+ f(a,c)) =

(b+a+c,y— fla,—a)+ f(b,—a)+ f(a,b—a) +x+ 2+ f(a,c) + f(bja+c)) =

(a+b+cx+y+z— fla,—a)+ fla,b—a) + f(b,—a) + f(a,c) + f(bya+c)) (4.1)

On the other hand,

(a,2) o ((b,y) o (¢,2)) = (a,x) o (b+ ¢,y + 2+ f(b,€)) =

(a+b+c,x+y+z+ f(byc)+ fla,b+c)) 4.2)

Joining Equations 4.1 and 4.2 together, and comparing both sides:

r+y+z— fla,—a)+ f(a,b—a)+ f(b,—a)+ f(a,c) + f(b,a+ c)

=z+y+z+ f(bc)+ f(a,b+c),

it follows that,

f(bye)+ fla,b+c) = —f(a,—a) + f(a,b—a)+ f(b,—a) + f(a,c) + f(b,a+ c)
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forall a,b,c € A. ]

Corollary 4.2.1. Let A and B be abelian groups and f : A x A — B be a mapping with
f(a,0) = f(0,a) =0foranya € A. If f(a ,-) : A — B is a homomorphism of abelian

groups for any fixed a € A then (A x B, o) is a left Basarab loop.
Proof. This result follows from Theorem 4.2.2. ]

Theorem 4.2.3. Let (A, +) and (B, +) be abelian groups, and f : A x A — B be a mapping

with f(a,0) = f(0,a) = 0 for any a € A. Let o be defined on A x B by

(a,z)o (byy) = (a+bx+y+ f(a,b))

. Then, the pair (A x B, o) is a right Basarab loop with the identity (0, 0) if and only if

((b,y) 0 (a,2))) o [((a,2)* o (¢, 2)) o (a,2)] = ((b,y) © (¢, 2)) o (a, )

foralla,b,c € Aand z,y,z € B, and (a,2)* = (—a, —z — f(—a,a)).

Proof. This result is the consequence of Theorem 3.3.1 and Corollary 3.3.1 in the case of right
Basarab law. Next, it is shown that the permutation (a, z)* on the right Basarab loop exists. The

permutation (a, x)” is obtained by solving

(', y)o(a,z) =0 +a,y +x+ f(V',a)) =(0,0) = V+a=0 = a=-Vord =-a

v+ar+fV,a)=0 = ¢y +x+ f(—a,a) =0 = ¢y = —x— f(—a,a)
= (0,y) = (—a,—v — f(~a,a)).
Clearly, (a, ) (a,2) = (—a, —x — f(—a,a))(a,z)

=(—a+a,—x— f(—a,a) +z+ f(—a,a)) = (0,0).
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]

Theorem 4.2.4. Let (A, +) and (B, +) be abelian groups, and f : A x A — B be a mapping

with f(a,0) = f(0,a) = 0 for any a € A. Let o be defined on A x B by

(a,z)o (byy) = (a+bx+y+ f(a,b))

. Then, the pair (A x B, o) is a right Basarab loop with the identity (0, 0) if and only if

f(bye)+ f(b+c,a)= f(ba)— f(—a,a)+ f(—a,c)+ f(—a+c,a)+ f(b+a,c)

forall a,b,c € A.

Proof. From Theorem 4.2.3,

((b,y) o (a,2)) o [((a,2)* 0 (¢,2)) 0 (a,2)] = ((b;y) o (¢, 2)) © (a,2)

and (a,2)* = (—a, —z — f(—a,a)).

Thus ((b,y) © (a,2)) o [((=a, =z — f(=a,a)) o (¢, 2)) o (a, )]

= ((b,y)o(a,x)) o [(—a+¢,—z = f(=a,a) + 2 + f(=a,c)) o (a,z),
=((byy)o(a,z))o[-a+c+a,—z— f(—a,a)+ 2+ f(—a,c)+ 2+ f(—a+c,a)
= ((b,y) o (a,z)) o e, —f(—a,a) + z+ f(—a,c) + f(—a+c,a)]
=0b+ay+z+ f(ba))ole,—f(—a,a)+ z+ f(—a,c) + f(—a+c,a)]
=(b+atcytat f(ba)— f(—a,a)+z+ f(—a,c)+ f(—a+ca)+ f(b+a,c)) =

(a—i—b—i—c,x—i—y—l—z—i—f(b,a)—f(—a,a)+f(—a,c)+f(—a+c,a)+f(b+a,c)) (4.3)
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On the other hand,

((b;y) o (¢, 2) - (a,2) = (b+ ¢,y + 2+ f(b,¢)) o (a,7)

=b+c+ay+z+xz+ f(be)+ f(b+c,a))

=(a+b+c,e+y+z+ f(bye)+ f(b+ ¢, a) 4.4)

Joining Equations 4.3 and 4.4 together, and comparing both sides:

r+y+z+ f(ba)— f(—a,a)+ f(—a,c) + f(—a+c,a)+ f(b+ a,c)

=z+y+z+ f(be)+ f(b+c,a)

It follows that, for all a, b, c € A,

f(buc)+f(b+cua) :f(b7a)—f(—cua)—i—f(—a,c)+f(—a+c,a)+f(b+a,c).

]

Corollary 4.2.2. Let A and B be abelian groups and f : A x A — B be a mapping with
f(a,0) = f(0,a) =0forany a € A. If f(-, a) : A — B is a homomorphism of abelian

groups for any fixed a € A then (A x B, o) is a right Basarab loop.
Proof. This result follows from Theorem 4.2.4. 0

Corollary 4.2.3. Let (A, +) and (B, +) be abelian groups, and f : A X A — B be a mapping

with f(a,0) = f(0,a) = 0 for any a € A. Let o be defined on A x B by

(a,2) 0 (b,y) = (a+bx+y+ fla,b))
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. Then, the pair (A x B, o) is a Basarab loop with the identity (0, 0) if and only if

[(a,2) o ((b;y) o (a,2)°)] o [(a,x) o (¢, 2)] = (a,z) 0 [(b,y) © (¢, 2)]

and ((b,y) o (a,2))) o [((a,2)* o (¢, 2)) o (a,2)] = ((b,y) o (¢, 2)) o (a, 2)
foralla,b,c € Aand x,y,z € B, (a,2)* = (—a, —x — f(—a,a))

and (CL, x)p - (—CL, —T — f(a7 —CL))
Proof. The proof follows Theorems 4.2.1 and 4.2.3 by definition of a Basarab loop. ]

Corollary 4.2.4. Let (A, +) and (B, +) be abelian groups, and f : A X A — B be a mapping

with f(a,0) = f(0,a) = 0 for any a € A. Let o be defined on A x B by

(a,2) 0 (by) = (a + b2 +y + f(a,b))

. Then, the pair (A x B, o) is a Basarab loop with the identity (0, 0) if and only if

f(b,e)+ fla,b+c) = —f(a,—a) + f(a,b—a) + f(b,—a)+ f(a,c) + (b,a+ ¢)

andf(b’c)+f(b+c’a) :f(b,a)—f(—a,a)—|—f(—a,c)—i—f(—a—i—c,a)—i—f(b—i—a,c)

forall a,b,c € A.

Proof. The proof follows from Theorems 4.2.2 and 4.2.4 and by the definition of a Basarab

loop. [

Corollary 4.2.5. Let A and B be abelian groups and f : A x A — B be a mapping with
f(a,0)= f(0,a) =0foranya € A. If f(a, -), f(-, a) : A — B are homomorphisms of

abelian groups for any fixed a € A then (A x B, o) is a Basarab loop.

Proof. This result follows from Corollary 4.2.4. [
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4.3 Basarab loops with some other loops

This section examines a Basarab loop as a type of an Osborn loop, and proves that Basarab
loop and CC-loop are Osborn loops. It is proved that any Osborn loop is a Basarab loop if
and only if it is a left (right) Basarab loop; and a Basarab loop is flexible if and only if it is
an extra loop. Also, an extra loop is proved to be both a Buchsteiner loop and a Basarab loop.
Necessary and sufficient conditions for a Basarab loop to be a CC-loop, an RCC-loop, and an
LCC-loop are given. It is established that the center and centrum of a Basarab loop coincide,
and both are contained in the Nucleus of the Basarab loop. Necessary and sufficient conditions
for a Basarab loop to be power alternative are given. The characteristics of automorphism and
some inverse properties like Anti-Automorphic Inverse Property (AAIP) and Inverse Property
(IP) in a Basarab loop are considered, and the following results are proved: the left (right) inner
mapping of a Basarab loop is an automorphism; a Basarab loop with the RIP or LIP is an extra
loop; a Basarab loop with the IP (AAIP) is an extra loop; a left (right) Basarab loop with the
RIP (LIP) is an extra loop; and the middle inner mapping generates the inner mapping group of
a Basarab loop. It was also proved that, the left and right inner mappings of a Basarab loop are

nuclear.

4.3.1 Basarab loops and Osborn loops

Definition 4.3.1. A loop (@), -) is called an Osborn loop if it obeys any of the three identities:

z(yz - ) = (zd\\y) - zx 4.5)
r(yz-z) =z(y(zJy) - x) - 2z (4.6)
r(yz - x) = x(yr - xJ,) - 2x 4.7)
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Lemma 4.3.1. Every Basarab loop is an Osborn loop.

Proof. Let (Q,-) be a Basarab loop, then T,' = L,R;' = R,;, L, and T, = R, L' =

L., R, forall z € (). The Basarab loop autotopisms give:

(RxJpL:m LI7 Lx)(Rxa LxJARxa R:c) S AUT(Q))

— (RxJpLxRxa LxLxJARxa L:(:R:c) € AUT(Q) )

Now, for all z,y, z € @, it follows that

nyJpLxRx : ZLxLxJARx = (yz)LxRx

Setting R,;,L, = L,R;" and L,;, R, = R,L;", we have

yL.R;'R, - 2L R, L;* = (y2)L,R, = yL,-2L,R,L;' = (y2)L.R,

— yL, - (2L, R,L;'R;" - 2) = (y2)L,R, =
vy-(((z\(vz-2))/2)2) = (v-y2)r = 2Y-(O,2-7) = (v-y2)x; Where ©, = L R, L;'R;".
This implies Osborn loop. O

Lemma 4.3.2. Let (Q, -) be a Basarab loop, then for all z,y € Q,

2y = (@ o)z, yo = a(aty - 2).

Proof. These are the immediate consequences of the middle inner map of a Basarab loop. [l

Theorem 4.3.1. An Osborn loop satisfies the left Basarab identity if and only if the right

Basarab identity holds.
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Proof. Let (Q, -) be an Osborn loop. In Equation 4.5, setting z = e implies z(yz) = (zJ\\y) -

© = yR,L, =yL,; Ry = Lyj,R;Ly = Ry = Luj, R, = R, L' = T,. So, for all

x,y,2 € Q;

vy - (((z\(zz-2))/2) - 2) = (v -y2)z = (Ly, LoR,L,', L.R,) € AUT(Q,-).

Then, x € () satisfies the left Basarab identity if and only if

(L.R,', L, L,) € AUT(Q,-) < (R, L', L;', L") ¢ AUT(Q,-)

— (R, L;', L;', LY (L., LoR.L;", L,R,) € AUT(Q,")
<= (R,, R,L;', R,) € AUT(Q,")
<= (R,, Ly, R., R,) € AUT(Q,-).
This implies right Basarab identity holds. []

Theorem 4.3.2. An Osborn loop satisfies the right Basarab identity if and only if the left

Basarab identity holds.

Proof. Let (@, -) be an Osborn loop. In Equation 4.7, setting z = e implies

rv(yr) = x(yx - xJ,) - x = yR,L, = yRyRy5, LRy = R,L, = RyR,;, L, R,

— L, =R,y LR, = L,R;'=R,; L,=T,"

Then every x € () satisfies the right Basarab identity if and only if

(R., R.L;', R,) € AUT(Q,") — (R,', L,R;", R;') € AUT(Q,")
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> (L,, L,R,L;", L.R,)(R;", L,R;", R;") € AUT(Q, ")
e (L,R;', LR, L7'L,R;", L,R,R;") € AUT(Q, ")
(LoR;", Ly, Ly) € AUT(Q,-) <= (Ruy,Ls, Ls, L) € AUT(Q, ")

This implies left Basarab identity holds. []

Corollary 4.3.1. Any Osborn loop (@, -) is a Basarab loop if and only if (@, -) is a right (left)

Basarab loop.

Proof. This is true by the proof of Theorem 4.3.2. [l

4.3.2 Basarab loop, extra loop and Buchsteiner loop

Theorem 4.3.3. A Basarab loop is flexible if and only if it is an extra loop.

Proof. Let (Q, ) be a Basarab loop, then

(T;17 an Lm)a (Rx7 Tza Rx) S AUT(Qa)

Now, if (Q, ) is flexible then (R;'L,, L., L,) € AUT(Q,-) and

(R., L;'R,, R,) € AUT(Q, ). Thus,

(R;'Ly, Ly, L) € AUT(Q,-) = yR,'L, - zL, = (y2)L,, V 2,9,2 € Q

— xy-xz=x(yr-2),Vr,uyz€qQ.

Also,

(R, L,'R,, R,) € AUT(Q,-) = yR,-2L,'R, = (y2)Rs, V2,9y,2 € Q

— yx -z = (y-z2)x, Vr,yz€qQ.
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Remark 4.3.1. A flexible Basarab loop is an extra loop.

Corollary 4.3.2. A left (right) Basarab loop is flexible if and only if it is an extra loop.

Proof. This is true, using Theorem 4.3.3. [l
Theorem 4.3.4. An extra loop is both a Buchsteiner loop and a Basarab loop.

Proof. Let (Q,-) be an extra loop, then for all z,y,z € Q; (xy - 2)xr = x(y - zx) has the

autotopism: (L,, R;', LR ') € AUT(Q,-). So, (Q, -) satisfies flexibility property implies

(L, R;Y, L,R;Y) = (L., R, R'L,) € AUT(Q, ")

Thus,

(L, R;l, R;le) € AUT(Q,) = yL, - Z’R;I = (y- z’)R;l, xr,y,7 €Q

= (yLo-2)L;' = (y-2R.)R;, Vo, 2 € Q = a\(xy-2) = (y-za)/x, V1,y,2 € Q.

This implies, an extra loop is a Buchsteiner loop. With Theorem 4.3.3, in an extra loop (@, -);

(LLE7 Ra_717 R;ILZ’)a (T;l, an La))v (R$7 T:Ev Rx) € AUT(Q?)

4.3.3 Basarab loops and CC-loops

Theorem 4.3.5. A loop (Q,-) is a Basarab loop if and only if it is a CC-loop and satisfies

vy = (v - yzf)z, yr = z(z*y - ), forall 2,y € Q.
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Proof. In a Basarab loop (Q,-), L,R;' = Ryy, L, and R, L' = Ly, R,, forall z € Q. From

the autotopisms of (@, -),

(T, ', Ly, L,) € AUT(Q,) <= (Ryy Ly, Ly, L) € AUT(Q, )

and

(Ry, Ty, Ry) € AUT(Q,) <= (Ry, Loy Re, R.) € AUT(Q,").

Thus,

(Tm_17 Lfm Ll‘) € AUT(Q? ) - yLafo_l : Z/Lz = (y : Z,Lx)v v xay)zl € Q

This means,

yL,R,' 2= (y-zL;")L,, Vz,y,2 € Q

= (zy)R,' 2= (y(z\2)) L. = ((xy)/x)z =2 -y(z\2); Vz,y,2 € Q.

Also,

(R, Ty, Ry) € AUT(Q,-) = yR,-ZR,L,;' = (y2 )Ry, Vx,y,7 € Q.

Which means,

y-2RL; = (yR;' - 2)R, = y((22)L7") = (yR;' - 2)R,

= y(o\(22)) = (y/2)z -5 V2, y,2 € Q.
[l

Corollary 4.3.3. Aloop (Q, -) is a left Basarab loop if and only if it is an LCC-loop and satisfies
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xy = (x - yxf)x, forall x,y € Q.
Proof. This is obtained from the proof of Theorem 4.3.5. [

Corollary 4.3.4. A loop (@, -) is a right Basarab loop if and only if it is an RCC-loop and

satisfies yx = z(z*y - x), forall x,y € Q.

Proof. This is obtained from the proof of Theorem 4.3.5. ]
Corollary 4.3.5. An extra loop is a Buchsteiner, a Basarab and a CC-loop.

Proof. This is true by Theorems 4.3.4 and 4.3.5. [
Corollary 4.3.6. Every CC-loop is an Osborn loop.

Proof. By Lemma 4.3.1 and the proof of Theorem 4.3.5, the result follows. ]

4.3.4 Center of a Basarab loop

Theorem 4.3.6. Let (@, -) be a left Basarab loop. Let a € N,(Q, ) or (@, -) be an LIP loop.

Then, a € C(Q,-) if and only if L, € p(Q, ).

Proof. Consider the left Basarab identity, (z - y(xJ,)) - vz =2 -yz. If a € C(Q,-) N N,(Q, ),

and for y = a, it follows that

(x-a(zdy)) zz=x-az = (v-zJya) - zz=x-az, Va,x,z€Q.

Also,
ac O(Qu ) mNP(Qv ) = ([E ) (xjp)) ‘rz=1-az, a,r,2 € Q
= (z(xJ,)-a) - xzz=x-az, Va,z,z € Q.
By the definition of x.J,, it follows that

a-xz=x-az, Va,r,z€Q = (I, L,, L,) € AUT(Q,").
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This means, a € C(Q,) N N,(Q,:) = VaecQ, L, € p(Q,"). O

Theorem 4.3.7. Let (Q, -) be a right Basarab loop. Let a € N, (@, ) or (@, -) be an RIP loop.

Then, a € C(Q, -) if and only if R, € A(Q,-).

Proof. Consider the right Basarab identity

(y-x)- ((zdyz2) - x) =yz - .

Ifa € C(Q,) N NL(Q, ), and for z = a in the Basarab law, then

(y-2)-((xh)a-z) =ya-z,VaryecQ — (y-z) (a(z]y) ) =ya- -z, V,2€Q;

Since

a € C(Q, )NN\Q, ), (yx)((axty)z) =yar = (yx)(a(xJyz)) =yazx, Va,z,y€ Q.

It follows from the definition of x.J, that yz - a = ya - x, YV a,x,y € Q = (R, I, R,) €

AUT(Q,-). Thus,

a€C(Q,)NMNMQ,") = YaeQ, R, eNQ,")

]

Corollary 4.3.7. Let (@, -) be a Basarab loop. Let a € N(Q, -) or (@, -) be an inverse property

loop. Then, a € C(Q,-) if and only if L, € p(Q,-) or R, € \(Q, ).

Proof. This result follows from Theorems 4.3.6 and 4.3.7, and the fact that an inverse property

loop has both left and right inverse properties. [
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Corollary 4.3.8. Let (), -) be a Basarab loop and let Z((Q), -) be the center of (), -). Then,

Z(Q,-):{aEQ:a-xy:x-ay, yx-a:ya-x,‘v’x,yeQ}.

Proof. This result follows from Theorems 4.3.6 and 4.3.7. And

aeN,C << ac€Z = acW.

Ifae W, thena -2y =x-ay. Withy =e, ax =2x-a = a € C. Thus,

a-zy=x-ayand xy-a=zxa-y

impliesa € N, = N. Thena € NNC = a € Z. Hence, Z =W. O

Lemma 4.3.3. Let (Q, -) be a Basarab loop and let

P,(Qv ) = {La € P(Qa )| ac C(Qv )} and Al(Q) ) = {Ra € A(Qa )| ac C(Qa )}

(@) Z(Q,-) is anti-monomorphic and monomorphic to P(Q, -) and A(Q, -).

(b) Z(Q,-) is embeddable in P'(Q,-) and A'(Q,) i.e. Z(Q,:) = P'(Q,-) and Z(Q,-) =
A/(Qv )

(¢) If (Q, -) is finite, then, [Z(Q, )| < [P(Q, )|, [2(Q,-)] < [MQ, )], [2(Q,-)] = [P'(Q,-)]
and |Z(Q,-)| = |N(Q,-)|.

Proof. (a) Leta: Z(Q,) — P(Q,-) T a(x) = L,. Then, for any a,b € Z(Q,-) : a(ab) =
Ly = LyL, = a(b)a(a) and a(ba) = Ly, = LoLy = a(a)a(b). So, « is both an
homomorphism and an anti-homomorphism. Also, for any x1,zo € Z(Q, "), a(x;) =

alry) = L, = L,, = x1 = z3. So, a is both an homomorphism and an
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anti-homomorphism.

The proof is similar for when o : Z(Q, ) — A(Q,-) T a(x) = R,.
(b) This is based on (a) and Theorems 4.3.6 and 4.3.7.

(c) These are consequences of (a) and (b) for finite (@), -).

Lemma 4.3.4. If a left Basarab loop (@, -) has a left power alternativity, then:
@) T7" = (Roy,La)" = (L RZ')" = R"L;
(b) |T,| = nif and only if 2™ € C(Q, ).

Proof. Let (Q, -) be a left Basarab loop, then (7!, L,, L,) € AUT(Q, ). If (Q,-) is a right

power alternative loop then there exist (7, ", L, L"), so that for all z,y, z € Q;

yI,"-zL; = (yz)Ly; = yT," 2"z = 2" (yz).

Put z = 7" to get yT, ™ = x"(yx~"). This implies,

yI, " =yRy-nLen =yR"Ly — T," = R"Ly.

Thus, T, " = [(R,L; ') '" = (LR, )" = T," = (LR, )" = R,"L} = (Ry,,L.)"

For (b),

T, =n <= L) =R} <= Ly =R < 2"y=y1s" <= 2" € C(Q,).

Lemma 4.3.5. If a right Basarab loop (@, -) has a right power alternativity, then:
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@) T} = (Lo Ry)" = (R L) = L," Ry
(b) |T,| = nif and only if 2™ € C(Q, ).

Proof. Let (@, -) be a right Basarab loop, then (R,, T,, R.) € AUT(Q,-). If (Q,) is a left

power alternative loop then there exist (R?, 77, R!). This means, for all z,y,z € Q;
yRy - 210 = (y2) Ry — ya” - 215 = (yz)a".
Puty = 27" to get 21 = x™ "z - 2". This implies,
T"=L,R! = T"= (R, L))" = L,"R! = (Lyj, R.)".
To obtain (b),

|T.| =n <= L =R <= Lgw =R < 2"y=y1s" <= 2" € C(Q,).

Lemma 4.3.6. Let (Q, -) be a Basarab loop, then the following are true for all z,y, 2z € @Q :
(a) L:cR:cz = R;}pRzLx
(b) R,Ly, =L, LR,

Proof. Consider the Basarab law (z - y(zJ,)) - 2z = x - yz, ¥V x,y, 2 € (). This means,
yRmeLa:sz = szLx — RxJpLxsz = RzLx — L:Esz = R;}pRzLx
To obtain (b), consider the Basarab law (y - x) - ((zJ))z - z) = yz -z, VY x,y,z € Q. Then

2Loy RoLys = 2LyR, = Ly RyLy, = LyR, = R,L,, = L} L,R,.
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Lemma 4.3.7. Let (Q, -) be a Basarab loop, then the following are true for all z,y, 2z € Q :
(3) Rach;1 - LmJARsz
(b) LR = Rej,L.R,.

Proof. From Lemma 4.4.2 (a), L,R,. = R;}pRZLx. In a Basarab loop,
Roj Lo = LoRy" = Lo = Ry; LR, = L.R.L;' = R,;,.

So,L,R,. = R,; R.L, = L,R,. = L,R,L;'R.L, = L,R,.L;" = L,R,L;'R,
— R,.L,;'=R,L;'R, = R,.L;' =L, R.

. From Lemma 4.4.2 (b), R, L, = L}

xJy

L,R,. In a Basarab loop,

LopRe = Rol,' = Ro=Lyj RoL," = RoL.R,' = L;

xJy xJy "

So, RyLy, = L,; LyRy = RyLy, = R,L,R,'L,R, — Ly, = L,R,"'L,R,
— L,R,'=L,R,'L, = L,R,' =R, L,L,.
]
Corollary 4.3.9. Let (Q, -) be a Basarab loop. Then the following are true for all z,y, z € Q:
(@ Ly, = Ryy, LRy R,
(b) Ry = LyjRyR.Ly.

Proof. These are true by Lemma 4.4.3. ]

Theorem 4.3.8. In a Basarab loop, Z(Q, -) = C(Q, -).
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Proof. Let (Q, -) be a Basarab loop. From corollary 4.3.9 (a),

Ly, =Ry L,RyR,, Y,y € Q => Ly, = L,R;'L,R,.

Since Ry, L, = LyR;" in a Basarab loop. Anelementa € C(Q,") = L, = R, =
L7' = R\ Lets = ain Ly, = LyR;'L,Ry then Ly, = L, L7 LR, = Ly, =

L,R, = Ly, = LyL,. So, forevery x € @,

tLy, =xLyL, = ya-v=a-yv = ya-v=yxr-a, Vy € Qanda € C(Q,").

Also, from corollary 4.3.9 (b), R,, = L,; R;R.L,, V x,z € (). This means R,, =
R.L;'R,L,, ¥ x,z € Q since, L,;, R, = R,L,;". Forevery a € C(Q,-) and set z = a we

have,

R,. = R,L;'R.L, = R,.= R,R,'R.L, = R,.=R.L, = R,.= R.R,

= Vye®,y-az=yz-a = y-az=a-yz, Vy,z€ Qanda € C(Q,")

which means x - ay = a - vy, V x,y € Q). Therefore,

C(Q,-)z{aé@:ya-x:yx-a, T-ay =a-xy, Vx,yEQ}.

Hence, in a Basarab loop (@, ), Z(Q,-) = C(Q,-). O
Theorem 4.3.9. Let (Q, -) be a Basarab loop, then Z(Q, ) < N(Q,-).

Proof. Let (Q,-) be aloop then Z(Q,-) = C(Q,-) N N(Q, -). In Basarab loop,
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Corollary 4.3.10. Let (Q, -) be a Basarab loop, then C(Q, ) < N(Q,-).

Proof. In Basarab loop (Q,-), C(Q,-) = Z(Q,-).

Thus, Z(Q, ) < N(Q,") = C(Q,") < N(Q,"). O

Lemma 4.3.8. Let (Q,-) be a Basarab loop with the inverse property, then the following are

true for all z,y, 2 € Q) :
(a) LZL‘RZL‘Z = R:)SRZL$9
(b) R,L,, = L,L,R,.

Proof. From Lemma 4.4.2 (a), L, R,, = R;}pRzLx — L,R,.,= R,R.L,.

From Lemma 4.4.2 (b), R, L, = L;}A L,R, = R,L,, = L,L,R,. O]

Theorem 4.3.10. Let (Q),-) be a Basarab loop with the inverse property then L(z,y) =

Ry, Ly, and R(x, z) = [L,, R,.| forall z,y, z € Q.

Proof. From Lemma 4.4.4 (a),
L:L"R:rz = RszLx - LxRa:zL;I = Rach

— L,R..L'R;} = R,R.R;} = [Lu,Ry.] = R.R.R,} = R(z,2)

From Lemma 4.4.4 (b),
R.L,. = L,L,R, = R,L,R;'=1L,L,

— R,Ly,R;'L, =L,L,L,}] = [R,,Ly)=L,L,L,} =L(x,y).
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Corollary 4.3.11. Let (@, -) be a Basarab loop with the inverse property, then L(z,y) =

Ry, Ly,) and R(x,y) = [L,, Ry,] forall z,y € Q.
Proof. This is true by setting 2 = y in Theorem 4.3.10. [
Corollary 4.3.12. Let (@, -) be a Basarab loop then (R, R, Jp)_l = L,L,y, forallz € Q.

Proof. In a Basarab loop (@, ), T, = R,L;' = L., R, and
T,'=L,R," = Ry, L,.

Thus)T$ = RzL;I — Tx_l = L$R;1 = (ijARx)_l = R;lL_l

zJy "

Ad T, ' =R, L, = T, =R;'L,; =R.y,L,

xJy

== R;I = RZJprLxJ)\ = R;}pR;I = LyLoy, = (RwaBJp)il = LiLyy,-

Corollary 4.3.13. A Basarab loop has the RIP if and only if it has the LIP.

Proof. Let (Q, ) be a Basarab loop, from corollary 4.3.12,

Ry} Ry = LyLyy, = RoR;' = LyLyy, = I =LyLyy, = Ly, =L;' = LIP.

Corollary 4.3.14. A Basarab loop has the LIP if and only if it has the RIP.
Proof. The proof is similar to Corollary 4.3.13. ]
Corollary 4.3.15. A Basarab loop with the RIP or LIP is an extra loop.

Proof. By Corollaries 4.3.13 and 4.3.14, this is true since a Basarab loop with an inverse prop-

erty is an extra loop. ]
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4.3.5 Automorphism and Inverse Property

Lemma 4.3.9. Let (Q, -) be a Basarab loop, then for all z,y, z € Q; Ry, L, = R.L,R;} and

Loj R, = L,R,L,}.

Proof. Consider the Basarab law (z - y(zJ,)) - xz = = - yz. Then, for all z,y, z € Q;

YRyy LpRys = yR.Ly = Ryy LyRy. = R.L, —> Ryy L. = R.L,R;}, Va,yeq.

Also, for all x,y, z € ), the Basarab law

(y-x)(xlrz-x) =yz o = 2L,y R,Ly, = 2L R, = Ly R, = LnyL;;.

[
Corollary 4.3.16. In a Basarab loop (Q, ), Ry, LoLys, Ry = Lyj, RoRey Ly = 1
Proof. This is the result obtained when T, and 7! of a Basarab loop are multiplied. [
Corollary 4.3.17. In a left Basarab loop (Q, ), Rej,L. = R,L.R,, forallz,y € Q.
Proof. This is obtained by a left Basarab law translation. O]
Corollary 4.3.18. In a right Basarab loop (Q, ), L., R, = LnyL;xl forall z,y € Q.
Proof. This is obtained by a right Basarab law translation. ]

Corollary 4.3.19. In a left Basarab loop (Q,-), R, R.. = L;'R,'R.L, forall z,y,z € Q.

Proof. From Lemma 4.4.1 and Corollary 4.3.17,

Ry, Ly = R.L,R,} and R, I, Lz = RnyR;yl
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respectively, are true for left Basarab law, which implies R,; L, = RZL:,;R;Z1 = RnyR;yl.

This means, R.L,R;} = R,L,R;! — L;'R,'R.L, = R;!R,.. O
Theorem 4.3.11. Let (@, -) be a Basarab loop, then R(z,y) is an automorphism.

Proof. Let (Q,-) be a Basarab loop, then from the right Basarab law, (R,, L. R.,R,) €
AUT(Q,-). For all z,y € Q,(Ry, LyjRs:, Ry),(Ry, Ly, R,, R,) € AUT(Q,-). This
implies that

(Ry, Lyj, Ry, R.)(Ry, Ly, Ry, R,) € AUT(Q,")
= (R.R,, Ly, R.L,;,R,, R,R,) € AUT(Q,").

Also, let x = zy in (R, L,;, Ry, R,;) € AUT(Q,-) then

(Rx,w L(xy)JARzyv Rwy) € AUT(Q,-) — (R_l

Ty [L(Iy)JAny]_17 R;yl) € AUT(Q, ")
Forall z,y € Q,

(ReRy, Luj,RoLys Ry, R.R,) (R}

Ty

Ly Rayl ™, Ryy) € AUT(Q, )

(RwRyR_l LxeRxLyJARy[L(wy)JAny]_la RnyR;yl) S AUT(Q, )

TY )

For all v, w € Q,

URfcRyR;yl : wLwJARwLyJARy[L(xy)JARwy]_l = (Uw)RmRyR;yl'

Setv = e,

R, Ry R, - WLy, Ry Ly, Ry[Liayy sy Ruy) ™' = wR, Ry R

64



But eR, R, R, = e, this means
U)LIJARZ‘LZ/J,\Ry[L(xy)JARl‘y]_l = waRyR;yl.
Therefore,
R(z,y) = RyRyR,,} = Lyj, RuLys, Ry[L(ay) s, Ray]) ™",

which implies (R.R,R,,, R.R, R, , R.R,R;}) € AUT(Q,-). Hence, R(x,y) is an auto-

Ty ? Ty

morphism. [
Theorem 4.3.12. Let (Q, -) be a Basarab loop, then L(x,y) is an automorphism.

Proof. Let (Q,-) be a Basarab loop, then from the left Basarab law, (R,; L., L., L) €

AUT(Q,-). Forall z,y € @,

(RxJme L:E) L:E)a (RprLy7 Ly7 Ly) € AUT(Qv )

This implies that
(Rmean L:va Lm)(RprLgﬁ Lya Ly) € AUT(Q?)

= (Ray,LoRys, Ly, LoL,, L.L,)c AUT(Q,-).

Letx = yxin (R, L, Ly, L) € AUT(Q, ) then

(R(yac)JpLyma LZ/x’ L?ﬂ”) S AUT<Q7 ) <~ ([R(ym)JpL?ﬁ?]_IJ L_l Lg:xl) € AUT(Q7>

yx

This means that for all z,y € Q,

(RxJmeRprLw LrLya LwLy)([R(y:c)JpLym]_lv Ly, L;i) S AUT(Q,-)

yz

—> (Rus,LaRys, Ly[Ryeys, Lyz] ™", LoLyL,, LxLyL;xl) c AUT(Q,-).

yz
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For all v, w € Q,
VRyy, Lo Ry1, Ly Riyays, Lye) ™" - wLy Ly L} = (vw)LyL,L,}
Setw = e,
VRyy, Lo Ry, Ly Riya) s, Lya) " - €LoLyL,} = vLyL,L, .
Since, eLxLyLij1 = e, then
VRyy, LRy, Ly Riya)s, Lya) ' = vLoLy L.
Therefore,
L(z,y) = LoLyL,} = Ryy,LoRys, Ly[Rys)s, Lya) ",

which means
(LxLyL;zl, LxLyL;Il, LxLyL;xl) € AUT(Q,-).

Thus, L(z,y) is an automorphism. O

Theorem 4.3.13. In a Basarab loop (@, -), the following are true: (i) 7, = LnyL;yl (ii)

Ty—1 = RxLyR;ml

Proof. Let (@, ) be a Basarab loop. From Theorem 4.3.11, R(z,y) € AUM(Q, -) means

Ly, RZ'LZIJ)\ Ry [L(Z'y)JA Rfﬂy] = RrRyR:;yl .

This implies,

LesRoLys R/T,,! = R.RyR, — T,T,T,' = R.,R,R,] — T,T,L.,R,, = R.R,R,,

T,T,L., = R.R, = R,L,,=L,R, = T,=L,R,L,}.
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Also, L(z,y) € AUM(Q,-) from Theorem 4.3.12 means

RzJPLa“RprLy [R(yI)JpLyw] = LILyLy_Il

This implies

Ryy,LyRyy, LTy = LxLyL;ml — RxJpLnyJpLyRWLy—; = LzLyL;xl

= R.j,L,Ry;, LRy, = L,L, = T;lTy_lRyI =L,L, = LIRngy_lRyx =L,L,

— R,'T,'Ry, =L, = T,' = R,L,R,.

Corollary 4.3.20. In a Basarab loop (@, ),
R(z,y) = RoRyR,)} = Loy, RoLy s, RylLay)s, Ryl ™'
and
L(z,y) = LyLyL,} = Ryj, Lo Ry, Ly[Rys)s, Lya] "
Proof. This result follows from Theorems 4.3.11 and 4.3.12. O
Corollary 4.3.21. In a right Basarab loop (Q, -), T, = LJCRyL;y1 forall z,y € Q.
Proof. This result follows from the proof of Theorem 4.3.13. [
Corollary 4.3.22. In a left Basarab loop (Q,-), T, = R.L,R,; forall z,y € Q.
Proof. This result follows from the proof of Theorem 4.3.13. ]

Theorem 4.3.14. A Basarab loop with the IP is an extra loop.
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Proof. Let (Q, -) be a Basarab loop, then

(RJ:Jpan L:ca La:)7 (Raca LzJ/\Rxa RCC) € AUT(Qa )

If (Q, -) is with the IP then, R,;, = R;' and L,;, = L. This implies

(Ryg Ly, Ly, Ly) € AUT(Q,") < (R,'L,, L,, L,) € AUT(Q,")

This means for all z,y,z € Q, yR, 'L, - 2L, = (y2)L, = xy-xz = x(yx - 2); and

(Re, Ly, Rey R,) € AUT(Q,+) < (R, L;'R,, R,) € AUT(Q,")

= yR, zL;'R, = (y2)Ry, V2,y,2 € Q = yr-zx = (y - z2)x,V2,9,2 € Q. O
Corollary 4.3.23. A left Basarab loop with the RIP is an extra loop.
Proof. This is true since in a left Basarab loop, RIP, LIP, and IP are equivalent. ]
Corollary 4.3.24. A right Basarab loop with the LIP is an extra.
Proof. This is true since in a right Basarab loop, RIP, LIP, and IP are equivalent. [

Lemma 4.3.10. Let (Q, -) be a Basarab loop, then for all z, y, z € @, the following hold:

() (x - yzP) - ay? = x (i) (v - 2) - (2" y) - 2) = 2.

Proof. Consider the left Basarab law (z - yz*) - 2z = x - yz and set z = y”, it follows that

(x-yzP) - xyf =z -yy = (x-yz’) xy’ =x.

A

Also, consider the right Basarab law (y - x) - (z*z - £) = yz - x and set z = y”. This yields,

(y-z) @y )=y v = (y-2) (&Y z)=uz
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Then setting y = y* gives (y* - x) - (2 y - 2) = 2,V 2,9y € Q. O
Theorem 4.3.15. A Basarab loop (@), -) with the AAIP is an extra loop.

Proof. If a loop (Q, -) has the AAIP then (zy)? = y’z* and (zy)* = y 2 are true for all
z,y € Q. This means, A = p. Let (Q, ) be a Basarab loop and set yz” = z in Lemma 4.3.5(i),
then for AAIP, z = ya¥ — z2° = (yaP)P = xy”.

Also, set z = y*x in Lemma 4.3.5(ii), then in AAIP, z = y*z = 2* = (y*2)* = 27y.

1

From Lemma 4.3.5, we obtain respectively that 7z- 2! = z and z- 2~ 'z = 2. These imply that

the inverse property is satisfied. As proved in Theorem 4.3.14, a Basarab loop with the inverse

property is an extra loop. Thus, a Basarab loop (@), -) with the AAIP is an extra loop. [
Corollary 4.3.25. A left(right) Basarab loop with the AAIP is an extra loop.
Proof. This follows from the proof of Theorem 4.3.15. ]

Theorem 4.3.16. In a Basarab loop, the middle inner mapping generates the inner mapping

group.

Proof. From Corollary 4.3.20, in a Basarab loop,
R(.CE, y) = TxTyTa@l and L(.T, y) = Tx_lTy_lTyx.

Inn(Q,) = <{R(a:,y), L(z,y), T(z) :z,y € Q}>
= <{TxTyTxy1, T Ty, T(x) 2,y € Q}>

~ (@ e e @),
]

Corollary 4.3.26. Let (Q, -) be a Basarab loop, then y-zx = y-(z-2T,) and vy-z = (yT,, ' -x)z

hold for all z,y, z € Q.
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Proof. Let (Q, -) be a Basarab loop, then

T,= L,y Ry =R, L;' = R,=L,; R.L,, VweQ, wR, =wL,; R, Ly,

alsoforu e @, u-wR, =u-wLy;, R, L, = u-wr=u-(v-wl,; R;)

— u-wr=u-(x-wl,).So,forall z,y,z2 € Q, y-zx =y(x - 2T},).

Also, T7'=L,R;' = VyeQ, yL.R;'=yT,' = yL,=yT, 'R,

— oy =y1, " -x, forevery 2 € Q, vy -z = (yT, ' 1)z

Theorem 4.3.17. Let (@, -) be a loop, then:
(a) aright Basarab law is equivalent to (y, z,2) = (y, 7, 2T}) and yx = z(zy - 2);
(b) aleft Basarab law is equivalent to [z, y, 2] = [yT, ', z, 2] and zy = (z - yz*)z.

Proof. (a) Consider the right Basarab law (y - z) - ((xJ))z - x) = yz - x for aloop (@, -). Then

forall z,y, z € Q,

(y-z)- 2Ly Ry =yz-0 = yx 21, =yz-x.

So that, yx - 2T, = (y - (x - 2T},)) - (y,x,2T,) and y - zx =y - (x - 2T})

by Corollary 4.3.26. Combining these, we have

yr- 2T, = (y ’ (‘7; ’ ZTJU)) ’ (y,x, ZTI) = (y ’ zx)(y,x, ZTI)

= yr- 2T, = (y-z22)(y,2,2T,) = yz-z=(y-z22)(y,x, 21%)
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. Since (yz - z) = (y - 22)(y, 2, ) by definition, then

(y : ZI)(y,Z,IL’) = (y : Z(L’)(y,iL‘,ZTx) - (y,Z,(L’) = (yavaTx)'

(b) Consider the left Basarab law (z - y(zJ,)) - xz = x - yz forall z,y, z € Q. Then

yRyy Ly -2z =2 yz = yIo ! xz=a-yz.

This means, T, -2z = [yT, Lz, 2)((yT; - x) - 2) and vy - 2 = (YT, 1 - 2)z

by Corollary 4.3.26. So that,

yI,t vz =y o, 2 (YT, x) - 2) = [yT, o, 2)(zy - 2)

= yI, " az=yT, x,2(zy - 2) = z-yz=[yT, "z, 2)(zy - 2)

. Also, (z - yz) = [z,vy, z](zy - ) by definition, this means

W, w2 (wy - 2) = [2,y,2)(wy - 2) = [T, " 2, 2] = [z, 9, 2].

4.3.6 Associators, Moufang and extra elements

Definition 4.3.2. Let (Q, -) be a loop, then the associators (a, b, ¢), [a,b,c] for all a,b, c € Q;

are defined respectively by (ab - ¢) = (a - bc)(a, b, c) and (a - be) = [a, b, c|(ab - ¢).

Definition 4.3.3. An element a of a loop (@, -) is a Moufang element if and only if

Va,y€Q, alvy-a)=az-ya,

Va,ye @, (a-zy)a=ax-ya.
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Definition 4.3.4. An element a of a loop (@, -) is an extra element if and only if for all z,y €

Q, a(z - ya) = (az - y)a.

Definition 4.3.5. Let (Q, -) be a Basarab loop with a nucleus N. An automorphism « of (@, )

is nuclear if and only if xa € N for each z € Q.

Lemma 4.3.11. Let (@, -) be a Basarab loop, then for all z,y,z € @ :
(@) zL(z,y) = z[y, z, 2]

(b) zR(z,y) = (2,2,9)z.

Proof. (a) Let (Q, -) be a Basarab loop, then L(x,y) = LwLyL;; forall z,y € Q.

For z € Q, zL(x,y) = szLyLy_; — zL(z,y) = (yz)\(y - z2)

= (yx)\[(yz - 2)y, v, 2]] = 2L(z,y) = [(y2)\(yx - 2)]|ly, z, 2] = 2L(z,y)

Since associator of any three elements of a Basarab loop (@, -) contains in the nucleus of (@), -)

then [(yz)\(yz - 2)|[y, x, 2] = zL(z,y)

= [(y2)(y2\2)][y, z, 2] = 2L(x,y) = z[y,x,z] = zL(z,y).

(b) Also, R(z,y) = R.R,R; forall z,y € Q.

For z € Q, zR(x,y) = 2R, R R, = zR(x,y) = 2R, R,/ (xy)

= zR(z,y) = (zz-y)/(xy) = zR(z,y) = (2 - zy)(z,2,y)/(zy)
= (z,2,9)[(z - 2y)/(zy)] = 2R(z,y) = zR(z,y) = (2,2,y)z = 2(z,2,y)
— zR(z,y) = (z,2,y)z.
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Corollary 4.3.27. Let (Q, -) be a Basarab loop, then R(z,y) and L(z,y) are nuclear.

Proof. Let (@, ) be a Basarab loop. The associator of any three elements of a Basarab loop
contains in the nucleus of (Q,-) implies zL(x,y) = z[y,z,2] = zL(z,y) = zN and
zR(xz,y) = (z,z,y)2 = R(x,y) = Nz. Since N of a Basarab loop is normal, zR(z,y) =

zN. OJ

Theorem 4.3.18. Let ((),-) be a Basarab loop and Z(N) center of N(Q,-) then

2R(z,y), zL(x,y) € Z(N) forevery z,y € Q and z € Z(N).

Proof. Let (Q, -) be a Basarab loop, then for all z,y € ) and ¢ € N;

ce N = (cx)/z = |c- (zy/y)]/x = [(c-zy)/y]/z = cnyRglel € N.

If z € Z(N) then

z- cnylelel = cnyR?;lRajl - 2 (4.8)

The autotopism 7" = (R,, L., R., R.) of (Q,-) implies that
(R.RyR,,. R.R R, , R.R,R,}) € AUT(Q,") (4.9)

Applying Equation 4.9 to Equation 4.8,

zR.R,R, - cRyyR'R;'R,RyR, | = (cR,,R,'R." - )R, R R
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zR.RyR,, - ¢ = (cRyR,'R." - z)R,RyR
zR(z,y)-c=((c-ay)R,'R;" - 2)R(x,y)
= ((cx - y)R, 'R - 2)R(x,y)
= ((cx)RyR, 'R - 2)R(z,y)

= (cR,R;" - 2)R(x,y) = (c2)R(z,y)

= zL.R(x,y) = zR(z,y) L.

This implies zR(z,y) - ¢ = c- zR(x,y), then 2R(x,y) € Z(N).

Also, for every z,y € QQ and c € N;

ce N = z\(zc) = z\[(y\yz) - = z\[y\(yz-c)] = cLyL,'L;" € N.

If z € Z(N), then

2 cLyL, L' = cLy L, L, - 2

The autotopism S = (R,;, L., Ly, L) of (Q,-) implies that
(LxLyL;aclj LxLyL;acla LILyL;azl) € AUT(Q, )

Applying Equation 4.15 to Equation 4.14,

2LyLyL} - cLy, L, L Ly Ly L} = (cLy L, Ly - 2) Ly Ly, L}
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zLxLyL;I1 c= (cLymLyflL;1 . z)LchyLy*m1
2L(z,y) - ¢ = ((yo - )L, Ly - 2) L(,y)
= ((y-wo)L, 'Ly - 2) L(z,y)
= ((mc)Lngngl - 2)L(z,y)
= (cLyL;" - z)L(w,y) = (cz)L(z,y)
=zL.L(z,y) = zL(x,y) L.

This means zL(z,y) - ¢ = ¢- zL(x,y). Thus, zL(z,y) € Z(N). O

Lemma 4.3.12. An element a of a Basarab loop (@, -) is a Moufang element if and only if it is

flexible.

Proof. Let (@, ) be a Basarab loop, then for a € @),

(T, Lay La), (Ra, Ta, Ro) € AUT(Q, )

— (T,', La, Lo)(Ra, Ty, R,) € AUT(Q,")
— (L R,'R., L.R.L;', L,R,) € AUT(Q,")
— (Lq, LoR,L;", LoR,) € AUT(Q, ")

— (La, Ra, LoRy) € AUT(Q,)if (Q, ) is flexible. This gives

ax -ya = (a-zy)a, Vr,y € Q.

Also, (Ra, Tuy R)(TTY, La, L)) € AUT(Q,") = (RJT7Y, TyLa, RoLs) €
AUT(Q,") = (RuLoR;', Ra, RuLs) € AUT(Q,-) = (La, Ra, RuL.) € AUT(Q,")

if (@, -) is flexible. This gives azx - ya = a(zy - a), ¥V x,y € Q. O
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Lemma 4.3.13. Let (Q, -) be a Basarab loop. For every a, b € (), the following are equivalent:

l.a-ba=ab-a 5.a - ab=b
2. ab-ax=a(ba-z), Vo eqQ

6. (z,a,a”) =e, YV eQ
3. za-ba = (x-ab)a, Vx € Q

4. ba-a” =b 7. (a*,a,z) =e, VI €Q.
Proof. Let (Q, ) be a Basarab loop.

1. Let property 1 holds.

2. Consider the Basarab law (z - y(zJ,)) - vz = 2 - yz. Fix a,b € @ such that + = @ and

y = ba. Then

(a-(ba-(al,))) -az=a-(ba-z) = bR.R.;,La-az = a(ba - z)

= bR,L,R,' - az=a(ba-2).

If (Q,-) is flexible then bLa - az = a(ba - z) holds and ab - az = a(ba - z) follows. This

implies extra property for a,b € Q).
3. Consider the Basarab law (y - x) - ((zJ))z - x) = yz - x. Fix a,b € @ such that x = a and
2z = ab. Then

(y-a)-((aJy-ab)-a)=(y-ab)-a = (y-a)-bLyLoj, Ry = (y-ab)-a

= (y-a)-bL,R,L,;* = (y-ab)-a.

By flexibility, (y - a) - bR, LoL,' = (y - ab) -a = ya - ba = (y - ab)a. Another extra

property is satisfied.
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4. From the proof of 1, (a- (ba - (aJ,)))-az = a-(ba-z) = bR,R,;,La-az = a(ba- z).
If R,R.» = I holds then bR, R, La - az = a(ba - z) = bL, - az = a(ba - z) satisfies

2.

5. From the proof of 2, (y-a)-((aJy-ab)-a) = (y-ab)-a = (y-a)-bLyLaj, Ry = (y-ab)-a.

If L,L,;, = I holds then (y - a) - bR, = (y - ab)a satisfies 3.
6. Use 4.

7. Use 5.

O

Theorem 4.3.19. An element of a Basarab loop (@), -) is contained in the set of Moufang ele-

ments of (@, -) if and only if (z,a,a”) = e forall z € Q.
Proof. This true by using Lemma 4.4.5. O

Lemma 4.3.14. (Jaiyeola & Effiong (2018))

Let (@, -) be a Basarab loop. The following are equivalent:

1. Flexibility 5. Right alternative property
2. Right inverse property
6. Left alternative property

3. Left inverse property

4. Inverse property 7. Alternative property.

Corollary 4.3.28. Let (Q, -) be a Basarab loop. An element a € () is an extra element if the

following are equivalent:

1. a is flexible 2. a has RIP
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3. a has LIP 6. a has LAP

4. a has IP 7. a has AP
5. a has RAP
Proof. This is true by Theorem 4.3.19 and Lemma 4.3.14. [

Corollary 4.3.29. Let (@, ) be a Basarab loop, an element a € () is a Moufang element if and

only if it is an extra element and a* € N(Q, -).
Proof. Let (Q, -) be a Basarab loop, then a Moufang element of (), -) satisfies Corollary 4.3.17.
Thus a is Moufang if and only if (L,, R, L,R;")(Ls, Ra, LoR.) € AUT(Q,-)

<= (L2, I, L,R;'L,R,) € AUT(Q,-) < (L2, I, L?) € AUT(Q,-)

<= (Lg, I, L) € AUT(Q,-) <= a* € N»(Q,).

Thus, a® € N(Q, -), since the nuclei of a Basarab loop coincide. O

4.4 Isotopes of Basarab loop

In this section, the isotopes of a Basarab loop is investigated. It is shown that every right isotope
of a right Basarab loop is a right conjugacy closed loop and every left isotope of a left Basarab
loop is a left conjugacy closed loop. The left(right) isotope of a right(left) Basarab loop is
shown to be a right(left) Basarab loop. It is established that every principal isotope of a left
Basarab loop is a left Basarab loop and every principal isotope of a right Basarab loop is a right
Basarab loop. Hence, every principal isotope of a Basarab loop is a Basarab loop. Necessary

and sufficient conditions for isotopes and principal isotopes of a Basarab loop are determined.

Definition 4.4.1. Let (L, -) be a loop. The loop with the multiplication x xy = z/a - y is said to
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be left isotopic to a loop (L, -) for all a, z,y € Q. The loop with the multiplication zxy = x-b\y

is said to be right isotopic to a loop (L, ) for all b, z,y € Q.
Theorem 4.4.1. Every right isotope of a right Basarab loop is an RCC-loop.

Proof. Consider the right Basarab loop identity

(yrxz)* ((Jyx)zxz)=(yx2)*x

and apply = x y = z - b\y to obtain

(y - 0\x) - O\(((Jyw) - b\2) - D\x) = (y - b\2) - (b\) (4.12)

Set y = e in Equation 4.12, then

(b\z) - O\(((Jxx) - b\2) - D\x) = (b\2) - (b\x).

This implies,

O\(((Jxx) - b\z) - b\z) = (B\x)\[(D\2) - (b\)]. (4.13)

Put Equation 4.13 into Equation 4.12 then

(y - D\z) - [(D\N)\[(0\2) - (D\2)]] = (y - b\2) - (b\).

Replacing z by bz and gives

(y - b\x) - [(D\e)\[z - (D\2)]] = (y - 2) - (b\).
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which means, yR\,) - zR(b\l,)L(_b{x) = (y2)R\). Therefore, setting b\x = w implies that
(Ry, RuL,', R,) € AUT(Q,) = y-zR,L,"' = (yR," - 2) Ry

— () Ly)) = Ry 2) R = y(u\(zw)) = (y/w)z-w; ¥ w,y, 2 € Q.
O]

Lemma 4.4.1. Every right isotope of a right Basarab loop (@, -) satisfies any of the following

forall b, x,y,z € Q :

(S

(D) B\(Jvw) - 2) - B\a) = (y - 2) - (D\a)
2. D\((Jyz) - b\a) = e

3. (v b\a) - D\(O\2) = (y - ) - (B\a)

4. (y-0\a) - B\((Jvw) - (Jy)) - B\a) = b\a

5. (y-B\e) - B\(((Jwa) -9) - B\a) = 2 - (B\a)

6. (0\x) - D\((Jyx) - 2) - D\a) = - (B\a)

7. ((Jvz) - B\a) - B\((Jw) - 2) - B\a) = (B\a)

8. (y-x) - D\((n (b)) - B\2) - 2) = (- B\2) - .

Proof. Let (@, -) be a right Basarab loop. Replace z by bz in Equation 4.12 to obtain 1. Then 2
to 7 are obtained either by identifying z and y, also by equating each of z and y accordingly in

Equation 4.12, while 8 is obtained by replacing = with bz in Equation 4.12. O

Lemma 4.4.2. Every right isotope of a right Basarab loop (Q, -) satisfies any of the following

forall b,z € Q :

l. (Rp\e)s Lu,eRpo)Ly ' Rinwy) € AUT(Q, )
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2. (Ry, Ly, uwyReLy', Ry) € AUT(Q, ")
3. (Ry, R,Lj),, Ry) € AUT(Q,")
4. (R,, R,M,, R,) € AUT(Q,)

5. (Rw\wys Riva)Lipyyy» Roovw) € AUT(Q, )

Proof. From (1) of Lemma 4.4.1,
YR - 2Ly, s Ry Ly = (W2) Ry = (Rave)s LuaRpae)Ly 'y Riwwy) € AUT(Q, ).

Setting © = b gives (R,, Ly, 40)Rowl, ', Rs) € AUT(Q,-). If b = Jyx , we obtain

(Re, Ly eR.Ly.,, Ry) € AUT(Q,"). Thus,
(Re, Ly,eR. Ly, R,) € AUT(Q,:) = (R., R,Ly,,, R.) € AUT(Q,").

From Lemma 4.4.1(2), b\((Jyz) - b\x) = ¢ = Jyz -b\z = b. Using the permutation M,

defined for x € Q as yM, = y\x we write b\z as bM,. So that
Jyr-bD\e =b = Jyx-bM, =b = bM,L;,,=b = M,L;,,=1 = M, = L;j,x

for all x € Q. Putting M, = L};,x in (3) of Lemma 4.4.2, gives (R,, R.M,, R,) €

AUT(Q,-). From (6) of Lemma 4.4.1,

(0\z) - O\(((Jvz) - 2) - D\x) = 2z - (0\2) == Ly, Rippayr;r Livey) = Riova

= LyeRowly 'Low = Boe) = LieBowLly, ' = RowLly,:

Putting this in (1) of Lemma 4.4.2 gives (Riz), Rieva) Ly yr Rove) € AUT(Q, ).
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Theorem 4.4.2. Every left isotope of a left Basarab loop is an LCC-loop.

Proof. Consider the left Basarab identity

(xx (Yyx Jyz))*x (x*2) =% (y*2)

and apply z x y = z/a - y then

(z/a-(y/a-Jyx))/a- (z/a-z)=(x/a)- (y/a-z). (4.14)

Replace y by ya to get

(@/a-(y- Jyx))/a-(z/a-z) = (z/a)-(y-2).

Setting z = e in Equation 4.14 gives

(z/a-(y/a-Jyx))/a-(x/a) = (z/a)- (y/a).

This implies
(z/a-(y/a- Jyz))/a=[(z/a)-(y/a)l/(z/a) (4.15)

Putting Equation 4.15 into Equation 4.14 gives

[(z/a) - (y/a)l/(x/a)] - (x/a-z) = (z/a) - (y/a - 2).

Replacing y by ya implies

[(z/a)-y]/(x/a)] - (x/a-2) = (x/a) - (y - ).
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Therefore, setting x/a = v implies [(v - y)/v] - (v-z) =v - (y - z), which means

yL,R," - zL, = (yzL,) = (L,R,", Ly, L,) € AUT(Q, ).

This gives yL, R, - 2 = (y - zL; ') L,, Yv,y,2 € Q

— ()R 2 = (y\2)Le = (0y)/0)z = v- y(0\2): Y 0,9,z € Q.

O

Lemma 4.4.3. Every left isotope of a left Basarab loop (@), -) satisfies any of the following for

alla,z,y,2 € Q :

Lo (z/a-(y-Jyx))/a-(z/a-z)=(x/a)-(y-2)

2. (x/a-Jyx)/a=e

W

- (@/a)/a-(z/a-z) = (x/a) - (v.2)

4. (zfa-((Inz) - Jyx))/a-(xfa-z) = (x/a)

o)

(wfa- (2 Jyx))/a- (x/a-2) = (x/a) - 2°

a

(@/a-(y-Jyz))/a-(x/a) = (x/a)-y

~

(x/a-(y-Jpx))/a-(x/a-Jyy) = (x]a)
8. (z-(y/a-(Jy(za))))/a-zz=1x-(y/a-2).

Proof. Let (Q, -) be a left Basarab loop. Replace y by ya in Equation 4.14 to obtain 1. Then 2
to 7 are obtained either by identifying z and y, also by equating each of z and y accordingly in

Equation 4.14, and 8 is obtained by replacing = with za in Equation 4.14. ]
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Lemma 4.4.4. Every left isotope of a left Basarab loop (@), -) satisfies any of the following for

alla,z € @ :

L. (RJp/xL(:p/a)Rgla L(z/a)a L(:p/a)) € AUT(Qv )

\S}

. (RJPI(QL’(Z)LCUR;l? Lwa Lx) € AUT(Q:)
3. (Lijplm, L., L,) € AUT(Q,-)

4. (LM, L., L,) € AUT(Q,)

W

- L/ Rigyays Liwjays Lizjay) € AUT(Q, ).

Proof. From (1) of Lemma 4.4.3,
YR; oLy Ry - 2L(ajay = (W2) Liaja) = (Ry,aLlie/ayRe’s Lizja)s Liwja) € AUT(Q, ).

Leting + = wa gives (Rj,waLlaR,", Loy, Li) € AUT(Q,:). If a = Jyx , then

(R s o) LRy, Loy Lo) € AUT(Q,-). This implies, (L, R7",, Lo, L) € AUT(Q,").

From (2) of Lemma 4.4.3, (x/a - Jyz)/a = e = x/a- Jyx = a. Applying the permutation
M ! defined for x € Q as yM_! = z/y to obtain aM_ ' = x/a. This means,

rja- Jyxr =a = aM:;lRJp,w:a — M;lRJp,x:I

-1 _ p-1
= Mx - RJp/w'

Then (3) of Lemma 4.4.3 means (L, M ', L,, L,) € AUT(Q, ). From (6) of Lemma 4.4.3,

(@fa-(y-Jyx))/a-(x/a) = (x/a)-y

= Ry, oL@y Re Rieja) = Liesa) = RijaLliBRa’ = Lijo R
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Putting this in (1) of Lemma 4.4.3 above, gives (L(Z/Q)R(_xl/a), Lizja), Lizja)) € AUT(Q, ).

O
Theorem 4.4.3. Every left isotope of a right Basarab loop is a right Basarab loop.
Proof. Consider the right Basarab loop identity
(yxx)x ((Jyz)zxx) = (yxz)*x
and apply = x y = x/a - y to obtain
(y/a-x)/a-((Ixz/a-2)fa-x) = (y/a-z)/a-z.
Replace y by ya to get
(y-z)/a-((Jyz/a-2)]a-x)=(y-2)/a- . (4.16)
Setting z = e in Equation 4.16 gives
(y-2)/a-((Jxz/a)/a-x)=yla-x.
Also, setting y = e in Equation 4.16 yields
(x/a) - (Ivafa-2)/a-a) = (z/a) - .
Which means
((Jvz/a-z)/a-x)=(x/a)\((z/a) - x). (4.17)
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Putting Equation 4.17 in Equation 4.16 gives

(y-2)/a-[(z/a)\(z/a) - 2)] = (y - 2)/a =

Then yR,R;" - 2R;'R. L), = (y2)R'R, = (R.R;', R;'R.L(ja), R;'R.) €
AUT(Q,-). Setting x = xa implies (R, R;', R;'R..L;', R;'R..,) € AUT(Q,-). Next,

set z = Jya, then (R;', R,'L;., R;') € AUT(Q,) = (R4, Lj.R., R.) €

a

AUT(Q,) = Ya,b,ce@,(b-a)-((Jra)c-a)=bc-a. O
Theorem 4.4.4. Every right isotope of a left Basarab loop is a left Basarab loop.

Proof. Consider the left Basarab identity

(xx (Yyx Jpz))*x (x*2) =% (y*2)
and apply x x y = = - b\y then

(@ - 0\(y - \Jpyw)) - D\ (2 - b\2) = - D\(y - b\2).
Replace z by bz to get
(@ - 0\(y - \Jpw)) - D\ (2 - 2) = - D\ (y - 2). (4.18)

Set z = e in Equation 4.18 and obtain

(- O\(y - b\Jpy)) - (D\x) = - b\y.

Which means

(@ - 0\(y - O\Jpx)) = (x - b\y)/(b\). (4.19)
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Putting Equation 4.19 in Equation 4.18 then
(@ - b\y)/(b\z) - b\(z - 2) = 2 - b\(y - 2). (4.20)
Then,
yL, 'Ly R, - 2Ly, Lyt = (y2) Ly 'Ly = (L ' Lew R, Y, LiowLy ', Ly Ly,) € AUT(Q, ).
Setting x = J,b then
(Ly 'Ry,er Lyt Ly') € AUT(Q, ) = (Ry Lo, Lv, Ly) € AUT(Q, ")

= Vb, de@, (b-cJyb)-bd=0b-(c-d).

4.4.1 Principal Isotopes of Basarab loop

Definition 4.4.2. Let (L, -) be a loop. Every principal isotopism is a composition of a left and

a right isotopism.
Theorem 4.4.5. Every principal isotope of a right Basarab loop is a right Basarab loop.

Proof. Consider the right Basarab loop identity
(yxx)*x ((Jyx)zxx) = (yxz) *x
and apply z x y = x o b\y to obtain

(yob\z) o b\((Jyxob\z)ob\x) = (yob\z)o (b\x).
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Set b\z = u, b\z = w then
(y o u) o b\ ((Jy(bu) 0 w) ou) = (y o w) ow.
Apply 2oy = x/a -y to get
(y/a-u) o b\((Jx(bu)/a-w)ou) = (y/a-w)/a - u.

This implies

(y/a-u)/a-b\((Jy(bu)/a-w)/a-u) = (y/a-w)/a- u.

Sety/a = s, to obtain
(s-u)/a-b\((Jx(bu)/a-w)/a-u) = (s w)/a-u. (4.21)
Next, set s = e in Equation 4.21 and get
(u/a) - D\((Jx (bu)/a - w)/a - u) = (w/a) - u.

This implies

b\((Jy(bu)/a-w)/a-u) = (u/a)\((w/a) - u). (4.22)

Putting Equation 4.22 in Equation 4.21
(s-u)/a-[(u/a)\((w/a) -u)] = (s - w)/a-u.
This means sR, R, ! - wRaRuL(’ul/a) = (sw)R;'R,

= (RUR;17 R‘IR“L(:}/(I% RJIRU> S AUT<Q7 )
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Setting u = ua gives
(RuaRy", RaRuaLy's R, Rua) € AUT(Q, -).
Next, setting u = Jya gives
(ReR,", R;'R.L;!,, R;'R.) € AUT(Q,-) = (R,', R;'L;,, R,") € AUT(Q,")

Jra? Jra?

= (R, LjaRa, Ry) € AUT(Q,:) = Va,byce@,(b-a)-((Jra)c-a)=(b-c)-a.
[

Theorem 4.4.6. Every principal isotope of a left Basarab loop is a left Basarab loop.

Proof. Consider the left Basarab identity

(xx (yx Jpz))*x (x*2) =% (y*2)

and apply z xy = x/a o y to get

(z/ao(y/ao Jyz))fac (xfacz)= (x/a)o(y/acz2).

Set z/a = g, and y/a = h to obtain

(go(hoJy(ga)))/ac(goz)=go(hoz).

Apply z oy = - b\y to get

(g-b\(hoJy(ga)))/a-b\(goz)=g-b\(hoz)
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This implies
(g - O\(h - b\Jp(ga)))/a-b\(g - D\z) = g - D\(h - b\z).

Set ¢ = b\ z to obtain

(g-b\(h-b\Jy(ga)))/a-b\(g-q) =g-b\(h-q) (4.23)

Set ¢ = e to obtain

(g - O\(h - b\Jp(ga)))/a-b\g = g - b\h.

This implies
(g - O\(h -0\ Jy(ga)))/a = (g - O\h)/(b\g) (4.24)

Putting Equation 4.24 into Equation 4.23 to get
[(g- \R)/(D\g)] - D\(g - @) = g - D\ (- @)
This means, hLb’ngR(’b{g) ~qL,Lyt = (h-q)L; 'L,
= (L 'LyRy,y Loly 'y Ly Ly) € AUT(Q, ).

Putting bg = g gives (L, 'Ly, R, Y, LyyLy"', L, 'Lyy) € AUT(Q,-). Next, setting g = J,/b

g

gives

(Ly'LeRj, LeLy”, Ly'Le) € AUT(Q, )
= (L 'Ry, L' L") € AUT(Q.) = (Rypls, Ly, L) € AUT(Q. ")

— Vbe,d€Q, (b-clyb)-(b-d)=b-(c-d).
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Corollary 4.4.1. Every principal isotope of a Basarab loop is a Basarab loop.
Proof. This result follows from Theorems 4.4.5 and 4.4.6. [

Lemma 4.4.5. Let (@, -) be a right Basarab loop. Then the principal isotope of (@), -) satisfies

any of the following for all a, b, s, u,w € @ :

L (su)/a-0\((Jx(bu)/a)/a - u) = (s/a) - u

2. (s-u)fa-b\((Jy(bu)/a- J,s)/a-u) = ja-u

3. (s-u)/a-D\((Jy(bu)/a-s)/a-u) = s2/a-u

4. (s u)/a-b\((Jx(bu)/a - Jo[ Iy (bu)/a])/a - u) = (s - Jp[Jx(bu)/a])/a - u
5. u/a - b\((Jy(bu)/a - w)/a - u) = (uw)/a - u

6. u/a-b\((Jy(bu)/a-w)/a-u) = (w/a)-u

7. Ja-O\((Jyv(bu)/a-w)/a-u) = (Jyu-w)/a-u

oo

. (Sw-u)/a-b\((Jyv(bu)/a-w)/a-u) = [a-u

Proof. The lemma is obtained by identifying s and w and also by equating s and w accordingly

using Equation 4.21. O]

Lemma 4.4.6. Let (Q, -) be a left Basarab loop. Then the principal isotope of (@, -) satisfies

any of the following for all a,b,g,h,q € Q :
L. (g-b\(B\Jy(ga)))/a-b\(g-q) = g-b\q
2. (g-b\(Jag -0\ Jy(ga)))/a-b\(g-q) =g - b\
3. (9-0\(g-W\Jy(ga)))/a-D\(g-q) = g-D\¢*

4. (g-b\)/a-b\(g-q) = g-O\(JA[D\Jy(ga)] - q)
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5. (9-0\(h-b\Jy(ga)))/a- (b\g) =g - (b\h)

6. (g9-0\(h-b\Jy(ga)))/a-b\(g- Joh) =g - b\
7. (g - O\(h-0\Jy(ga)))/a- b\ =g - b\(h- Jpg)
8. (g O\(h-0\Jy(ga)))/a-b\g* =g-b\(h-g)

Proof. The lemma is obtained by identifying h and ¢ and also by equating / and ¢ accordingly

using Equation 4.23. [

Lemma 4.4.7. Every principal isotope of a right Basarab loop (@, -) satisfies any of the follow-

ing for all a,b,u € @ :

L. (R.R;', Ly, 0uw/aRe Ruly ', R'R,) € AUT(Q, )

[\

. LJ)\/(bu)/aRglRuLb_lL(u2/a) = LuRglRu

3. (RuR,"', LyR,;'RyL.2/a), R;'R,) € AUT(Q, )

IN

- LyyeuyaRy Ruly = R'R,L)

5. (RuR;', R;'R, Ly

(w/a)’ R'R,) € AUT(Q,-)

=)

- LyyuwyjaRe ' Rulyt = LR RUL

Proof. From (3) of Lemma 4.4.5, sR,R," - sLj (o) /aRy ' RuLy ' = s*R;'R,

— (RuR,", Ly, uyaRy Ruly ', Ry'R,) € AUT(Q,-).

From (5) of Lemma 4.4.5, (2) is obtained. Next, using (2) in (1), (3) is achieved. Also, (4)
follows from (5) of Lemma 4.4.5, (5) is obtained by considering (4) in (1), and (6) is obtained

using (7) of Lemma 4.4.5. [l
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Lemma 4.4.8. Every principal isotope of a left Basarab loop (@), ) satisfies any of the following

foralla,b,g € Q :
L. (Rb\-fp/(ga)Lb_ngR;l» Lng_lv Lb_ng) € AUT(Q, )
2. R L'L,R' =L 'L,R!
- AW\ (ga) bty Mgl b Hallp\g)

3. (Ly 'LyRy s Lolyts Ly 'Ly) € AUT(Q, )

4. Ry, gLy ' LyRy " = Ry,gLy ' LyRy,
5. R, (ga Ly ' LeRy' = RyLy LyRp g2
6. (RngngR(b\gQ); Lng;l, Ll;ng) € AUT(Q, )

Proof. From (3) of Lemma 4.4.6, (1) is obtained. From (5) of Lemma 4.4.6, (2) is obtained.
Next, using (2) in (1), (3) is achieved. Also, (4) follows from (7) of Lemma 4.4.6, (5) is obtained

by using (8) of Lemma (4.4.6), and (6) is obtained by considering (5) in (1). O

4.5 Holomorphy of a Basarab loop

In this section, the holomorphy of a Basarab loop is investigated by considering a group A(Q)
of automorphisms of a loop. Some necessary and sufficient conditions for an A(())-holomorph
of a loop (@, -) to be left (right) Basarab loop, and Basarab loop are established, respectively.
These necessary and sufficient conditions are also expressed in terms of autotopisms of a loop.
Some left (right) translation mapping of the holomorph of a left (right) Basarab loop is shown
to be left (right) regular. It is proved that A(()) -holomorph of a loop (@, -) which satisfies the
inverse property is a Basarab loop if and only if (@, -) is a Basarab loop and every automorphism

of () is nuclear.
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4.5.1 Holomorphy of left Basarab loop

Theorem 4.5.1. Let (Q,-) be a loop with A(Q)-holomorph (H,o). Then, (H,o) is a left

Basarab loop if and only if

(xa - ya?) - xz = xa - yz
forall z,y,z € Q and for all « € A(Q).
Proof. Let (Q,-) be aloop and A(Q) < AUM(Q,-). Let H = A(Q) x @ such that (a, x) o
(B,y) = (aB,zf - y) forall (o, x), (B,y) € H. Clearly,

(o, 2)° = (™ 2Pa™) = (™', (za™")?). Therefore,

{(a,2) o ((B,y) o (a,x) } o ((a, ) 0 (7,2)) = (a,z) o ((B,y) © (7,2))
= {(a,2) 0 ((B,y) o (a7 2”a™ )} o ((a,x) 0 (1,2)) = (@, 2) o ((B,y) © (7, 2))
<= {(a,2) 0 (Ba™! ya™" -afa )} o (ay, 27 2) = (o, z) o (By,y7 - 2)
<= (a(Ba™h),zfa™" (ya=t - afa™h)) o (ay, 2y - 2) = (a(B), 2By - (y7 - 2))
= ((a(Ba )y, (zfa™" - (ya ' - 2fa™)) ay - (za - 2)) = (afy, 2B - (yy - 2))
= (afy, (@Ba™ - (ya~ ' - afa ))ay - (za - 2)) = (aBy, 287 - (y7 - 2))
= ((@Ba™" - (ya™ - afa ))ay) - (wa-z) = xBy - (yy - 2)
= ((wfa""ay) - (ya='-afa Nay) - (27 - 2) = 2By - (yy - 2)

< ((@Ba™!) - (ya " 2o ay) - (za) - 2) = xfy - (yy- 2)

= ((@87) - (yo tay-afa ay)) - (v -z) = 2By - (y7 - 2)
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= ((xB7) (yy-2"y)) - (xy-z)=zBv (yy-2)
= ((@By) - (yy- 27" (@y-2)y = (@hy-(yy- ) =

(@B-(y-a")-(x-2v ) =aB-(y-277") (4.25)

Setting z = zy~! in Equation (4.25) gives

(2B (y-a") - (z-2) = 2B (y-2) (4.26)
In Equation (4.26), setting z = 2z and = « gives
(xav-ya?) - xz = xa - yz
forall z,y,z € Q,and o € A(Q). O]

Corollary 4.5.1. Let (Q,-) be a loop with A(Q)-holomorph (H,o). Then, (H,o) is a left

Basarab loop if and only if (Ryr Ly, Ly, Lyo) € AUT(Q, ) forall x € Q and forall « € A(Q).
Proof. This follows from Theorem 4.5.1. [

Lemma 4.5.1. Let (Q, -) be a left Basarab loop with A(Q)-holomorph (H, o). Then, (H, o) is

a left Basarab loop if and only if any of the following is true:
L. (za-(2\y)) -z =xza- (2\(y2)) forall z,y,z € Q and for all & € A(Q).
2. (L7 Lyo, I, L; Lyo) € AUT(Q, ) for all z € Q and for all o € A(Q).
3. L' Ly is M\-regular for all x € Q and for all o € A(Q).
4. L L., € ANQ,-) forall x € Q and for all o € A(Q).

Proof. Let (Q,-) be a left Basarab loop. Then the autotopism 7' = (R0 L,, L,, L,) holds.
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(H, o) is a left Basarab loop if and only if S = (R.» Ly, Ly, Lua) € AUT(Q, ).

T = (RpoLy, Ly, Ly) € AUT(Q,) = T ' = (L,'R,;}, L', L") € AUT(Q, ).

(H, o) is a left Basarab loop if and only if

T7'S=(L;'Ryy, LY L) (Rev Ly Ly L)

= (L;'R) Rov Ly, L, 'Ly L, L) = (L' Lya, I, L' Luo) € AUT(Q, -).

Also, for all z,y, z € @) and for all & € A(Q),

(L 'Ly, I, L' Lyy) € AUT(Q, ) <= yL 'Ly -2 = (y2) L, Ly

= (za- (2\y)) -z =za- (2\(y2)).
The rest follows by Definition 3.6.1(3). L]

Corollary 4.5.2. Let (Q,-) be a loop with A(Q)-holomorph (H,o). Then, (H,o) is a left
Basarab loop if and only if (Q,-) is a left Basarab loop and any of the following equivalent

conditions holds:
1. L'L,, € AQ,-) forall x € Q and for all o« € A(Q).
2. za-xP € Ny(Q,-) forall x € Q and for all o € A(Q).
3. a=J,M; ! forall « € A(Q) and some n € Ny(Q,-).

4. A(Q) = MQ,).

Proof. Let (H, o) be a left Basarab loop, then {/} x Q < (H,o)and {I} x Q = (Q, -). Hence,
(Q,-) is a left Basarab loop. Thus, by Lemma 4.5.1, L;'L,, € A(Q,-) for all z € Q and for

all o € A(Q).
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Conversely, if (@, ) is a left Basarab loop and 1. holds, then by Lemma 4.5.1, (H,0) is a

left Basarab loop.

9
1< 2 By Theorem3.1.1, L;'L,, ® el 'L, < eL;'L,, € N\(Q, ) < za-2" €

Ny(Q,-) forall z € @ and for all « € A(Q).

2= 3 za- -2 € N\(Q,") & za -2’ =n <= za =nR, =a2’M;! < a=

J,M; ! forall « € A(Q) and some n € Ny(Q, ).

1< 4 Forallz € Qandforall « € A(Q), L;' Lo € AM(Q,") & Lyo € L,AQ,") <=
L.o = LA forsome A € A(Q,-) <= (a,I,)\) € AUT(Q,-) <= acAQ,) <

AQ) < M@, ).
[]

Remark 4.5.1. From Corollary 4.5.2, it can be deduced that the A(Q, -)-holomorph H(Q),-) of

a left Basarab loop (Q, -) is precisely a left Basarab loop.

Corollary 4.5.3. Let (Q, ) be a loop with A(Q)-holomorph (H, o). Then, (H,o) is an LIP left
Basarab loop if and only if (Q, -) is an LIP left Basarab loop and any of the following equivalent

conditions holds:

1. JL;'LyoJ is p-regular with an adjoint (JL; Ly J) = L7} L, for all x € Q and for all

a € AQ).

2. JL; Lyod € ®(Q,-) and (JL;'LyoJ) = Ly L, € W(Q,-) for all x € Q and for all

a € A(Q).
3. za-2, x-afa € N,(Q, ) forall x € Q and for all o« € A(Q).
4. a=J,M;! == M,,J, forall a € A(Q) and some ny,ny € N,(Q, -).
5. A(Q) € J2(Q,")J and (JA(Q)J) € J®(Q.-)J C ¥(Q, ).
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Proof. Tt should first be noted that (H, o) is an LIP loop if and only if (@, -) is an LIP. Following
Corollary 4.5.3, (H, o) is a left Basarab loop if and only if (@, -) is a left Basarab loop and
L 'L, € A(Q,-) forall x € Q and for all @ € A(Q).

In an LIPL, (U, V,W) € AUT(Q,) = (JUJ, W,U) € AUT(Q,-). So, forall z € Q

and for all & € A(Q):
L' Lyo € MQ,+) & (L' Ly, I, L Ly) € AUT(Q, ) <= (JL,'Lyad, Ly Ly, I) € AUT(Q, )

< JL;'L,.J is p-regular with an adjoint (JL;'L,oJ) = L7} L,.
1 <= 2 This is straightforward.

2 <= 3 By Theorem 3.1.1, JL ' LyoJ & eJL Lynd <= eJL;'Lyad € Nu(Q,") <

za -2 € N,(Q,-) forall x € @ and for all & € A(Q).

B
Furthermore, L, L, ® eL 1L, <= eL,1L, € N,(Q, ) < z-2°a € N,(Q,) for

all z € @ and for all « € A(Q).

3<= 4 za-2* € N,(Q,") < za -2’ =n <= za=mR, =1’M;! < a=
J,M,, ! forall & € A(Q) and some ny € N,(Q,-).
Furthermore, z - 27 € N, (Q,") <= z-2fa =ny < aPa =nyl;' = aM,, & a =

M, Jy for all &« € A(Q) and some ny € N, (Q, -).

1<= 5 Forallz € Qand forall « € A(Q), JL;'LooJ € ®(Q,) <= JL'LyoJ = ¢
for some ¢ € ¥(Q,") < L 'Lya = JOJ <= Ly = L, JoJ <
(a,1,J6J) € AUT(Q,-) — (JaJ,JoJ,I) € AUT(Q,-) <= JaJ € ®(Q,-) and
(JaJ) = (JyJ) = JyY~'J € W(Q, ) for some 1 € ¥(Q,-) < A(Q) C JB(Q,-)J and
(JAQ)J) € J®(Q.")] € ¥(Q,").
Furthermore, for all z € @ and for all & € A(Q), (JL;'Ly,J) = L;'L, €

U(Q,) < L, € L,V (Q,) < L, € Ly for some ¢ € V(Q,:) <—
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(a, 1,71 € AUT(Q,) < (JaJ,I,vY) € AUT(Q,") < JaJ € ®(Q,-) and

(Jad) =4 € ¥(Q, ) <= A(Q) C J®(Q,")J and (JA(Q)J]) € ¥(Q,").
O

Corollary 4.5.4. Let (Q,-) be a loop with A(Q)-holomorph (H,o). If (H,o) is an LIP left

Basarab loop, then

xo-xf, r-rfa N,.(Q,-)
7 5]\ € / BTisomorphism (427)
JL Lsad bt Lig L ®(Q1) o> U(Q, )

forallz € Q, a € A(Q). i.e. 0 = pp.

Proof. This follows from Corollary 4.5.3. [

Lemma 4.5.2. Let A(Q) be an automorphism group of a left Basarab loop (Q,-). The holo-
morph (H, o) of (Q,-) is a left Basarab loop if and only if for all x,y,z € Q) and o € A(Q)

any of the following is satisfied:
1. (R LyRyp Lo, L2, Lo Lyo) € AUT(Q, -
2. (RpoLypaRuo Ly, L2, Lo L) € AUT(Q, )
3. (RueLyaly Ry I, Lo L) € AUT(Q, )

Proof. Let (Q,-) be a left Basarab loop. By applying the autotopisms of (@), -) and its holo-

morph, and also using Corollary 4.5.1 and Lemma 4.5.2, the result follows. O]

Lemma 4.5.3. Let (Q,-) be a loop with A(Q)-holomorph (H, o). If (H,o) is a left Basarab

loop then the following are true for all x,z € Q) and a € A(Q) :

1. (za-zP)-z = za-(z\2), 2. za-xP € Ny(Q,-); 3. (za-2P)-xz =00 2;

99



4. (za-zP)x = zay 6. Lizawr) = Ly 'Lya;
5. (za-zP iz, z) = e 7. Liza-er) € M@, ).

Proof. 1. By Lemma4.5.1, (H, o) is a left Basarab loop implies

(L, 'Ly, I, L' Lyy) € AUT(Q, ) = yL,'Lya -2 = (y2)L, LoV y, 2 € Q.

By Corollary 4.5.2, (H,o) is a left Basarab loop implies that (Q),-) a left Basarab
loop. So, R, = L,R;'L;' which implies L' = R,L;'R,,. Thus, for all y,z €

Q. yRoL>'RyoLy - 2I = (y2)L" Ly if and only if
YTy Ror Lo - 21 = (y2) L, ' Lya, ¥V 7,9, 2 € Q. (4.28)
Setting y = e in Equation (4.28), then €1, R » Lo - 21 = (ez)L;le = eRpoLy, -
2l =20 Ly = (za-2P) 2 =20 (2\2).
2. From 1, (za-2”) -z = za- (#\2) <= zL(zaar)y = 2L, Lya <= L(zaar) = L3 Lya.

So,

(Ly'Lyar I, Ly Lya) = (Lgawr) L, Lgaar)) € AUT(Q, ) = za-2” € Ny(Q, ).

3. In 1 above, (za - ) - z = zav - (x\2), setting z = xz gives (xa - xP) - x2 = zov - 2.
4. If z = x in 3 above, then (za - 2°)x = za.

5. From 3 and 4 above , (zov - 2”) - xz = za - z and (xa - 2P)x - 2 = xa - 2 respectively.

Using these, we get (zav - a”) -2z = xa -z = (v - 2P)v - 2 = (xa- 2P, 2, 2) = e.

6. This is gotten from the proof of 2.
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7. This is gotten from the proof of 2.

4.5.2 Holomorphy of right Basarab loop

Theorem 4.5.2. Let (Q),-) be a loop with A(Q)-holomorph (H,o). Then, (H,o) is a right

Basarab loop if and only if for all x,y,z € Q and § € A(Q),

(y-xé)-((z’\é-z)-x):yz-x or (y-x)-((x’\-z)-xé_l):(y-z)-xé_l

Proof. Let (Q,-) be aloop and A(Q) < AUM(Q,-). Let H = A(Q) x @ such that

(o, x) o (B,y) = (af,xzf - y), for all (o, z), (5,y) € H. Clearly,

Byt =B"y'8) = (8" (yB7")"). Then,

((B,y) o (@, 2)) - {((o,2)* 0 (v,2)) o (v, 2) } = (B, y) 0 (7, 2)) © (e, )
= ((B,y) o (a,2)) o {((a™",2%a™ ) o (7,2)) o (a,2)} = ((B,y) © (7, 2)) © (e, )

= (Ba,ya-z)o{(ay,2ra "y 2) o (o, 1)} = (Bv,y7 - 2) o (a,2)

A

<= (Ba,ya-z)o{a e, (zha "y 2)a-x} = (Brya, (yy - 2)a - o)

A

= (Baa"Mya, (ya - x)a ya - ((aPaTly - 2)a 1) = (Bya, (yy - 2)a- )

Yoty 2)ax) = (yy-2)a-a

— (ya-z)a tya-((z
— (yaa'ya-zatya) - (2o ya - za) - 2) = (yya- za) - x

A

— (yya-ra tya)- ((zra ya - za) - z) = (yya - za) - z.
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Replace: yya with y; za with z and o'y« with d, then it follows that

(y-w6)- (276 2) - 2) = (y-2) @

]

Corollary 4.5.5. Let (Q,) be a loop with A(Q)-holomorph (H,o). Then, (H,o) is a right

Basarab loop if and only if for all z € Q and 6 € A(Q),

(Rx(s, LR, RI) € AUT(Q, ) or (Rx, LxxRx5—1,Rx(g—1) S AUT(Q, )

Proof. The proof follows from Theorem 4.5.2. ]

Lemma 4.5.4. Let (Q, ) be a right Basarab loop with A(Q)-holomorph (H, o). Then, (H, o)

is a right Basarab loop if and only if any of the following is true:
1y ((z/x) - 267Y) = ((yz)/x) - 26! holds for all x € Q and for all 5~' € A(Q).
2. (I, R;'Rys-1, R 'Ry5-1) € AUT(Q, ) forall x € Q and for all 6! € A(Q).
3. R;'Rys-1 is p-regular for all x € Q and for all 5! € A(Q).
4. R;'R,5-1 € P(Q,-) forall x € Q and for all 5~ € A(Q).

Proof. Let (@, -) be a right Basarab loop. Then the autotopism 7" = (R,, L,xR,, R,) holds.
By Corollary 4.5.5, the holomorph (H, o) of (@, -) is a right Basarab loop if and only if S =
(R, LyxRys-1, Rys-1) is the autotopism of Q.

The autotopism 7' = (R, L,z R,, R,) € AUT(Q) implies T—' = (R;', ;'L R;') €
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AUT(Q). The holomorph (H, o) of (@, -) is a right Basarab loop if and only if

T7'S = (R, R;'L_{, Ry )(Ry, Lyr Rys—1, Rys—1)
= (R,'Ry, Ry L LoaRys—1, Ry ' Rys—)

= (I, R,'Rys-1, R, Ry5-1) € AUT(Q, )

Also, forall z,y,z € Q and for all § € A(Q),

(I, R;'Rys—1, Ry'Rys—1) € AUT(Q,") <= y- 2R, 'Rus-1 = (y2) R, ' Rys—1 =

y-((z/x)-267") = ((y2)/x) - 267",
The rest follows by Definition 3.6.1(2). [l

Corollary 4.5.6. Let (Q,-) be a loop with A(Q)-holomorph (H,o). Then, (H,o) is a right
Basarab loop if and only if (Q,-) is a right Basarab loop and any of the following equivalent

conditions holds:
1. R;'R.s € P(Q,) forall x € Q and for all § € A(Q).
2. 2% 26 € Ny(Q,-) forall x € Q and for all § € A(Q).

3. 6 = ZM, forall § € A(Q) and some n € N,(Q,-).

4. A(Q) < P(Q.").

Proof. Let (H, o) be aright Basarab loop, then {I} x Q < (H,o)and {/} xQ = (Q, -). Hence,
(Q,-) is a right Basarab loop. Thus, by Lemma 4.5.4, R;'R,s € P(Q, ) for all € Q and for
all § € A(Q).

Conversely, if (Q, -) is a right Basarab loop and 1. holds, then by Lemma 4.5.4, (H, o) is a

right Basarab loop.
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Y
1 <= 2 By Theorem3.1.1, R,'R,s ® eR;'R,s <= eR,'R.s € N,(Q, ) < 2} 26 €
N,(Q,-) forall z € @ and for all 6 € A(Q).

2= 32020 €NYQ, ) & * 2d=n = xéan;f:x’\Mn — 0= J,M,

forall § € A(Q) and some n € N,(Q, ).

1< 4 Forall x € Q and for all 6 € A(Q), R,'R,s € P(Q,") <= Ry €
R, P(Q,) <= R.,s = R,pforsome p € P(Q,:) < (1,4,p) € AUT(Q,")

— JeP(Q,) <= AQ) <PQ,).
O]

Remark 4.5.2. From Corollary 4.5.6, it can be deduced that the P(Q), -)-holomorph H(Q, -) of

a right Basarab loop (Q), ) is precisely a right Basarab loop.

Corollary 4.5.7. Let (Q),-) be a loop with A(Q)-holomorph (H,o). Then, (H,o) is an RIP
right Basarab loop if and only if (Q,-) is an RIP right Basarab loop and any of the following
equivalent conditions holds:
1. R;'Rys is p-regular with an adjoint (R;'R,s)" = JR_ R,J for all v € Q and for all
)€ AQ).
2. R;'Rys € ®(Q,-) and (R;'Rys) = JRIR,J € U(Q,-) for all v € Q and for all

5§ € AQ).
3. 228, 2761 € N,(Q, ) forall z € Q and for all § € A(Q).
4. § = J\M,, =8 = M;"J, for all § € A(Q) and some ny,n5 € N,(Q,-).
5. AQ) CIY(Q, ), J¥(Q,-) C ¥(Q,) and (J¥(Q,-)J) C JAQ)J.

Proof. Tt should first be noted that (H, o) is an RIP loop if and only if ((), -) is an RIP. Following
Corollary 4.5.7, (H, o) is a right Basarab loop if and only if (@, -) is a right Basarab loop and

R;'R.s € P(Q,-) forall z € Q and for all § € A(Q).
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In an RIPL, (U, V,W) € AUT(Q,-) = (W, JVJ,U) € AUT(Q,-). So, forall z € @

and for all & € A(Q):
R:'Rys € P(Q,") <= (I,R;'Rus, R;'Rus) € AUT(Q, ")

< (R,'Rus, JR,'Ry5J,1) € AUT(Q, ")
<= R;'R,sis p-regular with an adjoint (R, 'R,s) = JR,J R, J.
1 <= 2 This is straightforward.

2 <= 3 By Theorem 3.1.1, R 'R & eR;'R,s < eR;'R,s € N,(Q,") < 2* 26 €

N,(Q,-) forall z € Q and for all § € A(Q).

B
Furthermore, JRJ R,J & eJR/R,J <= eJRR,J € N,(Q,") < 26 -1 €

N,(Q,-) forall z €  and for all § € A(Q).

3= 42" 25 € NJ(Q,") = 2" 20 =n3 :Eé:nlL;f:x’\Mm = )=

J\M,, forall 6 € A(Q) and some ny € N,(Q, ).

Furthermore, 12 -2 € N,(Q,") <= 230z =ny < 2’0 =R, ' =M, <~

6= M, J,forall § € A(Q) and some ny € N,(Q,-).

1< 5 Forallz € Q and for all § € A(Q), R;'R.s € ®(Q,") < R;'R,s = ¢ for
some ¢ € ¢(Q,) < Rus = R0 <— ([,9,0) € AUT(Q,-) < (¢,J0J,1I) €
AUT(Q,") < ¢ € ®(Q,")and ¢/ = J6'J € ¥(Q, ") for some ¢ € ®(Q,-)

AQ) € J¥(Q,-)J.

Furthermore, for all + € @ and for all § € A(Q), (R;'R.s) = JRZIR,J €
U(Q,") <= JRR,J = ¢ forsome ¢ € ¥(Q,-) <= R,/ R, = JyJ for some
v e V(Q,) <= R, = R;;Jipj for some ¥ € ¥(Q,:) < (I,6,Jy71J) €

AUT(Q,") <= (JY I J6J, 1) € AUT(Q,") <+ JyY'J € &(Q,-) and
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(Jy=LJ) = J6J € W(Q,) <« JOQ,)J C U(Q,-) and (JU(Q,-)J) C
JAQ)J € ¥(Q, ).

O

Corollary 4.5.8. Let (Q, ) be a loop with A(Q)-holomorph (H, o). If (H,o) is an RIP right

Basarab loop, then

oz, 20 x N,L(Q,")
/ /BT € / B | isomorphism (429)
R.'Rys —> JRR,J  ®(Q,) — > T(Q,")

isomorphism isomorphism

forallz € Q, § € A(Q). i.e. 0 = @f.

Proof. This follows from Corollary 4.5.7. [

Lemma 4.5.5. Let (Q, -) be a loop with A(Q)-holomorph (H, o). If (H, o) is a right Basarab

loop then for all x,y € Q and 6 € A(Q), the following are true:

I y-(z* 2671 = (y/x) - 20~ L 5 (yz,2tay) =e

2. 20257 € N,(Q, ).
6. Rprps—1 = RI_IR:E(;—I.
3o yr- (2 w0 ) =y a6l

4 . ([L’)‘ . 1‘571) = x5 L 7. Rx,\,x(g—l < P(Q, )

Proof. (H, o) is a right Basarab loop implies

(Ryy LyzRys—1, Rys—1) € AUT(Q) = Yy,z2€Q, yRy - 2L Rys—1 = (y2) Rys—1.

By Corollary 4.5.6, (Q, ) is a right Basarab loop, hence, L,» = R,L;'R;' which implies
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R;'=L,R;'L,. Again by Lemma 4.5.4, (H, o) is a right Basarab loop if and only if

(I, R,;'Ry51, R, Ry51) € AUT(Q, ).

1. So, forall z,y,z € Q, yI - 2R, 'R,5-1 = (yz) R, ' R,s-1 implies for all z,y, z € Q.

yl - 2L, R LovRys 1 = (y2) R, Rys1 = yl - 2T, "LoaRys1 = (y2) Ry ' Rys,

Thus, with z = e, we have

yl - €T 'LoaRys1 = (ye) Ry Rysn == yl - eLypsRys1 = yR Ry

= y- (2 267 = (y/z) - 20"

2. From 1, yRx 51 = yR;'Rys-1 = Ryr,51 = R Rys-1. Thus,

([, R;lng—l, R;leg—l) = (I,R(xk_(;—l), R(xk_(g—l)) S AUT(Q) — il e NP(Q7 )

(98]

. From 1,y (2*-267') = (y/z) - 26~. Do y > yx to get

yr - (2 267 = (yx/z) 267t = yr- (226 ) =y -l

4. Usey=cin3togetx - (z* 20~ ') =26 L.

5. By3and4,yz-(2*20") = y-26~ ! = y-x(z*-x6~") and this implies (y, z,2* - 27) = e.
6. This is gotten from the proof of 2.
7. This is gotten from the proof of 2.

]
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4.5.3 Holomorphy of Basarab loop

Corollary 4.5.9. Let (Q, ) be a loop with A(Q)-holomorph (H, o). Then, (H,o) is a Basarab

loop if and only if any of the following is true:
1. (RyoLyoy Ly Lo, (Roas Lyvo Rey Ry) € AUT(Q,-) forall x € Q and o € A(Q).

2. (Ry, Ly Rypo—1, Rpa—1), (Rypa—1 Ly, Lpo—1, L) for all x € Q and for all o € A(Q).

3. (va-yzf) - xz=xa-yzand (y - xa) - ((2ta-2)-x) =yz-xforall v,y, 2z € Q and for
all o € A(Q).
Proof. The result follows from Corollaries 4.5.1, 4.5.5 and Theorems 4.5.1, 4.5.2. L]

Lemma 4.5.6. Let (Q),-) be a Basarab loop with A(Q)-holomorph (H,o). Then, (H,o) is a

Basarab loop if and only if any of the following is true:

I (za-(2\y)) 2z =za-(x\(yz2))andy- ((z/x)-267") = ((y2)/z) - 26~ holds for for all

x,y,z € Q and for all a,§ € A(Q).

2. (L' Lya, [, L, Lyy) , (I, Ry Rys—1, Ry Rys—1) € AUT(Q, -) for all x € Q and for all

0,6 € AQ).
3. L Ly, is A-regular and R R,5-1 is p-regular for all x € Q and for all o, § € A(Q).
4. L 'Ly € A(Q, ) and R Ry5-1 € P(Q, ) forall x € Q and for all o, § € A(Q).
Proof. This follows from Lemmas 4.5.1 and 4.5.4 [

Corollary 4.5.10. Let (Q, -) be a loop with A(Q)-holomorph (H, o). Then, (H, o) is a Basarab

loop if and only if (Q, -) is a Basarab loop and any of the following equivalent conditions holds:
I. L L, € AQ, ) and R;'R.5 € P(Q, ) for all z € Q and for all a,§ € A(Q).

2. za- 2P € Ny(Q,-), 226 € N,(Q,-) forall x € Q and for all a,§ € A(Q).
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3. a=J,M;  and 6 = J\M,, for all & € A(Q) and some n € Ny(Q,-), n' € N,(Q,-).
4. AQ) <AQ,)NPQ,).

Proof. This follows by Corollaries 4.5.2, 4.5.6. [l

Remark 4.5.3. From Corollary 4.5.10, it can be deduced that the A(Q,-) NP(Q, -)-holomorph

H(Q,") of a Basarab loop (Q, -) is precisely a Basarab loop.
Lemma 4.5.7. Let (Q), ) be a loop with A(Q)-holomorph (H, o).

1. Then, (H,o) is a Basarab loop if and only if Q for all x,y € Q and o € A(Q):

(LoaRY, Ly, Leo), (Rea, ReLyL, R,) € AUT(Q,-) and

(za - yaf)r = za -y, za-(2a-y)r =y

2. (H, o) is a Basarab loop if and only if for all x € QQ and 6 € A(Q):

(Ry, Rys—1 L' Rys—1), (LoRj 1, Lys—1, L) € AUT(Q,-) and

z(zy -2z ) =y 26, a(y-2Poh) a7t = ay.

Proof. 1. Let (RyoLyo, Ly Lyo) € AUT(Q, ). Then, for all z,y, z € Q,

YRypo Ly - 2Ly = (y2) Ly = (za-ya’) - xz = za(yz) (set z =e)
— (za-yz’) x=(xa)y = yRupwLioRy = yLaa
— RurLooRe = Lo = Ruplpo = LoaR;'

= RuyLioRy = Ly = (za-ya2P)z =za-y.

Thus, (R2”Lea, Ly, Lea) € AUT(Q) = (LyaR:Y, Ly, Lya) € AUT(Q). Also, let
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(Ryas Lprg Ry, Ry) € AUT(Q). Then forall z,y, 2z € @,

YRy 2Lppo Ry = (y2) R, = (y - za) - (x)‘oz)z cx=yz-x (sety=e)

A

— 2o (a-2)r =20 = 2L Rolya = 2R,

— LpoReLea = Ry = Lpo R, = R,L,}

— LpoReleo = Ry = za- (20 -y)x = ya

Thus, (Ruq, Lyra Ry Re) € AUT(Q) = (Rua, RoL71, R,) € AUT(Q).

o)

The converse follows by doing the reverse in each case.

2. This can be gotten from 1.

Theorem 4.5.3. Ler (Q, -) be a loop with A(Q)-holomorph (H, o).
1. (H,o) is a Basarab loop if and only if
(a) (Q,-) Basarab loop;

(0) (Loalz', 1, Loaly?), (Ry Raa, LoLyy, I) € AUT(Q); and

T

(c) (va-yxP)r = xa -y, xa- (P a-y)r = yz.

forall z,y,z € Q and o € A(Q).
2. (H,o) is a Basarab loop if and only if

(a) (Q,-) Basarab loop;
(b) (I, Ry Ry Ry RyY), (RuR 3+, Ly Lys—1, 1) € AUT(Q, -); and

(c) x(aty-x6™") =y 267", x(y-2P6") 2" = xy.
forallz € Q and 6 € A(Q).
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Proof. 1. By Lemma 4.5.7(1), (H,0o) is a Basarab loop implies (L,,R;', L., L,,) and
(Rya, R.L;}, R,) are autotopisms of @ for all z,y, z € Q and o € A(Q). Consequently,

(Q, -) is a Basarab loop, hence (L, R, ', L., L,) and (R,, R,L,"', R,) are autotopisms of

Q@ forall z € Q). Let

C = (anRglnynya)a D= (Ra:oquL_l Rz)a E = (L:L‘RglaLmLx)a F= (RxaR:tL;laRx)

T

CeAUT(Q) = C7'=(R.Lgy, L' Ly,) € AUT(Q)
D e AUT(Q) = D' = (R}, L.oR,',R,') € AUT(Q)
E e AUT(Q) = E'=(R,L;',L;', L") € AUT(Q)

FeAUT(Q) = F'= (R LR R*") € AUT(Q)

Thus, (H, o) is a Basarab loop implies

F'D=(R;' L,R;", R;")(Rya, Re L., Ry)
= (R,'Ry, Lo R, 'R, L.} R'R,) = (R, Ry, Lo L, 1)

al’ld CE_I - (LmaR;17 La}a an)(RmL;17 Lx_l’ L:D_1>

- (LmaRz_lRmL;17 LxL;17 anL;I) - (LmaL;17 Ia LmaL;I)

are autotopisms of () for all x € ) and o« € A. For the converse, do the reverse and then

use Lemma 4.5.7(1).

2. This is similar to 1. We shall show some of the basic steps involved.
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Going by Lemma 4.5.7(2),

Cy = (LyR\,Lys-1,L;) and D, = (Ry, Rys—1 L', Ry5-1). So,
C. € AUT(Q) = C.' = (Res L' L} Ly') € AUT(Q) and

D, € AUT(Q) = D' =(R;',L,R_j .,R_;.) € AUT(Q).

rd—1)

Thus, (H, o) is a Basarab loop implies that

D*F_l = (R:m Rx(g_lL;l, Rx(;—l)(R;l; Lchzla R;l)

= (RyR;*, Rys 1 L' L, R' Rys 1 R Y)
=(I,Rys1 R, Rys1 RV

Also,

E'C, = (R,L; L LY (Lo Ry, Lys1, Ly)

617

= (R, L;'L R}, L, Lys—1,1)

617

= (RyR -, L Lys1, 1)

61

are autotopisms of @) for all z € Q) and § € A(Q).

For the converse, do the reverse and then use Lemma 4.5.7(2).

]

Corollary 4.5.11. Let (Q,-) be a loop with A(Q)-holomorph (H,o). If (H,o) is a Basarab

loop, then
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I forallz € Q, a € A(Q), 0 = pfand k = 09!, R, 'Ry, ~ Lyo L, so that

- ra, r\ro N(Q,-)

/ BTﬂ € / 4,9 (4.30)

RglRaca '% Lacong_fl @(Q7 ) P(Qv ) % W(Q) )a A(Qa )

7
~

2. forallr € Q, § € A(Q), 0 = pBandn = o9}, RysR;' = L' L5 so that

xd/xa xd - 2P, N(@,")
P T

Proof. 1. This follows from Theorem 4.5.3(1) and Corollary 4.5.6(1,2).

2. This follows from Theorem 4.5.3(2) and Corollary 4.5.2(1,2).

]

Theorem 4.54. 1. Let (Q,") be a loop with A(Q)-holomorph (H, o) such that * - xaw =
(za\x)" = z\za forall x € Q and o € A(Q). Then, (H, o) is a Basarab loop if and
only if :

(a) (Q,-) is a Basarab loop;
(b) every automorphism of Q) is left nuclear; and

(c) T(;l ) = RypLyo and Tig o) = Lo Ry forall x € Q and o € A(Q).

2. Let (Q,-) be a loop with A(Q)-holomorph (H, o) such that 26~ ' - 2* = (x/267 1)’ =
26 )z forall x € Q and 6 € A(Q). Then, (H, o) is a Basarab loop if and only if :
(a) (Q,-) is a Basarab loop;
(b) every automorphism of Q) is right nuclear; and
(¢) Tios15 = Ravs1Ly and Tiys15) = Lo Rys-1 forall x € Q and § € A(Q).
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Proof. 1. Let (H, o) be a Basarab loop. By Lemma 4.5.7(1) and Theorem 4.5.3(1), it follows
that

C= (anRglaLmaLmo)? D = (R;raa R:J:Lil Rx) € AUT(Q)a

K = (R, 'Ry, Lo L), 1), P=(Lyo L, I, Lo L) € AUT(Q),

o)

(o -yrP)r = za -y and za- (2 a-y)r =y (4.32)

From (4.32), (¢) is true. On the other hand,

P'C = (L, L;} I, L. L)) (Lo Ry Ly Luo) = (Lo R, Y, Ly, L)

To)

and DK ' = (Ryq, R L}, Ry) (R Ry, Lo LY 1) = (Ry, Ro LY R,).

o)

Then P~'C and DK ! are autotopisms of (@, -), hence (@, -) is a Basarab loop and so
(a) is true. Since (H,o) is a Basarab loop, the autotopism K = (R;'R.,o, L,L;},T)

To)

implies for all z,u,v € Q, uR,'Ryo - vL, L} = (uv)I.

If v = e, then

UR,'Ryo - €L, L) =u => uR,;'RyoRya\s = u (4.33)

— R'R,a=R_._ (by 2 za = (za\z)")

za\x

= R,'Rua = Riprza) (4.34)

Also, ifu = einuR; 'Ry, - vL, L} = (uv)I, then

eR, Ry - Ly Loy = v = L Lot Liprpo) =0 (4.35)
= LoLza =L,
= L)Ly = Lipraa) (4.36)
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Then by (4.36), the autotopism P becomes ¢ = (L .40y, [, Lzrzq)) forall z € Q and

ac A. So,

(Lizrza)s Iy Ligrza) = uL(pr g0y V] = (u0)Liprpy = (20 za)uv = (2t za)-(uv)

for all u,v € Q. Thus, z* - za € N. Therefore, « is left nuclear, hence, (b) is true.

For the converse, assume that (a), (b) and (c) are true. Then, (Q, ) is a Basarab loop,
2 - xa € N(Q) forallz € Q and o € A(Q) and (4.32) is satisfied.

A

Now, ((x71 - za) -u) - v = (" - za) - (u-v) forall u,v € Q and so

1/) - (L(:ckccoz)a I, L(x)“zoz)) S AUT(Q)

for all z € (). Now,

2 ra=2"za (by 2 za =z\z0)

A A

— za=2(r"-ra) = ra-y=z(@" ra)-yandy-ra =y z(2* - ra)
(4.37)

— za-y=2- (2" za)yandy - za = yx - (2 20)
= nya = yL(a:)‘-acoc)Lx and yRaca - yR$R(J?)"$Oé)
—> LyaLy' = Lipr gy and R Ryo = Ripr g

(4.38)
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Thus, by (4.38), it follows that v = P = (L,oL; ', I, Lo L;') € AUT(Q). Also,

:uR(l : UL(I/\.ma)

A za)

This implies, w = (R(—1 , Liorzay, I) € AUT(Q)

A za)

= w ' = (R aay, s o 1) € AUT(Q).

(z*za)

By (4.38), it follows that w™! = (R, ' R,a, L, L.}, I) € AUT(Q). Therefore, (H, o) is a

To)

Basarab loop going by Theorem 4.5.3.

2. This is similar to the proof of 1 by using Lemma 4.5.7(2) and Theorem 4.5.3(2).

]

Theorem 4.5.5. Let (Q, -) be a loop and A(Q) be a group of automorphisms of (Q, -). Then, the
A(Q)-holomorph (Q) is a Basarab loop if and only if (i) (R, Rys—1 L', Rys—1) € AUT(Q)

(ii) (LyR-} |, Lys—1,L;) € AUT(Q) (iii) LyxRys—1 = Rys—1L-" and Ryps—1L, = LyR .
T zd

$6717

are autotopisms of Q forall v € Q and 6~ € A(Q).

Proof. Let (@, -) be aloop and A(Q) be a group of automorphisms of (@, -). Then, by Corollary

4.5.9, the A(Q)-holomorph (H, o) of (@, -) is a Basarab loop if and only if
(RZ7 La:* R:chS—la R:mS—l) and (Rxpé—lea L:chS—la Lx)

are autotopisms of @ forall x € Q and 5! € A(Q).
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Then (R, Ly Rys-1, Rys—1) € AUT(Q, -) implies that for all z, y, 2z € @,

YR, - 2L Rysr = (y2) Rosr = ya - ((2M)267) = (y2)a6~".

Sety =e¢ —

z-((2*2)207") = 226" = 2L Rus-1L, = 2Ry51

Lo Rys 1L, = Rys v = Ly Rys 1 = Rys 1Lt

Thus,

(Ry, LyrRys1, Rys1) € AUT(Q) = (Ry, Rys 1L, Rys1) € AUT(Q).

Also, (Ryes-1, Lys—1, L) € AUT(Q) implies

YRyos1 Ly - 2Ly5-1 = (y2)Ly = (x-yafo™ ) - (206! 2) =2 -yz

forall z,y, 2z € (). Set z = e then

—1
xd—1°

(:E : ympé_l) : xé_l =Ty — yRacP(S*lL:cRacéfl = yLw — Rxﬂdfle - LxR

Thus,

(Ra:P(S*lea Lys-1, Lz) € AUT(Q) - (LCCR;;*I? Lys-1, Lx) € AUT(Q)
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Theorem 4.5.6. 1. Let (Q,-) be a loop.

(@) IfVi(Q, ) = {a € AQ.") | Pla,x) = (Lualy ', 1, LuaLy") € AUT(Q, ")}, then
Vi(@,-) <A@, ).

(b) If (Q,-) is a Basarab loop such that (v,z*,za) = e for all * € Q and
a € AQ) and V2(Q,-) = {a € AQ,") | (Lorsar L, Lyrga) € AUT(Q, 1)} =
{a € AQ,") | 2" za € N(Q,")}. Then Vi(Q,-) = Va(Q, ).

(c) If (H, o) is a Basarab loop such that (z,z*,xa)) = e forall x € Q and o € A(Q),

then A(Q,-) = Vi(Q,-) = Va(Q, ).
2. Let (Q,-) be a loop.

(@) If V3(Q,-) = {0€AQ,") | B(0,x) = (I, Rus1 By, Ros1 RYY) € AUT(Q, 1)},
then V3(Q, ) < A(Q, ).

(b) If (Q,-) is a Basarab loop such that (z6~',2°,2) = e forall z € Q and § €
AQ) and Vi(Q,) = {6 € A(Q.) | (I, Rius-1a0), Rius—1.00)) € AUT(Q, ")} =
{0€ A(Q,") [ 267! af € N(Q,-)}. Then V3(Q, ) = Va(Q, -).

(c) If (H, o) is a Basarab loop such that (zd~1, 2°,x) = eforallx € Q and § € A(Q),

then A(Q? ) - ‘/E’)(Qv ) - ‘/;1(@7 )

Proof 1. (2) Let Vi(Q,) = {a € A(Q,") | (LuaL=", I, LuaL=Y) € AUT(Q,-)}. With
o= Ia (LJ:IL;laIv La:IL;I) = (Ia]7j) € AUT(Qa ) SO’ ‘/1(@’ ) 7é @
Let o, 5 € V4(Q), then

P(B,2a)P(c, ) = (LyapLys, I, LoapLyt) (Lo Lyt I, Lo L) =

T

(Laag Lt Loa L' T, Luag Lot Lo L") = (LeagL; ', 1, LeasL; ') € AUT(Q, ")

(o z 4o o

— af € V1(Q).
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Next, we show that o' € V1(Q) forall @ € V1(Q) . Let € V1(Q), then

P(a,2) =(Lya L' I, Leo L) € AUT(Q, ) =
P(a, )t =(L, L.} I, L, L,}) € AUT(Q,-) =

o)

Pla,za™" )" = (Lya L} 1y, I, Log—1 L)) € AUT(Q, ") =

—1q» 1o

Pla,za™) ™ =(Lyar LY I, Lyn 1 LY € AUT(Q, ) = o' € Vi(Q).
If « € V1(Q) and 0 € A(Q), then for all z,a,b € @,

Pla, @) = (Leo L' I, Len Ly Y) € AUT(Q, ) < 2\(za-a)-b= 2\ (za- (b)) <
(z\(za - a) -b) 6 = (2\ (za - (ab))) 8
20\(zaf - af) - b = 0\ (xab - (af - b0)) (set x> z6~")
= 2070\ (20 0l - af10) - b0710 = 20710\ (z07'ab - (a0710 - b0 ) —
2\(z0'ab-a) - b==a\ (07"l (a b)) <= (Lug-1a0L; " I, Log-100L;") € AUT(Q, )

= PO 'af,z) € AUT(Q,) < 0 'af € Vi(Q).

Therefore, V1(Q, ) < A(Q, -).

(b) Leta € V4(Q), thenforallz € Q, P(a,z) = (Lo L' I, Lio L) € AUT(Q,-).

Consequently,

eLoo Lt -yl = (e-y)Loal,' = (2\2Q)y = yLool,' = YL (\za) = yLoo L' =
L(x\xa) = anL;I — LzaL;1 - L(a:)‘-acoc) =

P(a,z) = (L(zx,m),I, L(xx,m)) c AUT(Q,) = Vi(Q,-) C VL(Q, ).

Let o € V5(Q), then for all x € @), (L(zx.m), 1, L(mx,m)) € AUT(Q,-).
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Consequently,

- ra=2-za (by 2V 20 =2\z0)

A A

— ra=2(" za) = ra-y=2(" ra) -y = za-y=1x-(2" 2a)y
= nya = yL(z’\-za)Lx — anL;I = L(x’\-za) =

P(O./,ﬁ) = (anthlea LzaL;I) € AUT(Qv ) = ‘/2(@7 ) - ‘/1(@7 )

Thus, V1(Q, 1) = V2(Q, ).
(c) Going by (4.36) of Theorem 4.5.4(1), 2* - xa € N(Q) forall z € Q and o € A(Q).
Thus by (a) and (b)’ A(Qv ) = ‘/l(Qv ) = ‘/2(627 )
2. (a) Let V3(Q,-) = {6 € A(Q,") | (I, Rys—1 Rt Rys1 R;Y) € AUT(Q,-)}. With § =
I, (1, RMRgl, RﬂRgl) =(I,1,I) € AUT(Q, ). So, V3(Q, ) # 0.

Let 6, 8 € V3(Q), then

B(B,26 ")B(6,x) = (I, Rys-1p-1R 51, Rus-15-1R 3 1) (I, Rus1 R, Rys1 R,Y) =
(I, Ros)-1 Ry 1 Rus—1 Ry, Rygasy-1 Ry Rys—1 R, ') =

(I, Roasy1 Ry, Ruasy1 Ry ') € AUT(Q,-) = B6 € V5(Q).
Next, we show that 5! € V3(Q) for all § € V3(Q) . Let 6 € V3(Q), then

B(6,z) =(I, Rps R, Rys 1 RV € AUT(Q,) =
B(6,2)"" =(I,R,Rj ., R.Rj ) € AUT(Q, ) =
B(8,26) " =(I, RusR 55 1, Rus R 35 1) € AUT(Q, ) =

B(5,26)"! = (1, Rx(a_l)_lR;aRx((g_l)_lR;l) € AUT(Q,) = 01 e V(Q).
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If § € V3(Q) and 6 € A(Q), then for all z,a,b € Q,

B(6,z) = (I, Rys1 R, Rys 1 R, € AUT(Q, )
< a-(b-azd")/x=(ab-267") Jz =
(a-(b-267") Ja) 0 = ((ab-267") [) 0 <=
a-(b-2670) [a0 = (ab-257'0) Jx0 (set x> 20)
e a-(b-207'0720) /2070 = (ab-207'60) /20710 >
a (ba(0700)7") fo = (ab-x (07100) ") o =
(1. Roors0y 1 By R0y 151 ) € AUT(Q, )

e P(07160,2) € AUT(Q,") < 0760 € V4(Q).

Therefore, V3(Q, ) < A(Q, -).

(b) Let 6 € V3(Q), then for all x € Q, B(6,7) = (I,R, 1R, R,s1R;Y) €

AUT(Q,-). Consequently,

y-eR;s R = (y-e)Rys1 R, = y(xd~'/r) =yR,s1 R, =
YR(5-1/2) = YRus1 Ry =
Rzs-1/0) = Rays—1 R;l — Ry R;l = R(ps—1.00) =

B(6,x) = (I, Rus—1.00)s Rizs-1.00y) € AUT(Q,-) = V3(Q,-) C Vi(Q,").

Let 6 € V4(Q), then for all z € @, (I, Rz5-1.20), R(m;—w)) € AUT(Q,").
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Consequently,

x6 o xf =x - af
(by 267" af = x5 /x)
— (26 ' 2P )r =26 =
y- (26t -2 =y 207" = ywot-a?) x=y x5
= YRus100)Re = YRys-1 => Ry Ry = Rigs-1.40) =

B(8,z) = (I, Rzs—1.40), Rizs—1.00)) € AUT(Q,-) = Vi(Q,-) C V5(Q, ).

Thus, V3(Q,-) = Va(Q, ).
(c) Going by Theorem 4.5.4(2), x6 ' - 2* € N(Q) forall z € Q and 6 € A(Q). Thus

by (a) and (b), A(Q7 ) = V‘S(Qv ) = ‘/4(@7 )

Theorem 4.5.7. 1. Let (Q,-) be a loop.

(@) IFWi(Q,+) = {a € A(Q,") | K(ov, ) = (R Roa, LoLiy, I) € AUT(Q, )}, then
Wi(@Q,-) <A@, ).

(b) If (Q, ") is a Basarab loop such that * - xa = (zo\z)" = z\za for all x € Q and
a € A(Q) and Wa(Q,-) = {a € A(Q,") | (B Rua, LaLzy, 1) € AUT(Q, ")} =
{a e AQ,) | #* - za € N(Q,")}. Then Wi(Q,-) = Ws(Q,-).

(¢) If (H, o) is a Basarab loop such that z* - zov = (za\x)* = z\za for all z € Q and

a € A(Q), then A(Q, ) = Wh(Q, ) = Wa(Q, ).
2. Let (Q,-) be a loop.

(@) If W3(Q,") = {0 € AQ,) [W(0,2) = (ReR 51, L, Los—1, 1) € AUT(Q. )},

then V3(Q, ) < A(Q, -).
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(b) If (Q,-) is a Basarab loop such that
20t = (x/xd ) = a6z forall z € Q
and§ € A(Q) and W4(Q,-) = {0 € A(Q,") | (ReR 51, Ly 'Lys—1,1) € AUT(Q,)} =

{6 S A(Qv ) | xd~t - af € N(Q7 )} Then WS(Q> ) = W4(Qa )

(c) If (H, o) is a Basarab loop such that x6 - a2 = (z /20~ 1)’ = 261 Jx forall x € Q

and 6 € A(Q), then A(Q,-) = W3(Q, ) = Wy(Q, ).

Proof 1. (a) Let Wi(Q,") = {a € A(Q,") | (R;'Ryq, L. L;}, 1) € AUT(Q,-)}. With
a=1I, (R;'Ryy, L, L}, 1) = (I,1,I) € AUT(Q,-). So, W1(Q, ) # 0.
Let o, 5 € W1(Q), then

K(a,za)K(B8,7a) = (R, Ry, L Lyt , 1) (R Ruaps Lua L2 s, I) =

Ta zaf?

(R, Rya Ryt Ruapy Lo Lyt Luo L 5 1) = (R Ryap, Lo L}, I) € AUT(Q, -)

zafB? zaf

— Oéﬁ € Wl(Q)

Next, we show that o' € W1 (Q) for all « € W1(Q) . Let « € W1(Q), then

K(a,z) =(R;'Rya, L. L}, 1) € AUT(Q,-) =

K(o,za™') =R, Rea-1a Loa1 L) 0 1)

_ICM7

=(R_} Ry, Lo L' 1) € AUT(Q,") =

K(a,za ™) =(R;'Rya—1, L,L} 1, 1) € AUT(Q,-) = o' € W1(Q).
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If « € W1(Q) and 0 € A(Q), then for all z,a,b € Q,

K(a,z) = (R, Ryo, Lo L, 1) € AUT(Q, ) <= (a/x - xa) - xa\(zb) = ab <=
((a/x - za) - xa\(xb)) 0 = (ab)l <—
(af/z0 - xaf) - wab\(z0 - b)) = ab - b0 (set x> x071)
< (af/x07'0 - 207 'ab) - 20 b\ (2070 - b) = ab - b) =
(af/z - 20 af) - 20~ ab\(x - b) = af) - b <=
K0 ab,z) = (R, Ryp-109, Lo L )1 ,, 1) € AUT(Q, )

0~ 1af’

— K0 'ab,z) € AUT(Q,-) <= 0 'ab € W1(Q).

Therefore, W1 (Q, -) < A(Q, ).

(b) Leta € W1(Q), thenforallz € Q, K(a,z) = (R, 'Ry, L. L2, I) € AUT(Q, ).
With the condition 2 - zav = (:m\ac)A and the arguments from (4.33) to (4.34) of
the proof of Theorem 4.5.4(1), R;' R, = Rz .2q)- Also, using the arguments from

(4.35) to (4.36) of the proof of Theorem 4.5.4(1), LxL;O{ =L} So,

(z>za)”

K(,2) = (R Rans Lol 1) = (Rsoy LA oy 1) € AUT(Q, ) —

Ta)

Wi(Q,-) € W2(Q, ).

Let o € W5(Q), then for all x € Q, (R(xx,m), L7}

(z*za)?

I> € AUT(Q, -). With the
condition 2 - za = x\za and the arguments from (4.37) to (4.38) of the proof of

Theorem 4.5.4(1),

LoaLy" = Liprgey and Ry Roq = Riph ey =

(R(M'wa)’ L(_xlk-xa)’ I) = (Rslel“a’ LxL;o% DW(Q,-) € Wi (Q, ).
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ThUS, Wl(Q, ) = WQ(Q, )

(c) Going by (4.36) of Theorem 4.5.4(1), 2* - xa € N(Q) forall z € Q and o € A(Q).

Thus by (a) and (b), A(Q, ) = V1(Q, ) = V2(Q, ).

2. This is similar to the proof of 1.

4.6 Characterization of Some Subloops of a Basarab loop

In this section, properties of some functions defined on a Basarab loop are established. Some
subloops of a Basarab loop which are characterized by permutations are obtained, by application
of these functions. The middle inner mapping is expressed in terms of a left (right) translation
mapping and the middle translation mapping. Using some functions, necessary and sufficient
conditions for a loop to be a left (right) Basarab loop, and Basarab loop are fine-tuned in the
cases of a left (right) CC-loop, and CC-loop, respectively. Necessary and sufficient condition for
a Basarab loop to be associative is given in terms of the middle inner mapping. Also, necessary
and sufficient condition for the left and right inner mappings of a Basarab loop to coincide is
established. With consideration of these functions defined on a Basarab loop, it is proved that
a Basarab loop (@), -) is a cross inverse property loop if and only if ) is commutative or an

abelian group.

4.6.1 Properties of Some functions in a Basarab loop

Lemma 4.6.1. A loop (@, -) is a Basarab loop if and only if there exist functions
g, h: @xQ — Qdefined g(z, y) = z-ya’ and h(z, z) = a*z-wsuchthat L' L, L, = Ly,

and R, 'Ry R, = Ri(s.y)-

Proof. Let (@, -) be a Basarab loop. Consider the Basarab identity = - y(zJ,) - 22 = =z -
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yz,V x,y,z € (). We have that

ZLxL(m.y(xJp)) = ZLny — ZLxL(yRIJpLx) = 2Lny — L:cL(waJpLz) = Lny

— LyLy(z,y) = LyLy = Ly = L'L,L, = Lyywry = L;'L,L,.

z7y

Also, consider the Basarab identity (yz) - ((z.Jyz) - ©) = yz - . This means

nyR((wJAz)x) = szRz - RxR(zLxJ)\Rz) = R.R,

- RJ:Rh(x,z) =R.R, — Rh(m,z) = RgleRx‘
Thus, for all 2,y € Q, Ry = R, Ry Ra. 0

Lemma 4.6.2. Let (), -) be a Basarab loop. Then there are functions g,k : Q X Q — @) such

that any of the following holds for all z,y, 2z € @ :
1. z-yz=g(x,y) - xz.
2. zy-x = zx - h(zx,y).
3. z=g(x,y) - xy”: CIP < g(zx,y) =y <= commmutative or abelian group.
4. x-y=g(x,y) - x: Q is commutative <= g(z,y) = y.
5. v =y x-h(z,y): CIP < h(z,y) =y.
6. yr = x - h(z,y): @ is commutative <= h(z,y) = y.
7. x-yg(z,y) = g(z,y) - xg(z,y).
8. h(z,2) =g(x,2) < zh(x,y)- g(z,2) =yz-z.
9. g(z,y) = h(z,y) <= hz,y)(9(z,2) v) =z yz.
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10.

11.

Proof.

10.

zh(z,y) - ((x2)/x) =yz -2 < g(z,z) = h(z, 2).
(@\(yz)) - (9(x, 2) - 2) = 2 yz < g(z,y) = h(z,y).

1. From Lemma4.6.1, aloop (@, -) is a Basarab loop if and only if there are functions
g.h : Q> — Q@ sothat L;'L,L, = Ly, and R;'R R, = Rp(,,) Where vy =
(z-y2?)x and yz = x(2*y-z) hold forall 2,y € Q. Thus, L;'L, L, = Ly, implies that
LyLy = LyLy(zy), sothatforall z € Q, zL,L, = 2Ly Ly, gives x - yz = g(x,y) - vz

forall z,y, z € Q.

Also, R;lRsz = Rpy(a,y) implies RyR, = R,Rp,). It follows that for every z €

Q, 2R R, = 2Ry Ry (s, implies zy - @ = zx - h(z,y).

. Substitute z = y” in 1. 5. Substitute z = y* in 2. 7. Substitute z = g(x,y) in 1.

Substitute z = e in 1. 6. Substitute z = e in 2.

From the Basarab identity (yz) - (22 - 2) = yz - x, it follows that yx - h(z,2) = yz - ©
for all x,y, z € Q. Replace h(zx, z) with g(z, z) and consider yz using 6, then it follows

that h(z, z) = g(x, 2) if and only if zh(z,y) - g(x,2) = yz -z forall z,y, z € Q.

From the Basarab identity (z - yz*) - zz = = - yz, g(z,y) - ©z = z - yz holds for
all z,y,z € Q. Then, replacing g(x,y) with h(z,y) and applying 4, it follows that

g(z,y) = h(x,y) if and only if h(z,y) - (¢(x,2) - z) =z -yzforall z,y, z € Q.

From 4, 2z = g(x, z) - « implies (z2)/x = g(x, z) for all z,z € Q. Putting g(z,2) =

(xz)/x in 8 gives

zh(z,y) - ((x2)/z) =yz - x < g(z, z) = h(z, 2).
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11. Using 6, yz = x - h(x,y) implies h(z,y) = x\(yz) for every z,y € (). Then 9 becomes

(z\(yz)) - 9(x,2) - = 2 - yz & g(v,y) = h(x,y).

O

Lemma 4.6.3. Let (), -) be a Basarab loop. Then, there are functions g, h, m,n : @ xQ — @
defined by h(l’,y) = I'/\y © T, g(may) =z - xy’, mz(x7y> = (Zx)\<zy ’ .CU), TLZ(ZU,Z/) =

(x - yz)/(xz) such that any of the following holds for all x,y, z € Q :
l. h(z,z) =g(z,2) <= yzr-((x2)/z) =yz -2 <= g(z,2) =my(z,2).
2. Wz, y) = g(w,y) <= (@\(y2)) -2z =x-yz < hz,y) =n.(z,y).
3. If h(z,2) = g(x,2), then x - ((x2)/x) = zx.
4. If h(z,y) = g(z,y), (2\(y2)) -z = zy.
5. If h(z, 2) = g(x, 2), then (12)/z = 27z - x.
6. If h(z,y) = g(x,y), then z\(yz) = x - yz*.
7. If h(z,y) = g(x,y), then (xy)/x = z\(yz) or T, = T, ' or |T,| = 2.
8. If h(z, 2) = g(x, 2), then x\(22) = 272 - x.
9. If h(z,y) = g(x,y), then (zy)/z = x - ya’.

Proof. 1. From 10 of Lemma 4.6.2,

h(z,z) = g(z,2) <= zh(z,y) - ((v2)/x) =yz -z

Now, yx - ((zz)/x) = yz -« for all z,y, z € Q) by 6 of Lemma 4.6.2. So, with

g(z,2) = ((xzz)/x) and my(z, z) = yx\(yz - x),
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we have yz - ((z2)/x) =yz -z <= g(x,2) = my(z, 2).

2. Applying 11 of Lemma 4.6.2,

g(x,y) = h(z,y) <= (2\(y2)) - (9(z,2) - 7) =2 - yz.

Now, (z\(yx)) -z = x - yz by 6 of Lemma 4.6.2, for all z,y, z € Q. So, with h(z,y) =

(z\(yz)) and n,(x,y) = (x - yz)/xz. Then, we have

(2\(yz)) -2z =2 - yz < h(z,y) =n.(z,y).

3. With h = g,sety = ein 1, then = - ((z2)/x) = zz.
4. With h = g, set z = e in 2, then (z\(yz))- = zy.

5. With h = g, set y = 2" in 1, then (22)/z = 27z - x.
6. With h = g, set z = 2” in 2, then 2\ (yz) = = - yz*.

7. From3or4, 2L, R;'L, = 2R, = L,R;'= R,L;' = yL,R;'=yR,L;! for

all z,y € Q. Then (zy)/z = z\(yz) forall z,y € Q.
8. Using 7in 5, then z'\(22) = 2?2 - x.

9. Using 7 in 6, then (zy)/x = x - ya*.

]

Lemma 4.6.4. Let (Q,-) be a Basarab loop. There are mappings G, H : Q — SYM(Q)
such that the following hold: 7,' = G, = J,L,M;' = R,wL, = L,R;' and T, = H, =

IR M, = LR, = R, L' forallz € Q.
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Proof. From 3 of Lemma 4.6.2,

=gz, vy = gl,y) =z/(xy’) = g(z,y) = (xy’) M,

= g(z,y) =y’ L.M;" = g(z,y) =yJ, L. M, = xyz”=yJ,L,M;" (by Lemma 4.6.1)
e nypLx = prLmMZ_l — RxPLx — ‘]meMx_l = Gx

Also, from 5 of Lemma 4.6.2,

z=y'z-h(z,y) = h(z,y) = z)\z = h(z,y) = (y'z)M,

— h(z,y) = Y R.M, = h(z,y) = y\R.M, — 2 y-x = yJ\R,M, (by Lemma 4.6.1)
— yL,. R, =yJ\R,M, — LR, = J\R,M,:=H,

]

Lemma 4.6.5. Let (Q, ) be a Basarab loop. Let W, = R,M,, and U, = L,M_'. Then any

two of the following implies the third:

1. Jy=J,
2. G, = H,
3. UL =W,.

Proof. Let @Q be a Basarab loop. Consider G, = J,L, M ' = L, R;', H, = J\R,M,, W, =
R,M, and U, = L, M.

W) J,=Jy = G,M,L'=HM'R' <~ G, (LM ') = H,(RM,)"! —
G U =HW ! < [=HW UG — W,H'=U.G,! <— W,G, =
U.H,. Thus, J, = J) and G, = H, implies U, = W,. Also, J, = J, and U, = W, implies

G,=H,.
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() G, = H, — J,L,M;' = J\R,M, < J,U, = J,W,. It follows that, G, = H,
and J, = J, implies U, = W,. Also, G, = H, and U, = W, implies J, = J,.
(i) U, =W, < RM,=LM;' — J,H, = JyG,. Thus, U, and J, = J, implies

H, = G,. Also, U, = W, and H, = G, implies J, = J,. O

Lemma 4.6.6. Let (Q, -) be a Basarab loop. There are functions ¢, h : @ X @ — @ such that

the following hold:
h(z,y) = (y'2)\z = 2’y - 2 = 2\(yz) and g(z,y) = z/(2y”) = x - ya© = (xy)/z for all

x,y € Q.

Proof. The proof follows from Lemma 4.6.1. ]
Corollary 4.6.1. A loop is right Basarab if and only if it is RCC and h(x,y) = n(x,y).

Proof. This holds by Corollary 4.3.4 and Lemma 4.6.3. [
Corollary 4.6.2. A loop is left Basarab if and only if it is LCC and g(x,y) = n.(x,y).

Proof. This holds by Corollary 4.3.3 and Lemma 4.6.3. O

Corollary 4.6.3. A loop (Q, -) is a Basarab loop if and only if it is a CC-loop and

9(x,y) = n.(x,y) and h(z, y) = m.(z,y).
Proof. This is true by Theorem 4.3.5 and Lemma 4.6.3. ]

Corollary 4.6.4. Let (Q, -) be a CC-loop. Then

Ly'LyLy = Lzy)jx = L@y and Ry Ry Ry = Ro\ (o) = R (a,)-
Proof. By CC-loop translations and Lemma 4.6.3 the result follows. ]
Theorem 4.6.1. Let (Q, -) be a Basarab loop.

1. (@,-) is associative if and only if T}, = T.,T},.

2. |L(zy)| = 2if and only if |R(, )| = 2 if and only if |T{, )| = 2 forall 2,y € Q.
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3. R(ay) = Ly if and only if (T, T})* = T, . Hence (T,.T,)*" = Ty

4. @) is a CIPL if and only if () is commutative or abelian group if and only if g(z,y) = y if

and only if h(z,y) = y.

5. Right and left distributive laws with respect to g(-,-) and h(-,-): (i) h(z, z) = g(z, 2) if
and only if yz - x = zh(z,y) - g(z, 2) (i) h(z, z) = g(z, z) if and only if

6. h(z,y) = g(z,y) or me(z,y) = ne(x,y) implies |T,| = 2.

7. ToLy) = LiwyT, if and only if L(: = = L., if and only if 70T — plhe
Loy, To) = T if and only if 72" = T3 if and only if =T, T, = T, 'T,,,. Hence, (i)

1., T,) =1 <= [T,,T,)| =1 (i) [1,,,T,| = 1 <= [T, T,.] = 1.

8. Let T, Lys) = Ly 1% Then, (i) [T}, T,,| = I if and only if [T}, Ty‘l] = [ if and only if

Liya) = Liay) () T2, 1)) = I <= [T, Tyy) = 1.

9. TxR(x,y) = R(%y)Tx if and only if R(r,y) =T R(x’y) <~ [R(m,y)jz] = [ if and only if

TyT;le“’ =T,T,' < "I,= ™T, Hence, |T,| =1 <= "I;'= "T, and

1, T, =1 < [T,,T,,] = 1.

10. T,R(y ) = Ry Ty ifandonly if R, ) = Ry < TyTITyZ}TE = T,T,,". Hence,
(T,,T,] = I if and only if [T}, T--] = 1.

T yx

LT = G T, = » if and only if T}, = T}, if and only if |7}, =1
1. T,T,T;} = T,T,T,.", T,T, = T,T, if and only if T, = T, if and only if [T}, T,] = I

yzx >

Proof. Let (Q, -) be a Basarab loop, then by Corollary 4.3.20,

Ly = Tm_lTy_lTyx, Rizy) = TxTyT;yl.
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1. @ is associative if and only if

L(x»y) =1 — R(fﬁvy) =1 < Tﬂcy = TmTy.

Loy =2 < L}, =1 < T,'T, T, = T,'T,T,
= (,T,) Ty =T,,'T,T, < T, =T,1,T, 'T,T,

— TmiTy_lemTy_xl =1 — |TyTrTy_zl| =2 <= [Tyl =2

Ryl =2 < R}, =1 < T,,T,' =T,T,'T, —
T.1,T,, 1.7, =T,y <= T,T,Txy ' T,T,T,' =1 <
T, TyT,, | =2 <= [Tyl =2
So, | L(z,)| = 2 if and only if |R(, »)| = 2 if and only if |1}, ,)| = 2.

3. Furthermore,

Ry = Lyw = TT,T, =TT 'T,, < T,T,=T,'T,'T,,

= T,T,T1,T,=T,} — (1,1, =T.,

So, Ray) = Ly < (1.T,)* = T}, The remaining part of the proof follows from

Lemma 4.6.2 and Lemma 4.6.3.
4. Use 3,4,5,6 of Lemma 4.6.2.

5. Use 8,9,10,11 of Lemma 4.6.2.
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6. Use 3 or 7 of Lemma 4.6.3.

ToLivy) = Ly T = To(T,T,) ' Ty, = (T,T,) ' T,. T,
— (T,T,)T.(T,T,) ' = TyngﬁTy_ml & Thle = Tl

Let TmL(Ly) = L(m7y)Tz, then
10, Tye] =1 < T, =T, 1,1, < T, =T,T, < [I,,T,] =1
So, 13, Ty, =1 <= TyTgETy‘1 =7, < 1,7, =1T,T, < [T,,T,] = I. Hence,

ToLywy = Loy Te < Lya = "Ly < [Tb, Ty = 1.

ToLys = Ly T <~ TxTy_lT;szy = Ty_lT;lTxyTz
— T, (I,T,) 'T,, = (I,T,) ' Ty, T,
— (I,T,)T.(T,T,) ' = TxyTxT;yl = TET = 7T,

—1p—1 _ p—=1g—1 -1 —1p—1 _ -1 -1
Also, T,T; T, = T, T, ' T, T, T, <= T,0.T,'\T;" = T,'T,, T.T," <

T T, = T Ty T (T ) ™ = T =T T,

T,Ry) = Ry.T. < TT,T,T,' = T,T,T,, T,

— T, Ty T;yl = Ty Tg;; T, <— Tyi ! T, Ty Ta;;l = sz/l T,
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— T,'I,T, =T, 'T,T,, < "I, "™T,

Hence, () |T| = 2 <= T,1},} = I.T,T,'T, <= T,=T.1T,T;'T.T,,

— Ty_lTx_lTy = Tz—leway — Tmi—l — T

(i) (1., T,)) = I < T,T,T,' =T,T,'T, < T,T,!=T,'T,

= T, T, =T,Ty, < [Tp, Ty, =1

10. TuR(y2) = Ry Te <= TxTmiTy—zl = TyTITy_lem

17T

-1 —1p—1 _ -1 T, 1Tz _ -1
= T 'IT,LT. T,  =T,1, < DI =TT,

So,
I..T,) =1 < T,1,'T, =T,I,T,' < T,'T,=T1,T,' < [I,,T,']=1.

)y +yx

Hence, [T}, T,] = I if and only if [T, T,.!] = I.

)y +yx

11. A Basarab loop is a CCL. Ina CCL, R(, ;) = R(y.0). So, T, T, T,,} = T,T,T,.".
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4.6.2 Characterization of a Subloop of a Basarab loop by Middle Inner
Mapping
Let (Q,-) be a Basarab loop. Then Q' = {zx € Q : G, = H,} ={r e Q T, =T,'} =
{r e :|T,| =2} and
Q. ={xeQ:U =W, U =LM" W,=R,M,}.
From Lemma 4.6.4,
Gy = J,L.M;' = RyL, = L,R," (4.39)
and H, = J\R,M, = LR, = R, L" (4.40)
Theorem 4.6.2. Let (Q, ) be a Basarab loop. Then ()’ is a subloop of @, if
1. Riy) = Ly or (I,T,)* = T7, forall 2,y € Q' and
2. [T, T))=1forall z,y € Q'.

Proof. Q" #Obecause I? =1 =T, =T, = ec Q. Letz,yc Q thenT; =T, = I,
and T, = (1,T,)* = T,T,T,T, = T;T; = II = 1. So, zy € Q. Therefore, Q' is a subloop

of (). ]

Theorem 4.6.3. Let (), -) be a Basarab loop. Then for every z € @, « is contained in @)’ or

|T.| = 2 if and only if:
1. LM Ly = J\LyR,
2. MRV = L JaLpx or Wit = LN\ Ly

3. J, LMt = Ly/?%xLy—I1

136



4. TV = L\ T,U,.

Hence,
5. RULLR, = T, LT,
6. J,L Ry = LR, L' M,
7. right Basarab law holds

Proof. Let (@, -) be a Basarab loop. Using Lemma 4.6.4, we apply equations 4.39 and 4.40 as

follows:

1. Foreveryz € Q, v € Q' < J,L,M;' = LR,

— L, M;'=J'LpR, < L,M,"' = J\LR,.

Then, by Lemma 4.3.6, L,M_ ' = J\L» R,

— L,M;'= J\LyR,L,} <= L,M;" Ly, = J\L,R,,

forally € Q.

2. Foreveryz € Q, x € Q' < J,L,M;' = LR,

— L,M;'=J\LpR, < M '=L"')\LaR, <= M_'R;'= L 'J L,

= (RoM,) ' =L '"\Lp <= W, =L 'J\L»
3. Foreveryz € Q, r € Q' < J,L,M;" = L,»R,. Then, by Lemma 4.3.6,
Jo LM = LR, < J,L,M;' = L,R,L R 'R,
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— J,L,M;' = L,R,L,;

4. Foreveryx € Q, v € Q' <— J,L,M;' =R, L*

<~ L,=J\T,M, <= L,R,;'= L \T,M,R," — T,'=J\T,U,

5. Foreveryz € Q, x € Q' < J,L,M;* = R, L' Then, by Lemma 4.3.6,
-1 _ -1 _ —1 -1 _ -1 —-17r—-1
J,LM;' = R,L;' = R,L;' « J,L,M;" = L-'L,R,L;'L;

— J,L,M;'L,=L_L,R,L,} <= LyR,LL,=L_L,R,L,..

Also, from proof of (1), L, M; " = Jy\LyR,L,, Then
LyRoL, L, =L \L,R,L,} <= LyR,L, L,=1L_J,L,M,".

Also, from (3), L,R,L,} = L\ <= J,L,M;'L, = L_J,L,M;". Since,

J,L, M = T, by proof of (4), it follows that
LMy 'Ly = L\ J, L, M," < T,L,=L_T,.
By 4), L, = R;'L_!R,. Then, T, L, = LT, < T,R;'L R, = LT,
— RJ'LR, =T, 'L\T,.

6. Forevery z € Q, » € Q < J,L,M;' = J,R,M,. Then, by proof of (4),
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Jp Ly M 1 = T, is obtained when (3) is applied. It follows that

Jy LM, = J\R,M, < T, =J\R,M, < LyR,L,} = J\R,M,

by proof of (4). Next, we apply Lemma 4.3.6 on LszL;xl = JyR,M, and get

Ly RyLy, L} = Z\R,M, <= LpR, = JhRM, <= J,LpR, = R,M,.

Then, by proof of (4), R, = LR, L;". So, J,L,»R, = R, M,

— J, LR, =LR,L;'M,.

7. Foreveryz € Q, z € Q' < J,L,M;' = J,R,M,. Then, by (3), LyRZ,L;w1 =

J\R,M,. By the proof of (6), LxxRILyIL;xl = J\R,M,. Then,

L RyLyy = J\ReM, <= LyR,L, = LaRyLy,L,, <= L,Ry=LRyLy,.

Hence, right Basarab law holds by Lemma 4.3.6
]

Theorem 4.6.4. Let (Q, -) be a Basarab loop. Then for every x € (), = is contained in @)’ or

|T.| = 2 if and only if:
1. W,R,. = J,R.L,
2. U, T, = R,V J, R0
3. M'L'L.R;'J, = R,.L,'R;*
4. W, = J, T *
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Hence,
5. L;'R; L, = T,R,T;!
6. Ry L, R;\M-' = Jy\Ryo L,
7. the left Basarab law holds.

Proof. Let (@, -) be a Basarab loop. Using Lemma 4.6.4, we apply equations 4.39 and 4.40 as

follows:

1. Foreveryz € Q, x € Q' <— J\R,M, = R.oL,

<~ R,M,=J,'RyL, < R,M,=J,R.vL,.

Then, by Lemm 4.3.6,

R,M, = J,RyL, < R,M,=.J,R.L,R;} < R,M,R,.=J,R.L,,

forallz,z € Q <= W,R,. = J,R.L,.

2. Foreveryz € Q, x € Q' <— J\R,M, = R,,L,

<~ R.M,=J,RplL, < M,=R,"J,RpwL, = M,L,' = J,R.»,

forallz € Q < M,R;'RzL,;' = R;'J,R,» < U,T, = R;'J,Rys.

3. Foreveryz € Q, x € Q) <— J\R,M, = R,»L,. Then, by Lemma 4.3.6,

Ry = R.L, R,

Thus, JyRyM, = RyoL, <= J\R;M, = R,L,R;})L 'L, <= J\R,M, = R,L, R}
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— M 'R;'J,=R,.L;'R;' < M;]'L;'L,R,;'J,=R,.L;'R]!

4. Foreveryz € Q, r € Q) < J\R,M, = L,R;! < R,M, = J,'L,R;"

<~ R,M,=J,L,R;' — W,=J,T,"

5. Foreveryz € Q, v € Q) <= J\R,M, = L,R;'. By Lemma 4.3.6,

L,=R,R. LR,

Thus,J\R,M, = L,R,* <= J\R,M, = R,)R.L,R;'R"
< JLR,M,R,=R,R.L.R,}.

By (3), it follows that,

IR MR, = R} R.L,R,} <= R.L,R,'R,=R,R.L.R,.

From (1), J\R.M, = R.L,R;}. Then, R.L,R;'R, = R,; R,L,R;}

<= R.L,R;'R,= R, J\R,M,.

Using (3), R.L,R;'R, = R} J\R,M, <= J\R,M,R, = R, J\R,M,

<~ T 'R, = RT, ",

since JyR,M, = T;' in the proof of (4). Then, T,'R, = R, T,!

T
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T-'L;'R,; L, = R,;T; Y, using (4). Hence,

T'L'R,;)L,=R,T," < L'R;}L,=T,R,,;T,"

. Foreveryz € Q, v € Q) <— JpLzMI_1 = JyR,M,. From proof of (4),

IR, M, = T, it follows that
J,L,M; ' = \R,M, <= J,L,M;'=T,' < J,L,M;'=R.L.R,},
by using T, ' = R.L,R_! in proof of (4). Then
J, LM ' =T < J,L,M;'=R.L,R,].
By Lemma 4.3.6, R,»L.R,, = R.L,, it follows that

J,L,M; ' =R,L,R,} < J,L,M;'=R,»L,R..R, <= J,L,M;'=R,L,

= L,M;' = J\RuL,.
By (4), L,M;' = J\RyL, <= R, L,R;'M;' = J\Ry0L,.

. Foreveryz € Q, z € Q' < J,L,M;' = J\R.M, < J,L,M;'=R,L,R_}.

From proof of (6), J,L, M, = R,,L,. Then

RyL, = R.L,R;! <= Ry,L.,R,.=R.L,.

Hence, the left Basarab law holds.
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Theorem 4.6.5. Let (@, ) be a Basarab loop. Then @, # ) if and only if J,, = J,..

Proof. Given Q, :={x € Q:U,=W,, U, =L,M;', W, =R,M,},

Q. #0=ecQ. U =W,

S LM'=RM & M'=M & J=J,
Therefore, (', is a subloop of Q. 0

Theorem 4.6.6. Let ((), -) be a Basarab loop. Then for every = € @, x is contained in Q)’, if

and only if:
1. WoR,, = AR, L,
2. hG, =W,
3. M, = R;VLT!
4. JpLngcL;gﬁ1 =U.
5. U, = J,LpaRyor W, = J; ' Ly R}
6. M ' =L 'JT,

7. Rxp — meTw

8. LyR, = LyR; 'Ly,

10. RyM,L;" = J,R,».

Proof. Let (Q, ) be a Basarab loop, by applying the mappings U, = L, M ! and W, = R, M,

to Lemma 4.6.4, it follows that:
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Gy, =J,U, =RyL, = L,R;'and H, = J\W, = L»R, = R,L;". This implies that

NG, =U. = xRy Ly = J\L, R, * (4.41)
and J,H, =W, = J,L,R, = J,R,L;". (4.42)
By equations 4.41 and 4.42, it follows that:

1. Foreveryz € Q, x € Q, < J,H, = J\RyL, < J,H,L;' = J\R.»

< JpJ)\RzMIL;I = LRy — RwaLajl = L\ R,»

— W,L,' = J\Rp <= W, = J\RuwL,

, since H, = J\R,M,. By Lemma 4.3.6, R,,L, = RZLxR;ZI. It follows that, z €

Q. < W,=J\Rwl, < W,=J\R.L, R} <= W,R,. = J\R.L,.

2. Foreveryz € Q, z € Q. <—= J\G,=J,H, <= G, = J;lJsz

— G,=JH, < J,L,M,;" = J,J,H, <= U, = J,H,,

since G, = J,L, M. Also, foreveryz € Q, z € Q, — J,.G, = J,H, <~

JAGQE = JpJ)\Rme < J)\Gm =R,M, <— J)\Gx = W,.

3. Foreveryz € Q, z € Q, — J,H,=J,L,R,' <~ J,H,R, = J,L,

— J,Lh\R; MR, = J\L, <= R, M,R, = J,\L,

<~ W,R,=J\L, <= W, = J,L,R;' < W, = J,\T,",since H, = J\R,M,.
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Also, from the preceding part,

r€Q, < R,M,R,=J\L, <= M,R,=R,'J,\L,

< M, =R,'J\L,R,' < M, =R,'"J\Ry»L, < M, = R,'J,T, "

4. Foreveryx € Q, = € Q)

= JLpR, = Gy <= LpR,=J,'1\G, <= LR, = J:G,

. By Lemma 4.3.6, L\ R, = J2G, < L,R,L.} = J3G,

<~ R,L, =L'J{G, < LyR, = J{GyLy, <= J,LyR, = J\G,Ly,

< J,L,R, =U.L,, <= J,L,R,L,}=U

5. Forevery z € Q,

€ Q, < J\RyL,=J,LR,.

Using Lemma 4.6.4, R, = J,L, M 'L;*. Then J\Ry» L, = J,L» R,

— LS LM 'L'L, = J, LR, < L,M;' = J,LpR, < U, =J,LxR,.

Next, forevery z € Q, z € Q, < J,LpR, = J,L,R.*

= Ly =J, " BWLR'R,' <= L = JiL.R,>
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By Lemma 4.6.4,

Lo = JZNR.MR,', Ly = JiL.R,?> <= J\R,M,R,' = JiL,R,*

— R,M,R'=J'L,R,*> << R,M,=J'L,R;' < W,=J'L,R,"

6. Forevery z € Q,

re€qQ, = JG,=J,R L' < J,G.L,=J,R,

= LJ,M 'L,=J,R, < M;'L,=L"J,R, < M;'=L;'J,R,L;"

= M '=L"'J, Ly, = M '=L"JT,.

7. Forevery z € Q,

v€Q. < J\Ruywl,=J,LpR, < J\Ryp = J,LpR,L,"

— LRy = J,Lp LRy <= J\Ry = J,L»T,.

8. Foreveryz € Q, r € Q, < J,L,R, = J\L.R,*

— J,L, = h\L,R;> < J,=J\L,R;’L}.

By Lemma 4.3.6, L;} = RILynglL; 1 jt follows that,

J, = BWL.R;?L7} = J, = JL.R;>R, L, R; 'L,

— J,= J,\Lsz_lLy:vRa?ngjl — JpyLyR, = JAL%R;LW
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< LyRm - L;pR;lLyx

9. Foreveryz € Q, z € Q, — J\G, = J,R,L;*

— G, =J'J,R, L, < G,=J)R,L;' <= G, =R,L,"

10. Forevery x € @,

re@, < J,H,=J\Ry»L, < H, = Jp_lj)\RxpLx — H, = JZ\\RwL,

<~ J\R,M, = JiRyL, <= R,M, = J\RyL, < R, M.L,' = J R,

< R,M,L,;' = J,R,».

4.6.3 Characterization of a Subloop of a Basarab loop by Inverse Trans-
lation Mappings

Let (Q, -) be a Basarab loop, and let Q“ be the set for all z € @, such that the set
{x € Q : xJ\ = xJ,} is satisfied. The elements of ((Q, -) containing in Q" are characterized.

From Lemma 4.6.4,

G M, L' =J,= Ry L, M, L' = L,R;'M,L" (4.43)

and H,M;'R;' = Jy = LpR,M,'R;' = R, L' M, 'R, . (4.44)

Theorem 4.6.7. Let (Q, ) be a Basarab loop. Then Q is a subloop of Q, if Q has AIP or

AAIP.
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Proof. Q" # () <= e =e’. By AIP, (zy)? = 2Py = 22y* = (vy)* <= (ay)? = (xy)*
forall z,y € Q. By AAIP, (zy)’ = yPaf = y*2* = (vy)* <= (xy)’ = (xy)* for all

z,y € Q" Letxz,y € Q% then 2” = 2 and y* = . O

Theorem 4.6.8. Let (Q, -) be a Basarab loop. Then for every x € @, x is contained in Q% if

and only if any of the following conditions hold :
1. W,G2=U. 2. G, = \U, 3. H, = J,W,.

Proof. By equations 4.43 and 4.44, it follows that:

1. Forevery x € @,

r€Q" & G,M,L," = H,M;'R;' & G, M, = H,M;'R;'L,

& H'G,M, =M 'R'L, & G,G,M, = M 'R 'L,
&G M, = M'R;'L, & G? = (R,M,) 'L, M ' & G* =W, 'U., & W,G?> = U..

2. Forevery z € Q,

re€Q" e L,R'M,L;' = R, L;'M 'R, & R,'M,L,'R, = L,' R, L, " M

& RML'R, = L,*H, M ' < R;'M,L,;'R, = L, J\R, M, M_*
& RML'R, = L' \R, & R,*M, L' = L' J\ < R,'M, = L' J\L,
e =H,\U. <G, =JU.
3. Forevery z € (),

r€Q" e LR M, L' = R,L;'M_'R.*
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& GM, L' =R, L'M 'R & J,L,M;'M,L,;' = R,L,"M; 'R,

s J,=R,L'M'R' & R,'"J,R, = L,'M' & H, = J,W,.

]

Theorem 4.6.9. Let (Q, -) be a Basarab loop. Then for every x € ), x is contained in Q% if

and only if any of the following conditions hold :
1. G*M, = M 'R'L,
2. M,L;'R, = H2M*
3. R,M,L,=L,M;'H,R,
4. RyM,G,L, = L, M 'R,
5. RJ'L, R = (Ry M, L) ' L, M
6. R,'M,L'R,M, = L;'R, L}
7. RyyH M = L,M,L;'R,
8. M 'R 'L,=H_ 'R, L, M,
9. L-'RyM,L,R;' = (Ryp Ly M,)™"
10. L;'R,; H, = M,L;'R,M,
1. LM 'R;'L, = R;'Ry L, M,
12. L*H,M 'R = R;'M, L
13. L,R;'L,R;*M, = M 'R'L,

14. M,L7'R,M,L, = R,L7'R,
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15. L\ L,R;'M, = R,M;'R;'L,
16. L,M,L;' = R}/ R, L;*M'R;*
17. R;*M, = L' J\L,

18. R;Y,R, = LM !

Proof. Let (Q, ) be a Basarab loop. Using Lemma 4.6.4, we apply equations 4.43 and 4.44 as

follows:

1. Forevery z € Q,

v€Q" = G, M, L' = H,M'R," <= G,M, = H,M;'R,"L,

— H 'G,M,=M"'R'L, <—= G,G.M,=M,'R;'L,

< G2M,=M;'R;'L,

2. Forevery z € (),

r€Q" = G,M, L' =HM 'R;"
— G,M,L,'R,=HM,' < M,L,'R, =G, "H,M"'

< M,L;'R,= H.H,M ' <= M,L;'R, = H>M_"'

3. Forevery z € (),

r€Q" <= G,M,L,'=H,M 'R’
— M L;'=G'HM 'R' < ML ' =G '"H,(R,M,)™"
< M,L;'R,M,=G,'H, <= L,'R,M,= M;'G;'H,

«— L 'R.M,=M'HR,L;" <= L,'R,M,L,= M_'H,R,

150



< R,M,L,= LM 'H,R,
4. Foreveryx € Q, v € Q" <— G, M,L;' = H.M'R,'
< H 'G,M,L;'=M'R;' < H'G,=M'R'L,M "

<~ M,H;'G,=R,'L,M;' < M,H 'L ,R,' = R,'L,M,"!

= M,G,L, = R,;'L,M;'R, <= R,M,G,L,= L,M'R,
5. Foreveryz € Q, z € Q" < G, M,L;' = H. M 'R!
— G M, L' = R,L;'M 'R +—= R;'G,M,L,;*'=L,'M'R*

<~ R,'G,M,=L'M'R;'L, <= R;'L,R,*M,=L,"M'R;'L,

— R'L,R'=L'M'R;'L,M;' <= R 'L,R;' = (R,M,L,) "L,M*
6. Forevery z € Q,
r€Q" <= G,M,L;'=HM 'R, < L,R;'M,L;' =R, L,"M'R;"

<~ R'M,L;'=L'HM'R;' — R;'M,L;'=L,'R,L;"M;'R;"

< R;'M,L;'R,=L,'R,L;'M;" < R;'M,L,'R,M,=L,'R,L,"
7. Forevery z € Q,

r€QQ" < H,M'R'=R,»L,M,L,"
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< R,H,M'R;'=L,M,L;' <= R,H,M;'=L,M,L,'R,

8. Forevery z € Q,

re Q" «— H,M 'R'=R,»L,M,L,"'

<~ M 'R;'=H 'R,L,M,L," < M;'R;'L, = H,'R.» LM,

9. Forevery z € Q,

r€Q" <= H,M'R;'=R,L,M,L,"

— R,L'M'R]'= Ry, L,M.L' < L'M;'R;' = R;'RywL,M,L;"
— (R M.L,) "' = R'Rpp L M, L' <— (R ,M,L,) " = (L,M;'L;*R}R,)™"
<~ R M,L,=LM 'L 'R'R, <= R,M,L, = Lo(Ry»L,M,) 'R,

< L, 'R,M,L,R,;' = (RyL,M,)™"

10. For every x € @,

reQ" < H,M 'R ‘= RyL,M,L;" <= H,= RpL,M,L;'R.M,

<~ R,H,=LM,L'R,M, < L;'R_H, = M,L, 'R, M,

11. Forevery x € Q,

r€Q" << H,M'R;'=R,»L,M,L,"
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<~ M 'R;'=H 'R,L,M.L;" < M;'R;' = G,RpL,M,L,"
— M 'R;'=L,R'RyL, M, L' < L'M;'R'=R,'R,yL,M,L,"

< L'M;'R;'L, = R,'R,» L, M,

12. Forevery x € @,

reQQ" <= H,M'R'=R,»L,M,L,"

< H,M'R;'=G,M,L;" <= H,M '=G,M,L,'R,
— G'H,M;'=M,L,'R, <= H:M;'=M,L,'R,
& H’M;'R;'=M,L;' < R,L,'H,M;'R;'= M,L,"

— L 'HM'R'=R'M,L"

13. Forevery x € @,

r€Q" < L,R;'M,L;' = R,L;'M'R!

< L,R;'M, =R, L;'M'R;'L, <= R;'L,R,'M,=L'M_'R'L,

< L,R,'L,R,'M,=M;'R,'L,

14. Forevery x € @,

r€Q" = L,R'M,L;' =R, L;'M'R;!

< L,R,'M,L;'R .M, = R.L,' <= M,L,'R.M, = R.L;'R,L"
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<= M,L,;'R,M,L, = R.L;'R,

15. Forevery x € @,

r€Q" < L,R'M,L;' = R,L'M'R;' +— L,R;*M,L;' = L,xR,M'R*

— L L,R;'M,=R,M;'R,'L,

16. Forevery z € @,

r€Q" <= L,R'M,L;' =R, L;*M'R!

<= Ryl ,M,L;'=R,L;'M;'R;' < L,M,L,' = R )R, L;"M 'R,

17. For every x € @,

r€Q" < LR 'M,L'=RL'M 'R' <= R'M,L'R,=L,'R,L;*M*

<~ R'M.L;'R,=L,'H,M," <= R;'M,L'R, =L, 'J\R,M,M_*

<~ R'M.L,'R,=L,'Js\R, <= R'M,L;'=L'J\, < R,'M,=L_'J\L,

18. Forevery x € @,

reQ" < L,R,'M,L'=R,L'M 'R’

— G,M,L;'=R,L'M'R' < J,L,M;'M,L,' =R, L,'M; 'R

<~ J,=R,L,'M]'R;' < R;'J,R,=L,'M;'
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]

Theorem 4.6.10. Let (Q, -) be a Basarab loop and let G, = J,L,M_ "' and H, = J\R, M, be
defined on Q. Then for every x € @, z is contained in Q% if and only if any of the following

conditions hold :
1. LM YT, = WM 'R !
2. M,L;'J, = J\R,M,
3. R,VJ,M, LR, = M,R, L' M*
4. L;'R M, J,L, = M;'R,L;" M,
5. Ry Jy = L,M,L;*!
6. LM 'L;' = J, 'Ry
7. LR, = M, L;'J,
8. L 'J\L, = R;'M,
Proof. From Theorem 4.6.9,

1. consider G2M, = M 'R 'L,. Put G, = J,L,M_'. Then

GG M, =M, 'R'L, < J,L,M;"J,L,M;'M,=M,'R;'L,

— J,L,M;'J,L, =M 'R;'L, < J,L,M;'J, =M 'R’

= L, M 'J, =M 'R*

2. Consider M, L 'R, = H2M_*. Put H, = J\R,M,. Then

M,L'R, = H:M ' <= M,L,'R, = J\R,M,J\R, M, M_*
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< M,L,'R, = J\R,M,J\R, <= M,L,' = J\R,M,J)

= M,L;'J, = J\R.M,
3. Consider, R,M,L, = L,M;'H,R,. Put H, = J\R,M,. Then
R,M,L, = L,M;'J\R,M,R, <= M,L,'R,M,L, = J\R,M,R,
< M,L;'R,= J\R,M,R,L;'M;" <= R;'J,M,L,;'R, = MR, L' M,
4. Consider R,M,G,L, = L,M'R,. Put G, = J,L,M_'. Then
R,M,G,L, = L,M;'R, < R,M,J,L,M 'L, = L,M;'R,
< R,M,J,L,=L,M'R,L;'M, < L,'R,M,J,L, =M;'R,L,;*M,
5. consider R, H,M;' = L,M,L;'R,. Put H, = J\R,M,. Then
RyH M =L ,M,L;'R, <= R,}J\R,M,M *=L,M,L,'R,
< R,}J\R,= LML 'R, < R, Jy=L,M,L,"
6. consider M. 'R 'L, = H 'R, L,M,. Put H, = J,R,M,. Then,
M 'R'L, = H 'Ry L,M, <= M 'R;'L, = (J\R,M,) "RyoL.M,

< M 'R;'L,=M'R;'J;'RypL M, <= M 'R;'L,M;'= M 'R 'J 'RuL,

— LM *'=J'RyL, < LM 'L;'=J 'R,
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7. consider L;'R,})H, = M,L;'R,M,. Put H, = J,R,M,. Then,

LR, H, = M,L;*R,M, <= L;'R}J\R.M, = M,L_'R,M,

— L'R,}J\=M,L"'" < L'R,)}) = M,L,"J,

8. consider L;'H, M 'R;' = R;'M,L;"'. Put H, = J\R,M,. Then,

L*H M 'R = R,'M, L' — L'J\R,M,M;'R;' = R;'M,L*

<~ L 'J\R,R,;'=R;'M,L;' < L;'J,=R;'M,L;' < L;'J\L, = R,'M,

O

Theorem 4.6.11. Let ((), -) be a Basarab loop and let G, = R, L, and H, = LR, be defined
on Q. Then for every z € (), z is contained in () if and only if any of the following conditions

hold :
1. LRy L M, = R)M_'R;'L,
2. LIM,L 'R, = RyLa R, M !
3. RyM,L,R;*> = L, M 'L
4. RyM,Ryo = L,M 'R, L
5. M_'L7'R; Ly = L Ry M R !
6. RyM'R;' L, = L Ryo L, M,
7. MJ'L7'R; Loy = LY R M R!
Proof. From Theorem 4.6.9,
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1. consider G2M, = M 'R'L,. Put G, = R,»L,. Then
G2M, = M 'R;'L, <= RuL,R,L,M,=M_"'R'L,
<= L,RyL,M,=R,;M 'R'L,
2. consider ML 'R, = H?M_'. Put H, = L,»R,. Then
M,L'R, = H*M ' <= M,L;'R, = LyxR,L,»R,M_"
— L M,L;'R, = RyL,»R,M,"
3. consider R,M,L, = L,M_*H,R, . Put H, = L,»R,. Then
R,M,L, = L,M*H,R, <= R,M,L, =L, M 'L, R,R,
< R M,L,R;*>=L,M_ 'L,
4. consider R,M,G,L, = L,M; 'R, Put G, = R,»L,. Then
R.M,G,L, = L,M;'R, <= R M.RyL,L,=L,M 'R,
< R,M,R, = L,M;'R,L,*
5. consider R, H,M' = L,M,L;'R,. Put H, = L»R,. Then
RJOH M ' = L,M,L 'R, <= R_}L,R,M;'=L,M,L'R,
< R L,y = LM, L'R,M,R;* <= M;'L'R_;}L,» =L 'R,M,R,"
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6. consider M 'R 'L, = H 'R, L,M,. Put H, = L»R,. Then

M 'R;'L, = H; 'R,y L,M, <= M, 'R;'L, = (L,»R,) "Ry L, M,

<« M;'R;'L,=R;'L_{R,L,M, < R,M,'R,;'L,=L_R,L,M,

7. consider L;'R,)H, = M,L;'R,M,. Put H, = L,»R,. Then

LR} H, = M,L,'R.M, <= L 'R}JL R, = M,L'R,M,

— M 'L;'R L, =L,'R,M,R,"

]

Theorem 4.6.12. Let (Q, -) be a Basarab loop and let G, = R,» L, and H, = L, R, be defined

on Q. Then for every z,y, 2 € (), x is contained in Q% if and only if :
I G2ZM,R,.L;' = M;'R;'R,/R.
2. ML;'L' Loy = HIM; 'L R
3. RyLyoM,L,L}R;* = L L,L,M; " Hy L L
4. R7'Ry»R MG, L, = L,R;)M 'R,
5. Ry HoM 'L R = Ly M, L L Lo
6. Ry'L\LyM, = Ly, L' J\L,

7. RJR. LR} = MRV \R,.

Proof. From Theorem 4.6.9,
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1. consider, G2M, = M 'R 'L,. Then by Lemma 4.3.6,

L:cR:cz = Rx_PleLx — Lx = R;leZLxR;Zl

Thus, G2M, = M 'R;'L, <= G?:M, = M 'R;'R, R.L,R;}

— G*M,R,.L;' =M 'R 'R'R,

2. consider M, L, 'R, = H2M_". Then by Lemma 4.3.6,

RyLy, =L LR, = L,'LzxR,Ly, = R,.

Thus, M, L;'R, = H2M;" <= M,L;'L;'L,xR,Ly, = H2M,"

— M,L,'L;'L,=HM;"'L'R,"

3. consider R,M,L, = L,M_'H,R,. Then by Lemma 4.3.6, L;lexRxLym = R,. Thus,

RM,L, = L,M; "H,R, <= L;'L\R,LyM,L, = L,M; "H,L;'L,\R,Ly,

— RyLyM,L L, R =L L,L;M; H,L, L,

T

4. consider R,M,G L, = L,M_'R,. Then by Lemma 4.3.6, L, = R, R,L,R;}. Thus,

R,M,G.L, = L,M_ 'R, <= R,M,G.L, =R R.L,R,'M;'R,

<= R 'RywR,M,G,L, = L,R!M 'R,

5. consider R, H,M;' = L,M,L;'R,. Then by Lemma 4.3.6, L' LysRoLy, = R,.
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Thus,

R H,M,"' = L,M,L;'R, <= R_JH,M,;" = L,M,L,'L"L,xRyLy,

<~ R,HM;'L R = L M,L;'L," L,

6. consider R, 'M, = L;'J)L,. Then by Lemma 4.3.6, L, ' L,» R, Ly, = R,. Thus,

R;'M, = L;'J\L, <= M, = R,L,'J,\L,

— M,=L,'"LRyLy L '\L, <= R;'L_\L,M, = Ly,L."J\L,

7. consider R;'J,R, = L;' M. Then by Lemma 4.3.6, L, = R, R, L, R;}. Thus,

R',R,=L,'M;' < R'J,R,=L,'M;' < L,R;'J,R,=M."'

< R,JR.L,RR;'J,R,=M,' < R,R.L.R,' =M 'R;'J\R,.

]

Theorem 4.6.13. Let (@, -) be a Basarab loop and let G, = J,L, M, " and H, = J\R, M,
be defined on Q. Then for every z,y,z € Q, z is contained in Q if and only if any of the

following conditions hold :
1. L,R;IM YT, = R;IR, MR, !
2. L,J,M,L;*J, = LysR,Ly,M,
3. R;'J\L, = L R; M,

4. RIMLY = L;lelepngRxp
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5. LR} J\R,) = M R,..L;' R
6. L;leszLyz = Mnglijx
Proof. From Theorem 4.6.10,

1. consider L,M;'.J, = J\M;*R;'. Then by Lemma 4.3.6, L, = R, R,L,R;}. Thus,

LM ', = WM 'R;' <= R,R.L,R,M; '], =M 'R"

< LR M 'J,=R 'R} LM, 'R’

2. consider M, L;'J, = JyR,M,. Then by Lemma 4.3.6, L' L,x R, Ly, = R,. Thus,

M,L;'J, = J\RoM, <= L,J,M,L;'J, = Lo RyLy.M,

3. consider R, Jy = L,M,L;'. Then by Lemma 4.3.6, L, = R,, R.L,R;}. Thus,

R}y =L,M, L' < R, J,=R,R.L, R, M,L,"

— J,= RszR;lexL;1 — R;IJ)\Lgﬂ = LmRﬂzlex

4. consider L, M 'L;* = J ' R,e. Then by Lemma 4.3.6, L, = R, R.L, R Thus,

LoM'L = J'Rye <= R R.L,RM; 'L = J "Ry

— RIM 'L'= L;lelepJp‘lep

5. L;'R,' = M,L;'J, Thenby Lemma4.3.6, L, = R, R.L,R;}. Thus,

L'R,;} = M,L;'J, < L;'R,}J\L, = M,
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— L 'R}I\R,;} = M R,.L;'R."

6. L;'J\L, = R;'M,. Then by Lemma 4.3.6, L, "' L,» R, Ly, = R,. Thus,

L')L,=R'M, — R,L_'J\L, =M, < L 'L R,L,,L 'J\L, =M,
T T x Yy Y x

— Ly’lexRxLyx = M,L;"J,L,

O

Theorem 4.6.14. Let (@, -) be a Basarab loop and let G, = R,»L, and H, = L, R, be defined
on Q. Then for every z € (), z is contained in () if and only if any of the following conditions

hold :
1. L'RJYH MY = RIM, LR,
2. HLM 'R 'L, = R.L R} M,
3. RyL,'M'R;' = R,.L,R}M,L!
4. RJ'L,'L.R,'M, = LM, 'R 'L,
5. M,L;'R,M,L;' = R,.,L;'R'R,
Proof. From Theorem 4.6.9,
1. consider R, H,M;' = L,M,L;'R,. Then by Lemma 4.3.6, R,,; = L,R,.L;'R;".
Thus,
R,H M ' = L,M,L 'R, <= L,R,.L;'R;'H,M = L,M,L'R,

< L'R;'H,M;'=R'M,L;'R,
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2. consider M 'R 'L, = H 'R,»L,M,. Then by Lemma 4.3.6, R,, = R, L, R 'L

z

Thus,

M *R;'L,=H'RywL,M, <= M 'R;'L,=H,'R.L,R;}L; 'L, M,

<~ M 'R'L,=H,'R.L,R;}M, <= H,M'R;'L,= R.L,R, M,

3. consider L;'M'R'L, = R;'R,»L,M,. Thenby Lemma4.3.6, R,, = R, L, R L .

Thus,

LM 'R,'L, = R,'RypL M, <= L;'M;'R;'L, = R,'R.L,R'L;'L,M,

— L 'M 'R 'L,=R;'R.L,R,})M, <= R,L,*M_'R;'=R.L,R,}M,L,"

4. consider L L, R;*M, = R,M;'R;'L,. Then by Lemma 4.3.6,

L= R, Ly, R,;'L,". Thus,

LL,R,'M, = R,M, 'R,'L, <= RyLy,R,'L,'L,R,'M, = RaM;'R,"L,

— LyR,'L'L,R;'M, = M;'R,'L, <= R,'L,'L,R,'M, =L, M 'R "L,

5. consider L, M,L;' = R, R,L;'M;'R;' Then by Lemma 436, R, =

L,R,.L;'R;!. Thus,

L M, L' =R, R.L;'M 'R, <= L,M,L,;' = L,R,.L;'R;'"R,L,'M_'R!

& M,L,'R,M,L;' = R,.L;'R;'R,
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Theorem 4.6.15. Let ((), -) be a Basarab loop and let G, = R,» L, and H, = L R, be defined
on Q. Then for every x € (), z is contained in () if and only if any of the following conditions

hold :
I R)R.L,R;!M, = L;'R.M;'R; 'L,
2. R;lLy—lMngleMz = Ly—g}LyRmLy—x1
3. RyM,L,R;'Ly, = LM *LyR,
4. R,M,R.L, = L,M:'R,L;'R,,
5. LM 'R;'L, = R,'L,'Ryp L, M,
6. LM, 'R'L, = R,'L,'Ry» L, M,
7. LM 'R\ Ly = RV L, LR,V M,
Proof. From Theorem 4.6.9,
1. consider G2M, = M_ 'R 'L,. Then by Lemma 4.3.6,
L.R,. =R, R.L, = Ry, L,=R.L,R;} Thus,

G*M, =M 'R;'L, <= R,L,R'R.L,R'M,=M"'R'L,

<~ R'R.L,R'M,=L,'R.M_'R;'L,

2. consider ML 'R, = H?M_'. Then by Lemma 4.3.6,

R:vLy:c = L;AlLyR:c — ka R, = LszL;wl Thus,

M,L'R, = H:M ' <= M,L;'R, = LyxR,L,»R,M_"

< M,L,'R, = LyR,L,LyR,L, M, "

xT
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—-17-1 -1 -1 —1las—-1
< R;'L;'M,L,'R, = L,'LyR,L,' M,

x x

-17r-1 -1 _ 71 -1
< R;'L;'M,L,'R,M, = L,'LyR,L,]

xT

3. consider R, ML, = L,M;"'H,R,. Then by Lemma 4.3.6, L,» R, = LyR,L,;. Thus,

R M,L, = L,M;'H,R, <= R,M,L, = L,M;'LyR,L} R,

e R,M,L,R;'L,, = L,M.'LyR,

4. consider R,M,G,L, = L,M_ 'R,. Then by Lemma 4.3.6,

Lxsz — R;/}Rz[/x - Rg;pL;I; = RZLIR;ZI Thus,

R,M,G,L, = L,M 'R, <= R,M,R,L,L,=L,M'R,

<= R,M,R.L,R;'L,=L,M 'R, <= R,M,R.L,= L,M;'R.L'R,.

5. consider R H,M;' = L,M,L;'R,. Then by Lemma 4.3.6, L,»R, = LyR.L,,.

Thus,

R,HM '=L,M,L'R, <= RJL R,M;'=L,M,L,'R,

< R, L,R,L, ;M "' =L,M,L'R,

— L M, "'=R'L'RyyL,M,L;'R, < L, /M, 'R;'L, = R;'L,'Ry» L, M,

6. consider M, 'R 'L, = H, 'R, L,M,. Then by Lemma 4.3.6, L,»R, = LyR.L,,.
Thus,

M 'R'L, = H 'Ry L, M, <= H,M.'R;'L, = RyoL,M,
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< LpR,M;'R;'L, = RyL, M, <+

LyRyL, M, 'R, Ly = Ryo LyM, <= L, /M 'R 'L, = R'L, "Ry L, M,

xT

7. consider L, " H, M 'R * = R;*M,L,". By Lemma 4.3.6, L,s R, = L,R, L, . Then

L'*HM 'R = R,*M, L' <—= L 'L R,M;'R;' = R,'M,L"

— L,'LyR,L M 'R;' =R 'M,L."
< R,L M 'R;'=L"L,R,'M,L," < LM 'R;'L,=R;'L,;'L,R;'M,

[]

Theorem 4.6.16. Let (Q, -) be a Basarab loop and let G, = R,» L, and H, = L, R, be defined
on Q such that R, M, = L,M_'H,R,L;"'. Then for every x € @, x is contained in Q" if and

only if any of the following conditions hold :
1. H,G, =1
2. G,H, =1

Proof. From Theorem 4.6.9,

1. consider R,M,G,L, = L,M;'R,. By Theorem 4.6.9 3), R,M, = L, M 'H,R,L;".

Then

RyM,G,L, = LM 'R, < H,R,L;'G,L, = R, <= H,L.R,G,L, =R,

<= H,H,G,=R,L;' — H,H,G,=H, <— H,G,=1

2. consider R'L,R;' = (R ,M,L,) 'L,M;' By Theorem 4.6.9(3), R,M, =
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L,M:'H,R,L". Then

R'L,R' = (R,M,L,) "L,M;' < R'L,R,* = (L,M;'H,R,) "L, M,

— R'L,R;)'=R'H'M,L'L,M;' <= R;'L,R;*=R,'H_ 'M,M*

<~ R'L,R,]'=R]'H,'! — L,R'=H,' <= G, =H;' < G,H,=1

[]

Corollary 4.6.5. Let (@, -) be a Basarab loop and let G, = R,» L, and H, = L,» R, be defined
on Q such that R, M, = L, M 'H,R,L,"'. Then for every x € @, x is contained in Q" if and

only if H,G, = G, H, = I

Proof. From (1) and (2) of Theorem 4.6.16, H, G, = G, H, = I.

]

Theorem 4.6.17. Let (Q, -) be a Basarab loop and let G, = R,» L, and H, = LR, be defined
on Q such that R, M, = L, M 'H,R,L_". Then for every x € Q, x is contained in Q* if and
only if any of the following conditions hold :

1. R)R.L, = L'R.L,G*R,.

2. L;'M,M; H?Ly, = R,L; LR,

Proof. From Theorem 4.6.15,

1. consider R 'R, L, R )M, = L'*R_. M 'R 'L,. Put R,M, = L,M'H,R,L;'. Then

RJR.L,R M, =L'R.M;'R'L,

<~ RR.L,R, )M, =L,'R.(L,M;"H,R,L;") 'L,
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< R!R.L,R'M,=L,;'R.L,R;'H'M,L'L,
< R'R.L,R;)M,=L;'R.L,R;'"H, ' M,
<~ R'R.L,R,=L,'R.L,R;'H,!
< RR.L,R;! = L,;'R.L,G: <= R_'R.L, = L;'R.L,GR,.

2. consider R;' L' M,L;'R,M, = L, LyR,L;}. Put R,M, = L,M; H,R,L;". Then

—17-1 -1 _ 71 -1
R,'L,*M,L,'R,M, = L, LyR, L]

T

— R,'L;'M,L'L,M;'H,R,L;" = L} LyR,L,;
—-17-1 -1 —1 —1 —1
— R,'L;'M,M;'H,R,L;" = L, 'LyR,L,,
—-17-1 —1r72 -1 -1
— R,'L;'M,M;'H: =L, LyR,L,,
— R,'L;'M,M;'H.L,, = L,/ LyR, < L,/'M,M,; 'H}L,, = R,L,LyR,

]

Theorem 4.6.18. Let (Q, -) be a Basarab loop and let G, = R,» L, and H, = LR, be defined
on Q such that R,M, = L,M_*H,R,L_!. Then for every x € ), x is contained in Q"if and

only if any of the following conditions hold :
1. L;'Ry = R'L;!
2. Ry'Lp = L'R!

Proof. From Theorem 4.6.11,

1. consider R,M R, = LM 'R,L;% Put R,M, = L,M_'H,R,L;'. Then

R.M,R,» = L,M;'R,L;* <= L,M;'H,R,L;'R,» = L,M;'R,L_*
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< H,R,L;'R, = R,L,?> <= R,L,'R,L,'R,o = R, L;'L"!

< R,L,'Ry=L,' < L'R, =R,'L,"

2. consider ML 'R L, = L;'R,M,R;. Put R,M, = L,M;*H,R,L;'. Then

M LR} Ly = L'R,M,R," <= M 'L 'R )L, =L'L,M 'H,R.L'R,"

— M 'L]'R )L, =M 'H,R,L'R,' <— L,'R})L,»=H,R,L;'R,"
<= (RuplLy) 'Lyx = H,R,L,'R," <= G 'L,» = H.R,L;'R;"

<= H,L,=H,R,L;'R;" <= L,»=R,L,'R,;" <= R,'L,» =L,'R,"

4.6.4 Characterization of a Subloop of a Basarab loop by Middle Trans-
lation Mapping

Let (@, -) be a Basarab loop. Then the elements of
(Q,-) defined as Q" :={r € Q: M, = M;"', G,, H, € SYM(Q)} are investigated. From
Lemma 4.6.4,

LGy =M ' = L' \Rp L, = L, AL, R,* (4.45)
and R;'J,H, =M, =R;'J, LR, =R,"J,R,L;". (4.46)
Theorem 4.6.19. Let (Q, -) be a Basarab loop. Then Q" is a subloop of Q, if

1. J, = J\, M2 = (M,M,)*forall z,y € Q"; and

Ty

2. [M,,M,] = Iforall z,y € Q™.
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Proof. Obviously, Q" # (0 <= M? =1 <= J> =1 < |J,| =2
= S =1 = I, =] Jy = J,=J
Next, 7,y € Q" <= M} =1 = M;. Thus, M7, = (M,M,)* = M,M,M,M, =

MEMZ=11=1. O

Theorem 4.6.20. Let (Q, -) be a Basarab loop. Then for every z € Q, x is contained in Q™ if

and only if any of the following conditions hold :
1. G2 =G, J,
2. H,J\ = J,H?
3. R,'G.Jy=L;'J,G,
4. R;'J\H, = L'H,J,
5. H,J, = J,H,R,L*
6. L\G,L, =G,J,R,
7. HyJ\Ry» = J,H,L*
8. L,H;'J\R, = R, 'J,L,
9. J\Ru L2 =G, J,R,
10. L' J\GaR' = RV J, Lo
11. H,R, = J\R,L;'J\L,
12. R;YJ,R, = L' J\L,R; 'L,
Proof. By equations 4.45 and 4.46, it follows that:

171



1. Forevery z € (),

v € Qi = L[71G, = RglJpHx — L7'J,G,H ' = R;IJ,,

— L'N\G,G.,=R'J, & L'J\GZ=R,'J,

— NLG2=L,R'J, & LG>2=G.J,

2. Forevery z € Q,

reQ = LG, = Rglijx — L', = R;lijngl

— L 'J\=R'JHH, < L;'J,=R,"J,H.

< R,L;'J\=J,H} < H,J,=J,H

3. Forevery z € Q,

reQ = LG, = R;lijx — L'\G.H ' = R;IJ.D

— G,H '=J'L,R;'J, <= G.H;'J\=J,L.R,"

< L,R]'G,J\=J,L.R;' < R;'G,J\=L,'J,G,

4. Forevery x € Q,

r€Q" — L7'N\G,=R;'J,H, < L;'Jy=R;'J,H,G;’

— J,'R,L,'J, = H,G,' <= J\H,J\=R,L,;'H, <= R,'J\H, = L,'H,J,
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5. Forevery z € (),

v € Q" = L;')\G,=R,'JH, < L;'J\L,R;' =R;'J,H,

— L,'J\L,=R'J,H,R, — R,L;'J\L,=J,R,L;'R,

<~ H,J,=J,HR,L,"

6. Forevery z € Q,

r€ Q" «— L'1\G,=R;'JH, < L;'J\L,R;'=R;'J,R,L;"

e L;'J\L,R;'L, = R;'J,R, <> J\L,R.'L, = L,R;"J,R,

— JN\G,L, =G,J,R,

7. Forevery x € (),

r€Q" < L 'J\RylL,=R;'J,H, < L,'J\R, = R,'J,H,L,"

< R,L;'J\R, = J,H, L' <= H,J\R,» = J,H,L,"

8. Forevery z € (),

r € Qi LQIJprpL;p = R;lijx — L' \RyL,H, " = R;lJﬂ

e Ry L,H,'=J,L,R;'J, < L,H;'J\R, = R;'J,L,
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9. Forevery z € (),

T € Q“l — L;1J>\Gz = R;lijm < L;IJ)\RmPLx - RzzlJPRIL;I

— L 'J\R»L2=R,"J,R, — J\RyL2=G,J,R,

10. For every x € @,

r€Q" < L ')\G,=R,'J,H, — L,'J\G,=R,"'J,H,

= L7')\Gy =R 'J, LR, < L;'J\GxR;' = R;'J,L,»

11. Forevery z € @,

= QZ” — R;lijx = L;lj)\LxR;l < Jpch = RxLzzljkaRazl

< J,H,R,=R,L,;'J\L, < H,R,= J\R,L,;'J,L,

12. Forevery x € Q,

vE€QM = R H, =L\ ZLoR <= Ry R Ly = LM\ Lo Ry

<~ R'J,R,=L,'"J\L,R,'L,.
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4.6.5 Characterization of a Subloop of a Basarab loop by Inverse ele-
ments

Let (@, -) be a Basarab loop. Then the elements of (), -) defined as

Q" :={r € Q: Ry = L,»} are studied. From Lemma 4.6.4,

G,L;' = J,L,M;'L;" = R, = L,R;'L" (4.47)

and H,R,;' = J\R,M,R,' = L,» = R,L,'R,". (4.48)

Theorem 4.6.21. Let (Q, -) be a Basarab loop. Then Q™ is a subloop of @, if ) is an abelian
group.

Proof. If Q"™ # (). Then Rep = Loy < R, = L. < e € Q.

If () is an abelian group. Then for all z,y, z € Q, z - 2Py’ = za” -y = z - 2™y = 22 -

= oy =z oy =M 2=y 2

< 2zR(gryoy = 2Rup Ryp = 2Ly = 2Lpa Ly
< 2Ry = 2Rep Ryo = 2L gy» = 2L,x Lyx (by AIP)
< ZRayr = 2Ly <= Rayyp = Ly
= Ry = Ly forallu =2y < ue Q™.

]

Theorem 4.6.22. Let (Q, -) be a Basarab loop. Then for every z € @, x is contained in Q" if
and only if any of the following conditions hold :
1. (L,R,) ' = L'H,R*
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2. L7'R,L, = R,L;'R,

3. RjIG. L = (R, L)~

4. LV\R, L' = M 'L'R,

5. R;'L,M, = H;'J,L,

6. R;\L, = G2

7. R;'L,R, = L,R;'L,

8. L'R, = H?

9. R;\J,L, = M,R;'L,R,
10. L;'R,M ' = H,J\R,
11. R;'J?L, = M,R,'L, M,
12. R;'L'R, = L 'R, L1

Proof. 1. Foreveryz € Q, v € Q" <— G,L;'= H,R,!

<~ L,R;'L;'=H,R' < R]'L;'=H,R,' < (L R,) ' =L,'H,R,"

2. Foreveryz € Q, v € Q" +<— G,L;'=H,R;'! < G,L;'R,=H,

< L,R'L]'R,=H, < L,R;'L;'R,=R,L,"

< R'L,'R,=L,'R.L;' < L,'R,L, = R,L,'R,

3. Foreveryz € Q, v € Q% +<— G,L;'= H,R;' <— G,L;'R, = H,

— G,L;'=R,L;'R;' <— R]'G,L;' =L,'R;' +— R'G,L,;' = (R,L,)!

176



4. Foreveryx € Q, v € Q" < H,R;'=J,L, M 'L*

— R,L]'R;'=J,L,M;'L;' < L;'J\R,L,;'R;' = M;'L"

< L'J\R,L,;' = M'L'R,

5. Foreveryz € Q, x € Q¥ < H,R;'=J,L, M 'L’

— R'=H;'=J,L,M;'L;' < R;'L,M,=H,"J,L,

6. Foreveryz € Q, x € Q¥ <— H,R,'=L,R 'L’

<~ R,L'R;'=L,R'L;' <— L'R;'L, = R,'L,R,"

<~ L'R;'L,=R,'G, <= R,'L,=L,R,'G,

<~ R;'L,=G,G, — R'L,=G?

7. Foreveryz € Q, x € Q¥ < H,R;'=L,R;'L;*

<~ H,R'L,=L,R' +<— R;'L,=H,'L,R,'

<~ R'L,R, = (R,L;" )L, ——= R;'L,R,=L,R;'L,

8. Foreveryz € Q, r € Q" < G,L;'=R,L;'R;’

<~ L,R'L;' =R,L;'R;' <= R,'L,R,=L,'R,L,"

<~ R'L'R,=L'H, <= L;'R, = R,L,;'H,
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< L,'R,=H,H, <= L,'R, = H?

9. Foreveryr € Q, r € Q" < G,L;'= J\R,M,R;!

— L,R'L]'=J\R.MR," < R;'J,L,R,' = M,R,'L,

— R,'J,L,=M,R;'L,R,

10. Foreveryz € Q, v € Q" +<— G,L,;'= J\R,M,R;' <— G,L;'R,M;' = J\R,

— L'R.M;'=G,'J\R, <= L,'R,M;' = H,J\R,

11. Foreveryz € Q, x € Q% < J,L,M;'L;' = JyR,M,R;"

— JJ, LM L' = R MR, < J2L,M;' = R,M,R,'L,

— J’L, = R,M,R;'L,M, <= J2L, = RyM,R,'L,M,

< R,'J’L, = MyR,'L,M,

12. Forevery x € @,

reQV < LR'L;' = R,L;'R; <= R;'L'R, = L;'R,L;".

4.6.6 Characterization of a Subloop of a Basarab loop by Commutativity

Let (@, -) be a Basarab loop. Then the elements of ((), -) defined as

QV ={re€eQ:L,=R,}={re€G:xz=2zx,VzeQ}=C(Q) = centrum (Q) are
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examined. From Lemma 4.6.4,

NG M, = Ly = J\Rpo L, M, = J\L R, ' M, (4.49)

and J,H,M;' = R, = J,L, R, M, ' = J,R, L, M_". (4.50)

Theorem 4.6.23. Let ((, -) be a Basarab loop. Then Q" is a subloop of @, if Q" is commutative.

Proof. If Q¥ # (), then L, = R, = e € Q. Letz,y € Q", then
R,=L, = 2€Q, zR, =2L, =— zr =1z = commutativity.

Also, Ryy = Lyy = 2R,y = 2L,y V2 € Q = z-xy =12y -z = commutativity. [

Theorem 4.6.24. Let (Q), -) be a Basarab loop. Then for every = € @), x is contained in Q" if

and only if any of the following conditions hold :
L. J/?HQC = G, M?
2. R, J? = L, MG,
3. H.M;? = J;L,R;*
4. RyM?Ly' = L J3R,
5. L' 2L, = RPMZR!
6. LM ?R, = R;'J}J\L,
7. L,M2L, = R, J2R,
8. LM 2Lt = R VJR,»
9. R;'J}G, = R,L;' M >

Proof. 1. Foreveryx € Q, z € Q" <— J,H, M ' = J,G,M,

— J ' H, = G MM, < J’H, = G, M
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2. Foreveryz € Q, x € Q" <— J,H,M;' = J\R,» L, M,
— Ji'J,Hy = Ryp LeMyM, <= J'H, = Ry L, M} < R, J H, = L,M,M,

— R J}=LM.H, " < R, J}=L,M.G,

3. Foreveryz € Q, x € Q° <— J,H, M ' = J\L,R;'M,
— H,M;'M;"'=J'J\L,R,' < H,M,*> = J{L,R;"
4. Foreveryx € Q, x € Q° <= J,LpR,M;' = J\Ry» L, M,
— LpR M, "M, = J ' \Ryy <= R,M,?L." = L_J{R.»
5. Foreveryz € Q, x € Q* < J,L,R,M;' = J\L,R'M,
— L' LR M = R'M, <= L,;'J’L,» = R,' M, M, R

— L;lngxx =R 'M2R;!

6. Foreveryz € Q, x € Q" < J,R,L;'M;' = J\L,R'M,
— L'M;'M;'R, =R;'J'J\L, <= L,'M;°R,=R;'Ji]\L,
7. Foreveryz € Q, z € Q' <= J\Ry L, M, = J,R,L;'M*

< L,M,M,L, =R, J'J,R, & L,ML,=R,J’R

TP P T
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8. Foreveryz € Q, 1 € Q" <— J,R,L;'M; ' = J\R,o L, M,

— L)'M'M'L = RNV Ry <= L M 2L = RV R.y

9. Foreveryz € Q, z € Q" <— J,G, M, = J,R, LM

— R,'J'L\G.M, = R, L;'M;' < R.'J{G, = R, L;'M,*

4.7 Basarab loop and centrum-Abelian inner mappings loop

In this section, it is proved that a Basarab loop (@, -) is a centrum-abelian inner mappings loop.
In Basarab loop (@), -), the following are shown to be true: the center Z (@), -) of a Basarab loop
is normal; the quotient Q)/Z((Q), -) is an abelian group; the centrum C(Q, -) is normal; and the

quotient Q/C(Q, -) is an abelian group.

Definition 4.7.1. Let (Q), ) be loop and A C Q. then (i) a B € SY M(Q) are said to commute
on A written [A,Bly = I or AB|g = BA if hAB = hBA forall h € H, (ii)a B €

SY M(Q) are said to be inverse of each other over H if AB|y = I = BA|p.

Theorem 4.7.1. Let (Q, -) be a Basarab loop. Then for every z in the centrum C'(Q), -), 21,7, =

2T, T, holds for all z,y € Q or T, Ty |c(q,) = TyTs|c(q,) or [T%, Ty).

Proof. Forevery z € C,

2T,T, = 2R,L;'R,L;' = y\((z\z2)y) = y\((z\z2)y)

— y\zy = y\yz = =
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Also, 2T, T, = zR,L,;'R.L;" = z\((y\2y)z) = 2\((y\y2)z)

Then for a fixed z € C, 21,7, = zand 21,1, — zyields 21,1, = 2T,T,. ]

Remark 4.7.1. Note that, 2T,|c(q,) = 2 forall z € C(Q,-). So, T;|c,y = I forall z €

C(Q,). Also, 2T, = z then T, ¢, = 1.

Theorem 4.7.2. Let (Q,-) be a Basarab loop. Then for every v in the centrum

C(Q, "), vLay)Lzw) = VL (2 w)Lizy) holds for all z,y, z,w € Q.

Proof. For every v € C,

VL () Loy = vT;lTy—lTyxTz—lTl;lTwz = vaRglLyRy-lRyILy—;LzRgleR;lszL;;

= (w)\(((w((z((r2)\(((y((zv)/2)) /y)(y))))/2)) /w)(w2))
= (wz)(((w)((z(y2\(((yv) /y)yx)))/2)) [w)wz)
= (w2)\(((w((2(yz\(v - y2)))/2)) /w)wz)
= (w2)\(((w((zv)/2))/w)wz) = w\(((wv) /w)wz)
= (w2)\(v - w2) = (w2)\(wz - v) = v.

Also, for every v € C, vL(;w)Liay) = 0T, Ty T T, ' T, Ty,

= vL.R;'LyR,'Ry. L. LR, 'L R 'Ry, L.}

= (y2)\(((y((z((w)\((w(zv/2)) /w)w2))) /7)) /y)(y))

= () \(((y((z((w)\((wv) /w)w2))) /) /y)(y))
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= () \((y((@))w2)\(v - w2)))/x)) /y)(yz))
= (y2)\(((y((2v) /2)) /y)(yx)) = (y2)\(((yv)/y)(y))
= (yz)\(v-yz) =v.
Hence, for a fixed v € C, 0Ly Liza) = 0L(ea) Liay) O

Theorem 4.7.3. Let ((),-) be a Basarab loop. Then for every w in the centrum

C(Q, "), uR ) Rizw) = UR (2 w) Rz y) holds for all z,y, 2, w € Q.

Proof. For every u € C,

Ry ) Rz ) = uTzTyTx‘leszTZjul = quLglRyLy—lnyR;lesz—lRwL;lewRZj

= ((zw) (W \((A\(((zy(y\((2\(uz))y))) /2Y) 2) )w))) / (20)

= ((z0)(@\((\ (g (wy))) /2y)2))w)))/ (2w)
= ((zw)(@\(\(((2y - w)fey)2)w))/ (zw)
= ((zw)(w\(2\uz)w))) /(z0)
= ((z0) (w\ (w))) / (z0)
= (20 w)/(zw0) = u

Also, for every u € C, uR(.w) Rz = uT.T, T, T,T,T,}
= uR.L;'RyL,' L.wR, Ro L, ' Ry L, Loy R,

= ((ey) W\ @\ (o (\((2\(w2))w)))/ (zw))x))y)))/ (2y)

= (zy(\((2\(((zw(w\ (uw))\(zw))2))y))\(zy)
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= (zy(W\((2\(((zw - u)/(zw))2))y))) / (xy)
= (zy(y\((=\(uz))y))\(zy) = (zy(y\(uw)))/ (zy)
= (zy - u)/(zy) = u.
Hence, for a fixed u € C, uR(yy)R(z) = UR(z ) R(zy) holds forall z,y, z,w € Q. [

Theorem 4.7.4. Let (Q),-) be a Basarab loop. Then for every v in the centrum

C(Q,"), vLiayT. = vT. Ly holds for all z,y, z,w € Q.

Proof. Forevery v € C, vLx,y)T. = vT, T, 'T,,T,

= 0L, R\ LyR Ry Ly R.LT = 2\ ((ya\(((y((xv) /) [y)y))2)

= 2\((y2\(((yv)/y)yx))2) = 2\((yz\(v - yx))z)
=2\(vz) = v.

Also, for every v € C,

VI Ly = vT2T, ' T, T,
= VR. L LoR, Ly R, Rys Ly = ya\(((y((2\(v2))) /) /y)yx)
= y2\(((y((zv)/2))/y)yz) = (y2)\(((yv)/y)yx)
= (yz)\(v-yz) =v.
Hence, 0Ly T. = 0T, L, for a fixed v € C. O

Theorem 4.7.5. Let ((Q,-) be a Basarab loop. Then for every w in the centrum

C(Q,"), uR )T, = uT. R, holds forall z,y, z € Q.
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Proof. Forevery v € C, uR )T, = ul,T,T, 'T.

= uR, L' RyL, Loy Ry R.L2 = 2\ (((zy(y\((2\ (uz))y))) /2y)2)

= 2\(((zy(y\(uy)))/zy)z) = 2\(((zy - w)/zy)2)
= 2\(uz) = u.

Next, for every u € C, uT. R,y = uT.T,T,}'

uR.L7 Ro Ly Ry Ly Loy Ry = (zy(y\((2\((2\(u2))2))9))) /()

= (zy(y\((2\(uz))y)))/(zy) = (zy(y\(wy)))/(zy) = (zy - w)/(zy) = u.
Therefore, for a fixed u € C, uR ()T, = uI, R, ). O

Theorem 4.7.6. Let ((Q,-) be a Basarab loop. Then for every w in the centrum

C(Q, "), uLlzy)Rizw) = UR(zw) Lz, holds for all z,y, z,w € Q.

Proof. For every u € C,

ULy Ry = uT;lTy—lTyxTszTZ;;

=ul,R,'LyR, "Ry, LR, L' Ry,L, " L.,R
= (zw(\((\((w2\(((y((zu) /2)) /y)yz)) 2))w))) [ (zw)
= (zw(w\((2\((y2\(((yu) /y)yx))2))w))) / (zw)
= (zw(w\((\((yz\(u - yx))2))w)))/ (zw)
= (zw(w\((z\(uz))w)))/ (zw)
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= (zw(w\((2\(uz))w)))/(zw)
= (zw(w\(ww))/(zw) = (20 - u) ) (2w) = w.

Also, for every u € C(Q, ), UR () Liay) = uT-TT T, T, Ty,

Zw T Xx

= () \(((y((2((w(\((2\(u2))w))) [2w)) [w)) /y)y)

= (y2)\(((y((z((zw)(w\ (uw))) /zw))/x)) [y)yx)
= () \((y((z((zw - u)/zw)) /x)) [y)yx)
= (w2 \(((y((zu) /) /y)yz) = (y2)\(((yu) /y)yz)
= (yo)\(u-yz) = u.

Therefore, for a fixed u € C, uL(y )R w) = UR (2 0) Lz, holds for all z,y, z, w € Q. Il

Corollary 4.7.1. Let (Q, ) be a Basarab loop. Then for every fixed element of the centrum

C(Q,-), the following are true for all z,y, z € Q:

T. Tyl = TyTelowy; L, y)Liw oy = Lew Lay o)

Ry Riwlo@) = Rew Rewlo@); LenTile@) = Telwylo@.):

Ry Tilo@) = T:Raylc@); LeyBewlo@) = RewLbeyloq)-

Proof. The result follows from Theorems 4.7.1, 4.7.2,4.7.3,4.7.4,4.7.5, and 4.7.6. L]

Theorem 4.7.7. Let ((), ) be a Basarab loop. Then for every z in the centrum C(Q, -), the

following are true for all z,y, z € Q:
1. 2T7'T, = T,T, ' =z

2. ZT:]c_lTy|C(Q7.) = ZTyTx—llc(Q,.)

186



3. (11 Tlown =1
4. every z € C(Q, ) is a fixed point of T, 'T,, and T, T, *.

Proof. For z € z € C(Q, "),

JIT, = ZLIR;IRngjl = y\(((z2)/2)y) = =

2T, T, = 2Ry L Lo Ry = (x(y\(2y))) /2 = (22) /2 = 2
Hence, the result follows. L]

Theorem 4.7.8. A Basarab loop (@, ) is a C'(Q, -)- Abelian inner mappings loop (AIML), that

is, centrum-Abelian inner mappings loop.
Proof. This follows from Lemma 3.8.4 and Corollary 4.7.1. [l
Theorem 4.7.9. Let (Q, -) be a Basarab loop. Then the following are true:

1. Z(Q,-) is normal

2. the quotient /Z((Q), -) is an abelian group

3. C(Q,-) is normal

4. the quotient Q)/C(Q, -) is an abelian group.

Proof. Let (Q,-) be a Basarab loop, then the Nucleus N(Q),-) is normal and the quotient
Q/N(Q,-) is an abelian group, and Z(Q,-) < N(Q,-). It follows that Z(@Q,-) is a normal
and the quotient )/Z (@, -) is also an abelian group. Also, since Z(Q,-) = C(Q,-) in (Q,-),

then C(Q, -) is normal and Q)/C(Q, -) is an abelian group. O
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4.8 Algebraic Properties of Associators of a Basarab loop

In this section, some associators in the nucleus and center of a Basarab loop are examined. Re-
lationship between associators and inner mappings of a Basarab loop is defined. Some special
cases like, associator with right inverse component, and associator with a left inverse compo-
nent are considered. It is shown that the associator of any three elements of a Basarab loop is
contained in the center and centrum of a Basarab loop. Some expressions for an associator of
a loop are obtained for when: one component of the associator is a product of the loop and its
nucleus; one component of the associator is a product of the loop and its nucleus which is a nor-
mal subloop of the loop; one component of the associator is a product of the loop and its center;
two components of the associator are products of the loop and its nucleus; two components of
the associator are product of the loop and its nucleus which is a normal subloop of the loop; two
components of the associator are products of the loop and its center; three components of the
associator are products of the loop and its nucleus; three components of the associator are prod-
ucts of the loop and its nucleus which is a normal subloop of the loop; and three components of

the associator are products of the loop and its center.

4.8.1 Some Associators in the Nucleus and Center of a Basarab loop

Theorem 4.8.1. Let (Q, ) be a Basarab loop. Then

Z = (a,b,0)Z = Zla, b, c|

forall a,b,c € Q

Proof. For every a,b,c € Q,

Z(Q,-) 9(Q,-) implies(aZ - bZ) - cZ = aZ(bZ - cZ)
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= (ab)Z-cZ =aZ - (bc)Z = (ab-c)Z = (a-bc)Z = (a-bc)\((ab-c)Z)=Z

= Z=((a-bc)\(ab-¢))Z = Z = (a,b,c)Z.

Also, for every a, b, c € Q,

(Za-Zb) - Zc= Za(Zb- Zc)Z(ab) - Zc = Za - Z(ab)

— Z(ab-¢)=Z(a-bc) = Z = (Z(a-bc))/(ab-c)

= Z=Z((a-bc)/(ab-c)) = Z = Z[a,b,c].

Hence, for every fixed a, b, c € @,

Z = (a,b,0)Z = Zla,b,c] = Z.

0
Corollary 4.8.1. Let (@, -) be a Basarab loop. Then
C = (a,b,c)C = Cla,b,c|
forall a,b,c € Q.
Proof. The result follows immediately from Theorems 4.7.9 and 4.8.1. ]

Lemma 4.8.1. Let (@, -) be a loop with a nucleus N (@, -), and let (z, y, z) be the associator of

elements x, y, z € . Then the following are true for ¢c € N:
1. (z,y,2¢) = cHz,y, 2)c
2. (z,yc,2) = (z,y,c2)

3. (cx,y,2) = (x,y, 2)
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4. (zc,y,z) = (z,cy, 2)

Proof. Let (Q, ) be aloop with a nucleus N (@, -), and let (x, y, z) be the associator of elements

x,y,z € Qand c € N. Then:

1.

(2,9, 2¢) = (z - (y - 2¢0))\(zy - 2¢)
(@ - (y - 2c)) (@, y, zc) = (wy - zc)
(@ - (yz - o)) (,y, 2¢) = (zy - 2)c
((z - yz)o) (@, y, zc) = (zy - z)c
(@ - y2) - c(x,y, zc) = (zy - 2)c

c(z,y, zc) = (z - y2)\((zy - 2)c)
c(x,y, zc) = ((x - yz)\(zy - 2))c

c(x,y, zc) = (x,y, 2)c

(z,y, zc) = ¢ *(z,y, 2)c

(z,yc,2) = (z- (ye - 2)\((z - yo) - 2)
(@ - (ye- 2))(w,yc,2) = (z - (ye- 2)\((z - ye) - 2)
(@ (y-c2))(@,yc,2) = ((xy - ¢) - 2) (@ - (y - e2)) (2, y¢, 2) = (wy - c2)
(z,y¢,2) = (x - (y - cz))\(zy - c2)

(x,yc, z) = (x,y,cz)
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(cz,y,2) = (cx - yz)\((cx - y)z)

(ca - yz)(cx,y, z) = ((cx - y)2)

(cz - yz)(cx,y,2) = (c- zy)z

(c-(z-yz))(ca,y,2) = c(ry - 2)

c-[(z-y2)(ex,y, 2)] = clzy - 2)

(z-yz)(c,y,2) = (vy - 2)

(cz,y,2) = (v - yz)\(zy - 2)

(cx,y,2) = (2,9, 2)

(ze,y,2) = (e yz)\((zc - y)z)

(zc-yz)(xc,y,2) = ((zc- y)2)

(@ (cy - 2))(xe,y, 2) = ((x - cy)2)

(2¢,y,2) = (z - (ey - 2)\((z - cy)2)

(xe,y,2) = (x,cy, 2)

]

Lemma 4.8.2. Let (@, -) be a loop with a nontrivial nucleus N (@, -), which is a normal subloop
of (@, -), and let (z, y, z) be the associator of elements x,y, z € Q. If ¢ € N, then the following

hold:
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L. (z,yq,2) = (2,9, 2)
2. (zq,y,2) = (x,y, 2)
3. (2,y,q2) = (2,9, 2)
4. ¢ M,y 2)q = (2., 2)

5. (z,qy,2) = (2,9, 2)

Proof. Let (Q, -) be a loop with a nontrivial nucleus N(Q, -), and let (z, y, z) be the associator
of elements x,y,z €  and ¢ € N. Since N(Q, ) is normal subloop of (@, -), then for every

a € Q, ag=ra whereq,r € N

1.

(z,yq,2) = (z - (yg - 2)\((z - yq)z)

(@ (ya-2))(@,yq,2) = ((z - yq) - 2)

(@« (ry - 2))(w,yq,2) = ((x - ry) - 2)

(@ - (r-y2))(w,yq, 2) = ((ar-y) - 2)
(zr-yz)(z,yq,2) = ((ar-y) - 2)
(sz-y2)(2,yq,2) = ((s2 - y) - 2)

(s (- y2))(x,yq,2) = ((s - zy) - 2)
(s (2 y2))(z,yq,2) = s (zy - 2)
s((z-y2)(z,yq,2)) = s- (xy - 2)

(z - yz)(z,yq, 2) = (zy - 2)

(#,yq,2) = (x-y2)\(zy - 2)
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(z,9q,2) = (2,9, 2)

(g, y,2) = (xq-yz)\((zq - y) - 2)

(zq-y2)(2q,y,2) = ((xq-y) - 2)

(re-y2)(zq,y,2) = ((rz - y) - 2)

(r-(z-y2))(zq,y, 2) = ((r- zy) - 2)

r((z-yz)(zq,y,2)) =7 (2y - 2)

(@ - yz)(zq,y, 2) = (zy - 2)

(2¢,y,2) = (x-y2)\(zy - 2)

(zq,y,2) = (z,y, 2)

(z,9,92) = (z - (y - ¢2))\(2y - ¢2)

(- (y-q2)(z,y,q2) = (zy - qz)

(z- (yq-2))(x,y,q2) = ((zy - q)z)

(z- (yq-2)(x,y,q2) = ((x - yq)z)

(x - (ry-2))(z,y.q2) = ((z - ry)2)

(@ (r-yz))(z,y,q2) = ((ar-y)z

(@r-y2)(2,y,q2) = ((2r - y)2)(sz - yz)(2,9,92) = ((s2 - y)2)
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(s (z-y2)(@,y,q2) = ((s - 2y)2)
s((@-y2))(@,y,q2) = qxy - 2)
(z-yz)(z,y,a2) = (vy - 2)
(z,y,q2) = (x - yz)\(zy - 2)
(z,y,q2) = (z,y, 2)

4. By (1) of Lemma 4.8.1, ¢! (x,y, 2)q = (v, vy, 2q). Thus,

(2,9, 2q) = (x - (y - 2q)\(2y - 2q)

(@ (y-2zq))(x,y, 2q) = (zy - 2q)
(@ (y-r2))(@,y, 2q) = (xy - 2)
(@ (yr-2))(@,y, 2q) = ((zy - 7))
(@ (yr-2))(@,y,2q) = ((z - yr)2)
(@ (sy-2))(@,y, 2q) = ((x - sy)2)
(@ (s-y2))(@,y, 2q) = ((xs - y)2)
(@s - yz)(x,y,2q) = (xs - y)2
(tx - yz)(x,y,2q) = (tx - y)z
(t(x - yz))(@,y, 2q) = (L - 2y)z

t((z - y2)(z,y, 2q)) = t(zy - 2)
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(z-yz)(2,y,2q) = (vy - 2)
(z,y,2q) = (x - y2)\(zy - 2)

q¢ ' (z,y,2)q = (x,9,2) by (1) of Lemma 4.8.1.

(z,qy,2) = (x - (qy)\((z - qy) - 2)
(@ (qy - 2))(@,qy,2) = ((z - qy) - 2)
(- (q-y2))(z,qy,2) = ((zq - y) - 2)
(rq-yz)(z, qy,2) = ((xq-y) - 2)
(re-y2)(z,qy,2) = (rz-y) - 2
(r-(z-y2))(z,qy,2) = (r-ay) -z
re((z-y2)(z,qy,2)) =7 (xy - 2)
(@ - yz) (2, qy. 2) = (xy - 2)
(z.qy,2) = (x - yz)\(zy - 2)
(z,qy, 2) = (2,9, 2)
O

Corollary 4.8.2. Let (@, -) be a Basarab loop with a nontrivial nucleus N (Q, -), and let (z, y, 2)

be the associator of elements z,y, z € Q). If ¢ € N, then the following hold:
L. (z,yq,2) = (2,9, 2)

2. (zq,y,2) = (z,y,2)
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3. (2,9,42) = (2,9, 2)
4. ¢ Hz,y,2)q = (2,y,2)
5. (#,qy,2) = (z,y,2)
Proof. The nucleus N((Q, -) of Basarab loop (Q), -) is a normal subloop. Hence, the result. [

Lemma 4.8.3. Let (Q, ) be a loop with a center Z (@, -), and let (z,y, z) be the associator of

elements x, y, 2 € () .Then the following are true for a € Z:
1. (ax,y,2) =a Yz, y,2)a = (x,y, 2)
2. a(x,ay,z)a "t = (z,ay, 2) = (2,v, 2)
3. (z,y,az2)a = (z,y,2)a
4. (za,y,z) = (z,y,2)

5. (z,ya,z2) = (2,9, 2)

o)

. (zyy, za) = (z,y, 2)

Proof. Leta e NNC:

(ax,y,2) = (az - y2)\((az - y)-)

(ax - y2)(az,y, 2) = ((az - y) - 2)

(ra - yz)(az,y,z) = ((za-y) - 2)

(z- (a-y2))(azx,y,2) = ((z - ay) - 2)

(z - (ay - 2))(az,y,2) = ((z - ay) - 2)

(z - (ya-2))(az,y,2) = ((z - ya) - 2)
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(e (y-a2))(az,y,2) = ((xy-a) - 2)
(e (y-a2)(az,y,2) = (ay - az)
(e (y - za))(az,y,2) = (ay - za)
(e - (yz - ) (az,y, ) = (ay - 2)a
(x-y2) - a)laz,y, ) = (y - 2)a
(x-y2)(a- (az,y,2)) = (ay - 2)a

alaz,y,2) = (- y2)\(zy - 2)a
alaz,y,2) = ((z - y=)\(zy - 2))a
alaz,y, z) = (x,y, 2)a

(az,y,z) = a_l(a:, y,2)a = (z,y,2)

(e, ay,2) = (2 - (ay - )\((@ - ay) - 2)
(e - (ay - ), ay,2) = (¢ - ay) - 2)
(e (ya-2))(x,ay,2) = (¢ - ya) - 2)
(e (y-a2))(e,ay,2) = ((xy - a) - 2)
(2 (y - 2a)) (@, ay,2) = (ay - a2)
(e (yz - ) e, ay,2) = (ay - za)

((z-yz)a)(z,ay, 2) = (zy - 2)a
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(z-yz)(a(z,ay, 2)) = (zy - 2)a
a(z, ay, z) = (z-yz)\((zy - z)a)
a(z,ay, z) = ((z - yz)\(zy - 2))a
a(x,ay, z) = (x,y, 2)a
a(x,ay, z)a” ' = (z,y, 2)

a(x, ay, z)ail = (z,ay,z) = (x,y, 2)

(2, y,02) = (z- (y - a2))\(zy - az)
(x - (y - a2))(z,y,02) = (vy - az)
(@ (y - z0))(z,y,02) = (vy - za)
(x - (yz - a))(z,y,az) = (zy - 2)a
((z-y2)-a)(z,y,a2) = (vy - z)a

(z - yz)(a(z,y,az)) = (zy - 2)a

a(z,y,az) = (z - yz)\((zy - z)a)

a(z,y,az) = ((z - yz)\(zy - 2))a
(x,y,az)a = (z,y,2)a

(x7 y? az) = (x’ y? Z)
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(za,y,z) = (za-yz)\((za-y) - 2)

(ra-yz)(za,y,2) = ((za-y) - z)

(az - yz)(za,y, 2) = ((az - y) - 2)

(a-(z-y2))(za,y,z) = ((a-zy) - 2)

(a-(z-yz))(xa,y,2) = a(zy - 2)

a-((z-yz)(za,y,2)) = alvy - 2)

((z-y2)(za,y, 2)) = (zy - 2)

(za,y,z) = (v - yz)\(zy - 2)

(xa,y, z) = (x,y, 2)

(z,ya,2) = (x - (ya- 2))\((z - ya) - 2)

(z - (ya-2))(z,ya,2) = ((x - ya) - 2)

(z - (ay - 2))(z,ya,2) = ((z - ay) - 2)

((z - ay)2)(z,ya,2) = ((za-y) - 2)

((za-y)2)(z,ya,2) = ((ax - y) - 2)

((ax - y)2)(x,ya,2) = ((a-zy) - 2)

((a-zy)2)(2,ya,2) = (a- (vy - 2))

(a-(vy-2))(z,ya,z) =a-(zy-2)
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a-((zy-z)(r,ya,2)) =a-(zvy - 2)
(zy - 2)(x,ya, 2) = (zy - 2)
(z,ya, 2) = (zy - 2)\(zy - 2)

(x7 ya7 Z) = (x7 y? Z)

(z,y,2a) = (z - (y-)za))\(zy-)za)
(z - (y)za))(z,y, 2a) = (zy-)za)
(x - (y-az))(z,y,za) = (zy - az)
(z - (ya-2))(z,y,2a) = ((zy - a)2)
(z - (ay - 2))(,y, 2a) = ((x - ya)2)
(z - (a-yz))(z,y,2a) = ((x - ay)z)
(za-y2)(z,y, za) = (za-y)z
(az - y2)(z,y, za) = (az - y)2
(a-(z-yz))(z,y,2a) = (a- xy)z
a-((z-yz)(z,y,2a)) = a(zy - 2)
((z - yz)(z,y, 20)) = (xy - 2)
(z,y,2a) = (z - y2)\(zy - 2)

(#,y,2a) = (2,9, 2)
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]

Lemma 4.8.4. Let (@, -) be a loop with a nucleus N(Q, -), and let [z, y, z] be the associator of

elements x, y, z € Q. Then the following hold are true for m € N:
1. [z,y,2m] = [x,y, 2]
2. [z, ym, 2] = [z,y, mz]
3. [xm,y, 2] = [z, my, 2]

4. [mz,y, z] = m[z,y, zJm™!

Proof. 1.

[z, y,zm] = (- (y - zm))/(xy - zm)

[z, y, zm](zy - zm) = (z - (y - 2m))

[z, y, zm]((zy - 2)m) = (z - (yz - m))

([z,y, zm](zy - 2))m = (z - yz)m

[z, y,zm](zy - 2) = (2 - y2)

[z,y, 2m] = (v - yz)/(zy - 2)

2.y, 2m] = [,y, 2]

[z, ym, 2] = (z - (ym - 2))/((x - ym) - 2)

[z, ym, 2]((x - ym) - z) = (z - (ym - 2))

[z, ym, 2|((wy - m) - 2) = (z - (y - m2))

[z, ym, 2|((zy - mz)) = (z - (y - m2))
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[z, ym, 2] = (z - (y - m2))/((x - y) - m2)

[z, ym, 2] = [z,y,mz]

[xm, y, 2] = (zm - yz)/((xm - y) - 2)

[xm, y, z]((xm - y) - 2) = (xm - yz)

[zm, y, 2)((2 - my) - 2) = (z - (m - yz))

[zm, y, 2)((2 - my) - 2) = (z - (my - 2))

[xm,y, 2] = (z - (my - 2)/((z - my) - 2)

[zm, y, 2] = [z, my, 2]

(ma,y, 2| = (ma - yz)/((mx - y) - 2)

(ma,y, 2|((mz - y) - z) = (mz - y2)

[ma,y, 2|((m - zy) - 2) = m(x - yz)

[ma, y, 2](m(zy - 2)) = m(x - yz)

[ma,y, zJm - (zy - z) = m(x - y2)

(ma,y, zlm = (m(z - yz))/(zy - 2)

(ma,y, 2lm = m((x - yz)/(zy - 2))

[mz,y, zlm = m[z,y, 2]
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[mz,y, z] = m[x,y, zlm~

]

Lemma 4.8.5. Let (@, -) be a loop with a nucleus N(@Q, -), and let (z, y, z) be the associator of

elements x, y, z € . Then the following are true for u,w € N:
l. (z,uy,wz) = (zu,yw, 2)
2. (uz,wy,z) = (zw,y, 2)
3. (ux,y,wz) = (z,yw, 2)

Proof. 1.

(2, uy, wz) = (z-(wy-w2) \((z-uy)-wz) <= (z-(uy-wz))(z, vy, wz) = ((z-uy)-wz)

= (v ((uy - w) - 2)) (2, uy, wz) = ((zu-y)w - 2)

= (2 ((u-yw)2))(z,uy, wz) = (zu - yw) - z)

= (2 ((u- (yw-2)))(@, uy, wz) = ((zu-yw) - 2)

— (2u- (yw - 2))(z,uy,wz) = ((zu - yw) - 2)

= (2,uy,wz) = (zu- (yw - 2)\((zu-yw) - 2)

= (z,uy,wz) = (zu,yw, z)

(uz, wy, z) = (ur-(wy-2)\((uz-wy)-2) <= (u-(wy-2))(uz, wy, z) = ((uz-wy)-2)

= (uz- (w-yz))(ur, wy,z) = (((u- (z-wy)) - 2))
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= (u-(z(w-y2))(ur, wy, 2) = u- (- wy) - 2)

= u-((2(w-y2))(ur, wy, 2)) = u- ((z-wy) - 2)

= ((z(w-y2))(ur, wy,2)) = u- ((x - wy) - 2)

= ((z(w-y2))(uz,wy,2)) = (v - wy) - 2)

= (2w yz)(ur,wy, 2) = ((zw - y) - 2)

= (ux,wy,z) = (zw-y2)\((zw-y) - 2) <= (uz,wy,2) = (zw,y, 2).

(uz,y, wz) = (ur-(y-w2) \((uz-y)-wz) <= (ur-(y-wz))(ur,y, wz) = ((ur-y)-wz)

= (va(ywz))(ur,y,wz) = ((vry)wz) <= u(x(y-wz)(ur,y, wz)) = u-(ry-wz)

— (aly - w2)(uz,y,w2) = (2y - wz) > (elyw - 2)(uz,y,wz)) = ((2y - w)z)

= (@yw-2)(ur, y,wz)) = (2 -yw)z) <= (uz,y,wz) = (z(yw-2))\((z - yw)z)

— (uz,y,wz) = (r,yw, 2).

O

Lemma 4.8.6. Let (@, -) be a loop with a nontrivial nucleus N (@, -), which is a normal subloop
of (Q,-) and let (z,y, z) be the associator of elements z,y,z € @) and ¢ € N. If u,w € N,

then the following are true:
l. (z,uy,wz) = (z,y,2)
2. (uz,wy,z) = (z,y,2)

3. (uzx,y,wz) = (z,y, z)
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Proof. The proof is similarly to the proof of Lemma 4.8.2.

]

Corollary 4.8.3. Let ((), -) be a Basarab loop with a nontrivial nucleus N (@, -), and let (z, y, 2)

be the associator of elements x,y, 2z € () and ¢ € N. If u,w € N, then the following are true:
l. (z,uy,wz) = (z,y, 2)
2. (ux,wy,z) = (x,y, 2)
3. (uz,y,wz) = (z,y, 2)

Proof. The nucleus N (@, -) of Basarab loop (@, -) is a normal subloop. Hence, the result. [

Lemma 4.8.7. Let (Q, ) be a loop with a nontrivial nucleus N(Q, ), and let (x,y, z) be the

associator of elements x,y, z € ) and u,w € N. Then the following are true:
1. (z,yu, zw) = w(z,yu, 2)w
2. (zu,yw, z) = (z,uy,wz)
3. (zu,y, 2w) = w(z, uy, 2)w

Proof. 1.

(@, yu, zw) = (z-(yu-2w) \((2-yu)-2w) = (z-(yu-2w))(z, yu, zw) = ((z-yu)-2w)

= (v ((yu2)w))(z, yu, 2w) = ((@-yu)zw) <= ((z-(yuz))w)(z, yu, 2w) = (z-yu)zw
= (z-(yu-2))w(z,yu, zw) = (z-yu)zw <= w(z,yu, zw) = (z-(yu-2))\((z-yu)z-w)
— w(z,yu, zw) = ((z - (yu-2))\(z - yu)z)w <= w(z,yu, zw) = (r,yu, z2)w

= (z,yu, zw) = w ' (z, yu, 2)w
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(2w, yw, z) = (zu-(yw-)2) \((ruru-yw)-z) <= (vu-(yw-2))(zu, yw, 2) = ((Tu-yw)-2)

— (zu-(ywz))(zu,yw, z) = ((zu-y)w)z <= (ru-(y-wz))(zu,yw, z) = ((ru-y)-wz)
= (zu,yw, 2) = (zu(yw)) \((zuy)wz) < (vu,yw, 2) = (z-u(ywz))\(z-uy)wz)

= (zu,yw, z) = (z- (uy - w2))\((z - wy) - wz) <= (ru,yw,z) = (x,uy, wz)

(2w, y, zw) = (zu-(y-2w) \((zu-y)-20) <= (ru-(y-20))(2u, y, 20) = ((Tu-y)-20)

— (zulyzw))(zu,y, 2w) = ((zuy)2w) = (2-(uy-2w))(zu, y, z2w) = ((z-uy)z-w)
— (2 (uy-zw))(zu, y, 2w) = ((zwy)z)w = (z-((wy-2)w))(zu,y, 2w) = ((z-uy)z)w
= (z(uy-2)w(ru,y, zw) = (z-uy)2)w = wlzu,y, z2w) = ((x(uy-2))\((z-uy)z))w
= wlzu,y, 2w) = (z,uy, 2)w <= (vu,y, 2w) = w " (z, uy, 2)w
O

Lemma 4.8.8. Let ((, -) be a loop with a nontrivial nucleus N ((, -), which is a normal subloop

and let (z,y, z) be the associator of elements x,y, z € Q). If u,w € N, then the following hold:
l. (z,yu, zw) = (z,vy, 2)
2. (zu,yw, z) = (z,y, 2)
3. (zu,y, zw) = (z,y, 2)

Proof. The proof is similarly to the proof of Lemma 4.8.2.
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]

Corollary 4.8.4. Let (Q, -) be a Basarab loop with a nontrivial nucleus N (@, -), and let (z, y, z)

be the associator of elements x,y, z € Q). If u,w € N, then the following hold:
l. (z,yu, zw) = (z,y, 2)
2. (zu,yw, 2) = (z,y, 2)
3. (zu,y,zw) = (z,y, 2)
Proof. The nucleus N((Q, -) of Basarab loop ((), -) is a normal subloop. Hence, the result. [

Lemma 4.8.9. Let (Q, -) be a loop with a nontrivial nucleus N(Q, ), and let (x,y, z) be the

associator of elements x,y, z € Q. If u,v, w € N, then the following hold:
1. (2u, yv, 2w) = wHzu, yv, 2)w
2. (uz,vy,wz) = (z,vy, wz)

Proof. 1.

(2w, yv, zw) = (wu - (yo - 2w)\(@u - yo) - 20)
= (eu- (yo- 2w))(wu,yo, 2w) = ((zu - yo) - zw)
= (zu- (- 2)w0))(zu, yo, 20) = (T - yo)z - w

= (zu- (yo - 2))wlzw, yo, 2w) = (zu- yo)z - w
= wlzu,yo, z2w) = (zu- (yo - )\(@u - yo)2)w
= wlzu,yo, z2w) = ((zu- (yo- )\)((zu - yo)2))w

= w(ru,yv, 2w) = (vu,yv, 2)w <= (TU,y0, 2w) = W (TU, YV, 2)W
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(u, vy, wz) = (uz - (vy - w2))\((uz - vy) - w2)
= (ur- (vy - w2))(uz, vy, wz) = ((uz - vy) - w2)
= (u-alvy - w2))(uz, vy, wz) = (u- (2 vy)) - w2)
= u-(a(oy - we)(uz, vy, w2)) = u- (- vy) - w2)
= (elvy - w2)(uz, vy, wz) = ((z - vy) - w2)
= (ur,vy,w2) = (@(vy - w)\(@-vy) - wz) > (uz, vy, wz) = (v, vy, w2)
[l

Lemma 4.8.10. Let (Q,-) be a loop with a nontrivial nucleus N((Q),-), which is a normal
subloop of (@, -) and let (x,y, z) be the associator of elements z,y,z € Q. If u,v,w € N,

then the following hold:
1. (zu,yv, zw) = (z,y, 2)
2. (uz,vy,wz) = (z,y,2)

Proof. The proof is similar to the proof of Lemma 4.8.2.

[]

Corollary 4.8.5. Let (Q,-) be a loop with a nontrivial nucleus N(Q, ), which is a normal
subloop of (@, -) and let (z, y, ) be the associator of elements z,y, z € Q. If u,v,w € N, then

the following hold:
l. (zu,yv, 2w) = (z,y, 2)
2. (ux,vy,wz) = (x,y, 2)

Proof. The nucleus N (@), -) of Basarab loop (@, -) is a normal subloop. Hence, the result. [
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Lemma 4.8.11. Let (@, ) be a Basarab loop with a center Z((), -), and let (z,y, z) be the

associator of elements x, y, z € (). Then the following are true for ¢ € Z:
1. (¥t y,2¢)=¢
2. (x,2°, zc) = (x,2", 2)
3. (¥ ye,z)=e
4. (z,xPec,z) = (z,2°, 2)

Proof. 1. From Lemma 4.8.1(1), set x = yA on the left, and let c € N N C. Then

Wy, 20) = (- (y- 2e)\Wy - z0) <= WMy - 20) Wy, 2¢) = (y - zc)

= W y2)(yy,20)c=zc = (Y y2)(y,y,20) = 2
= (y,2¢0) =W y2)\z <= Wy20) =W y2)\yy-z=2\z=e

— (yy,zc)=e¢

2. From Lemma 4.8.1(1), set y = x” on the left, and let c € N N C'. Then

(z,2P,z¢) = (- (2 - z¢))\(z2” - z¢) <= (z,2°,z2¢) = (x - (" - zc))\zc

— (x,2°,2¢) = (- (22 - ¢))\zc <= (x,2°,2¢) = ((x - 2P2)c)\zc
— ((v-2°2)c)(x, 2", 2¢) = z¢c <= (x-2"2)(x,2", 2¢)c = zc, (since c € NNC)
> (x-a’2)(x,2”, z¢c) = 2z <= (x,2”, z¢c) = (xaP2)\z = (v-2”2)\(v2"-2) = (z,27°, 2)

— (z,2°,2¢) = (x,2°, 2)
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3. From Lemma 4.8.1(2), set x = y” on the left, and let c € N N C. Then

A

(W ye.2) = (- (ye- )\ - ye) - 2) <= @ (ye-2)) (W ye 2) = (¥ - yo) - 2)

= W (y-e2)Whye.2) =y o) 2) <= W (y-c2)Wye,z) = (cz)
= (M (2)o) (Wt ye,z) = cz <= (Y yz)e(yt ye,z) = cz = zc(y’,yc, z) = cz

= zc(y)‘,yc, z) = zc <= (y’\,yc, z)=e

4. From Lemma 4.8.1(2), set y = x” on the left, and let c € N N C. Then

(x,2Pc,z) = (z- (xPc-2))\((z-2c) - 2) <= (x-(2Pc-2))(x,2Pc,2) = ((z-xfc) - 2)

e (z- (2" c2))(@,a%c,2) = (327 - ¢) - 2) <= (z-(2° - z0))(z,2°c, 2) = cz
= (2 (22 0) (@, 2%,z = cz) < (z-2°2)c(z,2’c,2) = cz
e oz 2°2) (2,27, 2) = cz = (z-2°2)(x, 27, %) = 2
= (v,2%,2) = (v-272)\z = (z - 2°2)\(x2" - 2)
= (x,2%,2) = (x,2”, 2)
O

Lemma 4.8.12. Let (@, -) be a Basarab loop with a nucleus N(Q), -), and let (z,y, z) be the

associator of elements x, y, 2 € (). Then the following are true for ¢ € N:

1. (cz, 2, 2) = (z, 2%, 2)

2. (ex,y,y?) =e

3. (zc, 22, 2) = (7,2, 2)
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4. (xzc,y,y”) = (z,y,vy")

Proof. 1. From Lemma 4.8.1(3), set y = 2 on the left, and let c € N. Then

(cx, 2%, 2) = (co - 22 2)\((cx - 2N)2) <= (cx - 2*2)(cx, 22, 2) = ((cx - 2)2)

= (cx)(cr, 2, 2) = ((cx - 2)2) <= (cx)(cx, 2, 2) = ((c- 227)2)

— (cx)(cx, 2, 2) =c- (22" - 2) <= w(cx, 2, 2) = (22 - 2)
= (cx, 2% 2) = 2\(22" - 2) <= (cx, 2", 2) =2 - 272\ (22" - 2)

= (cx, 2", 2) = (z,27, 2).

2. From Lemma 4.8.1(3), set z = y” on the left, and let c € N. Then

(cx,y,y") = (cx - yy")\((cx - y)y’) <= (cx - yy’)(cz,y,y") = ((cx - y)y’)

— (cx)(ex,y,y’) = (cxy’y)y’ <= (cx)(cx,y,y’) = (cy’zy)y”
— c-x(cx,y,y’) =c- (zy-yf) <= x(cx,y,y’) ==
= (cx,y,y") =¢

3. From Lemma 4.8.1(4), set y = 2> on the left, and let ¢ € N. Then

(ze, 2%, 2) = (we- 2\ ((ze - 2Y)2) <= (vc- 2 (we, 20, 2) = ((ze - 2)2)

= (xc)(we, 22, 2) = ((vc- 2)2) <= ca(we, 20, 2) = ((cx - 2)2)

— cx(wc, 2, 2) = ((cx2Y)2) <= cw(zc, 2, 2) = c(x2*2) = w(xc, 2, 2) = 122
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A A

= (v, 2%, 2) = 2\w2t2 = (wc, 2%, 2) = v 2N\t 2 <= (we, 2%, 2) = (2,27, 2)

4. From Lemma 4.8.1(4), set z = y” on the left, and let ¢ € N. Then

(ze,y,y°) = (xc-yy”)\((zc - y)y’) = (xc-yy’)(xe,y,y") = ((xc-y)y’)

= (wc)(zc,y,9°) = ((xe-y)y’) <= (vc)(ze,y,y”) = ((cx - y)y”)
= (cx)(zC,9,9°) = ((c- 2y)y’) = c-z(zxc,y,y’) = c(zy - y*)
= z(xe,y,y’) =xy -y = (xc,y,y") =2\vy-y*

= (ve,y,y°) =x-yy’\vy -y’ = (xc,y,y°) = (z,y,y")

4.8.2 Relationship between Associators and Inner Mappings of a

Basarab loop

Lemma 4.8.13. Let (@, -) be a loop, and A(Q) its associator subloop. Then for every x,y, z, €
Q, (x,e,2) =e, (e,y,2) =e,(x,y,e) =¢,le,y,z] =e,|x,e,z] =e, and [z,y, €] = e, where

e is an identity element of ().

Proof. Consider the following, (zy - 2) = (v - y2)(z,y,2) = (2,y,2) = (x - y2)\(zy - 2)
Setz = e, (e,y,2) = (e)\(ey-2) = (e.y,2) = \yz = (e,y,2) = e. Next, set
y=c¢ (@92 =@ y)\@y-2) = (2,62 = (v -e)\(we 2) = (v,62) =
(- 2)\(z:2) = (z,e,2) =e. Next,set z = e, (,y,2) = (z-y2)\(zy-2) => (z,y,¢) =
(@-ye\(zy-e) = (z,y,e) =(z-2)\(z-2) = (z,y,e) =e.

Similarly, consider (z - yz) = [z,y,2]|(zy - z), and set = = e. Then (x - yz)/(zy - 2) =

[,y,2] = (e-yz)/(ey-2) = ey, 2] = (y-2)/(y-2) =ley,2] = e=ley 2]
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Next set z = e, then (v - yz)/(zy - 2) = [v,y,2] = (v -ye)/(zy-e) = [xv,y,e] =

(x-y)/(x-y) = [z,y,e] = e=[z,y,e]. 0

Corollary 4.8.6. Let ((, -) be a Basarab loop. Then the associator of any three elements of ()
is an identity element if any of these three elements is an identity element, that is, (a,b,e) =

(a,e,b) = (e,a,b) =eforall a,b € Q.
Proof. The proof follows immediately from Lemma 4.8.13. [
Theorem 4.8.2. Let (Q, -) be a Basarab loop. Then wR, .y = w if (w,z,y) = e.

Proof. Let (@, ) be a Basarab loop. Then

WR ;) = meRyR;yl — wR(;,) = (wz-y)/zy = wREy) = (w-ay)(w,z,y)/zy.

Let (w,z,y) =e. Then wR, ) = (w - zy) /vy = w = WR(;,) = w. O
Theorem 4.8.3. Let ((, ) be a Basarab loop. Then vL, ,y = vif [y, z,v] = e.

Proof. Let (Q, -) be a Basarab loop. Then

VL () = vaLyL;gcl = VL) = (y2)\(y - 2v) = VL) = (y2)\|ly, z,v](yz - v).

Let [y, z,v] = e. Then vL ) = (y2)\(yz -v) =v = vLy) =v. [l

Theorem 4.8.4. Let (Q, -) be a Basarab loop, and A(()) its associator subloop. Then for every
Y, z2,w € Q:

1. [z,y, 2] Rue Ly = [w, z,y2][wax, y, 2|[w, z, y] " w, vy, 2]
2. (2,9, 2) Ly Ry = (2, yz,w) (y, z,w) Yz, y, zw) (zy, 2, w)

Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).
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l. Forall x,y,z,w € Q, w(x,y, z](zy - z2) = w(x - yz) = [w,z,yz] - (wz - yz)
wlz,y, 2)(zy - 2) = [w, z, yz][wa, y, 2] (we - y)=

wlz,y, 2)(zy - 2) = [w, 2, yz][wz, y, 2][w, z,y] " (w - 2y)z

wlz,y, z)(zy - 2) = [w, 2, y2][wa, y, 2w, 2, y] " w, 2y, 2] " w(zy - 2)
wlz,y, 2] = [w, z, y2)[wz, y, 2|[w, z, y] " w, 2y, 2] w
[z, y, 2] Ly = [w, z, y2][wz,y, 2w, =, y] " w, 2y, 2] ' Ry,

[2,y, 2] Ly Ry' = [w, @, yz][wz,y, 2][w, 2, y] " w, xy, 2]~

[ A A

[z, 1y, 2] Rwr Ly = [w, x, y2][wax, y, 2] [w, z, y] " w, vy, 2]~

2. Forall z,y,z,w € Q, (z-yz)(z,y,2)w = (zy - w) = (zy - zw)(xy, 2, w)
(@-yz)(@,y, 2)w = (z - (y - 2w))(z,y, 2w)(zy, 2, w)

)
(- y2)(z,y, 2)w = x(yz - w)(y, z,w) (2,9, 20) (zy, 2, w)
(z-y2)(z,y, 2)w = (z - y2)w(z, yz,w) "y, z,w) "z, y, 2w)(zy, 2, w)
z)

(z,y, 2)w = w(z,yz,w) y, z,w)H(z,y, 2w) (zy, 2, w)

(,9,2) Ry L' = (2,92, w) " (y, 2, w) "z, y, 2w)(zy, 2, w)

IIIHHIHIIH

(2,9, 2) Lyr Ry = (x,y2,w) "y, z,w) "z, y, zw) (2y, 2, w)

]
Theorem 4.8.5. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
x,y, 2, w € Q:

1. [y, 2, 2| Ryr Ly = [w,y, z2][wy, z, 2][w, y, ] " w, yz, 2]~}

2. (2,9, 2] Rur Ly = [w, 2, yx][wz, y, 2] [w, 2, y] " Hw, 2y, x] !
3. [z, 2, y| Ruo Ly = [w, z, 2y|[wz, 2, y][w, z, 2] Hw, vz, y] !

Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).
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1. Forall x,y,z,w € Q, wly,zz](yx - 2) = w(y - x2) = [w,yzz] - (wy - x2)

wly, 22)(yx - 2) = [w,y, 22][wy, 2, 2][w, y, 2]~ (w - yx)2
U)[y, I‘Z](yl’ ' Z) = [w7 Y, J}Z] [U}y, Z, Z] [wv Y, x]_l[w’ yzx, z]_lw(yx ' Z)

w[y, z, Z] = [w7 Y, :BZ] [wya xz, Z] [’LU, Y, x]il[w’ yzx, Z]ilw

[y, 2) L = [, y, w2l [wy, 2, 2w, y, 2] [w, ya, 2] 1Ry

ly, @, 2] L, R, = [w,y, xz][wy, z, 2][w,y, ] Hw, yx, 2]~

[y, x, 2] Rypo Loy = [w, y, x2][wy, z, 2] [w, y, ] w, yz, 2] L.

[ A A

2. Forall z,y, z,w € Q, wlz, y,2](zy - @) = w(z - yz) = [w, 2, yz] - (w2 - ya)
wlz,y, z)(zy - 2) = [w, z,yz][wz, y, ] (wz - y)x

wlz,y,2)(2y - 2) = [w, 2, yal[wz, y, 2w, 2,y 7 (w - zy)z

wlz,y, 7](2y - @) = [w, 2, ya][wz, y, 2]fw, 2,y 7w, 2y, 2] w(zy - x)

wlz,y, x] = [w, 2z, yz][wz, y, z|[w, 2z, y| " w, zy, 2] Tw

2.y, 2] Lo = [w, 2, yz][wz, y, a]lw, 2, y] = w, 2y, 2] 7' Ry,

[ A A

I:Z7 y? x]prLw = [w’ 27 yx:l [wzﬂ y7 'CL‘] [w7 Z’ y]il[w7 Zyv "L’]il

3. Forall z,y, z,w € Q, w[z, z,y|(zz - y) = w(z - 2y) = [w, z, 2zy] - (wx - 2y)

w[x, 2 y](xz ’ y) = [w> Z, zy][wa:, 2 y](wx ) Z)y
wlz, z,yl(xz - y) = [w, x, 2y][wz, 2, yl[w, z, 2] Hw - 22)y

1

wlz, z,yl(zz - y) = [w, z, 2yl [wz, 2, y|[w, z, 2] Hw, xz, y]| " w(zz - y)

wlz, z,y] = [w, z, 2yl [wz, 2, y|[w, x, 2] Hw, vz, y| " w

[z, 2,y L = [w, 2, 2yl[wz, 2, yl[w, z, 2] Hw, 22, Y] ' Ry

1

rer1tv11

[z, 2, Y| Ruo Loy = [w, z, zyl[wz, 2, y][w, z, 2] w, z2,y]~
[

Theorem 4.8.6. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

x,y, 2, w € Q:
1. (y,x,2)Lyr Ry = (y, 22,w)  (z, 2,w) (y, x2w) (yx, 2, W)
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2. (2,9,2) Ly Ry = (2, yz,w) (y, z,w) " (2, y, zw) (2y, z, w)

3. (z,2,y) L Ry = (7, 2y, w) " (2, y,w) (x, 2, yw)(z2, y, w)
Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Forall z,y,z,w € Q, (y-x2)(y,z, 2)w = (yr - 2)w = (yx - zw)(yz, z, w)
(- 2z)(y, 2, 2)w = (y - (x - 2w))(y, v2w)(yz, 2, w)

(y - z2)(y, 2, 2)w = y(az - w) (@, z,0) "y, ©, 2w) (yz, 2, w)
(y-22)(y, 2, 2)w = (y - z2)w(y, 22,w) " (2, 2,0) " (y, 7, 2w) (y2, 2, W)
(y, 2, 2)w = w(y, vz, w) " (z, 2,w) " (y, T, 20) (yz, 2, W)

(y,7,2) Ry = (y, z2,w) "z, 2,w) "y, x, 2w) (yz, 2, w) Ly

[ A A

(y,, 2) Lyp Ry = (y, z2,w) (2, 2,w) " (y, x, 2w) (yz, 2, w)

2. Forall z,y,z,w € Q, (z-yx)(z,y,2)w = (2y - x)w = (zy - zw)(2y, x,w)
(z-y2) (2,9, 2)w = (2 (y - 2w)) (2, y, 2w) 2y, 7, W)

(2 y2) (2,9, w)w = z(yz - w)(y, x,w) " (2,9, 2w) (2y, 7, w)

(2 y2)(z, . 2)w = (2 - yr)w(z, yz, w) "y, 2, w) 7 (2, ¥, 2w) (2y, 2, w)
(2,5, 2)w = w(z,yr,w) " (y, 2, w) " (2,5, 2w) (zy, 7, w)

[ A A

(2,9, ) Lypr Ry = (2, yz,w) "y, z,w) " (2, y, zw)(2y, z, w)

3. Forall z,y,z,w € Q, (- zy)(z,z,y)w = (zz - y)w = (xz - yw)(xz,y, w)
= (2 2y)(z,z,9)w = (22 - y)w = (z- (z - yw)) (2, 2, yw) (22, y, w)

= (z-2y) (2,2, 9)w = (v2 - ywz(zy - w)(z,y,w) " (2, 2, yw)(z2,y, w)

= (z-2y)(z, 2, 9)w = (z- 2wz, 2y, w) " (2,5, w) " (2, 2, yw) (T2, Y, W)

= (z,z,9)w=w(z, 2y, w)"(z,y,0) (2, 2, yw) (22, y, w)

= (2,2,9) R = (2,29, 0) (2, 9,0) (2, 2, yw) (22, y, w) Ly

— (z,2,y) Ly Ry = (2, 2y, 0) (2, y,w) "z, 2, yw) (zz, y, w)
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]

Theorem 4.8.7. Let ((, -) be a Basarab loop, and A(() its associator subloop. Then for every

x,y, z,w € Q:

1. [w,y, 2] Rer Ly = [z, w,y2][zw, y, ][z, w, y] "z, wy, 2] 7!

2. (w,y,2)Lp Ry = (w,yz, )y, z,2) " (w, y, z2) (wy, 2, x)

3. [y, w, z|Rpr Ly, = [z, y, wz][zy, w, 2] [z, y, w] |z, yw, 2]~

1

N

* [Z7 y? w]Rl’pLI = [x7 Z? yw] [xz7 y? w] [x7 Z? y]l[x7 Zy7 w]_

5. [w, 2, y|Reo Ly = [z, w, 2y][xw, 2, y|[x, w, 2] "z, wz, y]

6. (y,w,2) LRy = (y,wz, ) w, z,2) " (y, w, z2) (yw, 2, 1)
7. (z,y,w)Lpa Ry = (2, yw, )y, w, 2) (2, y, wz)(zy, w, x)
8. (w,2,y)Lpa Ry = (w, zy, )" (2,9, ) " Hw, 2, yx) (w2, y, z)
Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Forall 2,y, z,w € Q, zfw,y, z](wy - 2) = x(w - yz) = [z, w,y2] - (zw - y2)
wlw,y, 2)(wy - z) = [z, w, yz][zw,y, 2)(zw - y)z

zlw,y, 2] (wy - 2) = [z, w,yz][zw, y, 2][z, w, y] 7 (@ - wy)z

z[w,y, zJ(wy - 2) = [z, w, y2][zw, y, 2][z, w, Y]~ [z, wy, 2] 2(wy - 2)

rlw,y, 2] = [z, w,y2][zw,y, 2|z, w, y] "z, wy, 2] 'z

[w,y, 2| Le = [z, w, y2][vw, y, 2][z, w, y] ' [z, wy, 2] ' R,

[ A A

[w7 y? Z]RxpLJJ = [x7 w? yz] [ww7 y’ Z] [:L‘7 w) y]il[l" wy) Z]il

2. Forall z,y,z,w € Q, (w-yz)(w,y,2)r = (wy - 2)x = (wy - zz)(wy, 2, x)
= (w-y2)(w,y,2)r = (w-(y- 22))(w,y, zx)(wy, 2, 7)
= (w-y2)(w,y,2)z =wlyz z)(y,2,2) " (w,y, 22)(wy, 2, 7)
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(w-y2)(w,y, 2)r = (w-y2)z(w,yz, ) (y, 2, 2) " Hw, y, 2x)(wy, 2, T)
(w,y, 2)x = x(w,yz,2) " (y, z,2) " (w, y, 22) (wy, 2, x)

[

<w7 y? Z)LIARZK = (w7 yZ7 :U)_l(y7 Z? x)_l(w7 y’ Z:E) (wy7 Z? ':L‘)

3. Forall z,y, z,w € Q, z[y,w, z|(yw - 2) = z(y - wz) = [x,y,wz] - (zy - wz)
x[y>w> Z](yw ’ Z) = Q?(y ’ U)Z) = [:c,y,wz][a:y, w, Z] [xaya w]_l(x ’ yU))Z

x[y,w, Z](yw ’ Z) = [l’,y, wz] [a:y, w, Z] [I, Ys w]_l[xa yw, Z]_lx(yw ’ Z)

rly,w, 2] = [z, y, w2][zy, w, 2|z, y, w] Hz, yw, 2] 'z

[y, w, 2| Ly = [z, y, w2][zy, w, 2][z, y, w] z,yw, 2] 'R,

ly,w, 2] LR = [z, y, wz][zy, w, 2] [z, y, w]z, yw, 2]

1

[ A A

[ya w, Z]RIPL:E = [$7 Y, wz] [:By, w, Z] [IL’, Y, W]71[$, yw, Z]i

4. Forall z,y,z,w € Q, z[z,y,w|(zy - w) = z(z - yx) = [z, z,yw| - (22 - yw)
zlz,y,wl(zy - w) = [z, 2, ywl[zz, y, wl(zz - y)w

[z, y,wl(zy - w) = [z, 2, ywl[zz,y, w2, 2, y]' (z - 2y)w

zlz,y, w](2y - w) = [z, 2, ywl[zz, y, w][z, 2, y] [z, 2y, w] " 2 (zy - w)

zlz,y, w][z, z, ywl[zz, y, 0]z, 2, Y]z, 2y, w] x

2.y, wlLe = [z, 2, yw][v2, y, w][z, 2,y [z, 2y, w] 7' Ry

[ A A

[Z’ y7 w]RﬁpL$ = I:‘/'B7 Z’ yw] I:xZ7 y7 w] [l‘7 Z? y]1[$7 Zy? w:lil

5. Forall z,y, z,w € Q, z[w, z,yl(wz - y) = z(w - zy) = [z, w, 2zy] - (zw - 2y)
rlw, z,yl(wz - y) = [z, w, zy][rw, 2, y|(vw - 2)y

rw, z, yl(wz - y) = [z, w, zy][zw, 2, y] [z, w, 2] (2 - wz)y

1

zlw, z,y|(wz - y) = [z, w, zy][rw, 2, y][r, w, 2]z, wz, y] T (wz - y)

rw, z,y] = [z, w, zy][zw, 2, Y[z, w, 2]z, wz, y| 'z

[’UJ, 2, y]LI = ['I7 w, Zy] ["va 2, y] [fL’, w, Z]_l[x7 Wz, y]_lRIE

[ A A

[w, z,y|Rer Ly = [x,w, 2y][zw, 2, Y[z, w, 2] ]z, wz,y]*
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6. Forall z,y,2,w € Q, (y-wz)(y,w, 2)r = (yw - 2)x = (yw - zz)(yw, z, x)
(y - wz)(y, w, 2)2(y - (- 22))(y, w, zz)(yw, 2, 7)
(y - wz)(y, w, 2)z = y(wz - z)(w, z,2) " (y, w, 22) (yw, 2, )
(y - w2)(y,w, z)z = (y - wz)a(y, wz, )" (w, 2,2) " (y, w, zz) (yw, 2, 7)
(v, w, 2)x = x(y, wz,x) " (w, z,2) 7 (y, w, 22) (yw, 2, 7)
)

(y,w, 2) Ry = (y,wz,2) " Yw, z,2) "y, w, 2z) (yw, 2, 2) L,

[ A A

(y7 w? Z)LCC)‘Ri = (y7 wz? :B)il(w7 Z? gj)il(y? w? Z:L‘)(yw7 Z? :E)

7. Forall z,y,z,w € Q, (z-yw)(z,y,w)xr = (zy - wx)(zy, w, )

(2 - yw)(z,y,w)z = (2 (y - wa))(2,y, wr)(2y, w, T)

(z - yw)(z,y,w)x = 2(yw - ) (y, w, x) " (2, y, wz)(zy, w, )

(2 - yw)(z,y,w)z = (2 - yw)z(z,yw, x) " (y, w,2) " (2, y, wz)(2y, w, )
(2,9, w)z = 2(2,yw, x) " (y, w,2) " (2, y, we)(2y, w, )

[ A A

(z,y, W)L Ry = (z,yw, ) "y, w, z) (2, y, wr) (2y, w, x).

8. Forall z,y, z,w € Q, (w- 2y)(w, 2,y)r = (wz - y)a = (w2 - yz)(wz, y, 7)
(w-zy)(w, z,y)x = (w - (zedotyz))(w, 2, yz) (w2, y, v)

(w- 2y)(w, 2, y)r = w(zy - 2)(z,y,2) " (w, 2, yz)(wz,y, v)

(w-zy)(w, 2,y)x = (w - zy)z(w, 2y, 2) " (2,y,2) " (w, 2, yz) (W2, Y, )

1

(w, 2, y)z = 2(w, 2y, x) " (2, y,2) " (w, 2, yz)(wz, Y, 7)

(w, z,y) Ry = (w, 2y, 2) Yz, y, 1) " (w, z, yz) (wz,y, x) Ly

rer1tv11

(w, 2,y) Ly Ry = (w, zy, )"z, 9, 2) N w, z,yx)(wz, y, x).

[
Theorem 4.8.8. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
x,y, 2z, w € Q:
1

. [z,w, z|Ry Ly = |y, z,wz][yx, w, 2]y, x, w] 'y, 2w, 2]~
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2. (z,w,2) LRy = (z,wz,y)  (w, z,y) z,w, zy) (2w, z,y)

3. [w,z,2]Ryp Ly, = [y, w, zz][yw, z, 2|y, w, x| [y, wz, 2]

4. |z,w,z|Ryo L, = [y, z, wz]yz, w, z][y, 2z, w| y, zw, 2]

5. [z, z,w|Ryp Ly, = [y, x, zw][yzx, z, w][y, x, 2] |y, xz, w]

6. (w,z,2) LRy = (w,zz,y) ' (z,z,y) " Hw, z, zy) (wz, 2, )
7. (z,w, ) LRy = (z,we,y) (w, 2z, y) (2, w, zy) (2w, 2, y)
8. (z,z,w) LRy = (z,2w,y) (2, w,y) Nz, z,wy)(zz,w,y)
Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Forall z,y, z,w € Q, y[z,w, z](zw - 2z) = y(z - wz) = [y, z,wz] - (yz - wz)
y[xawa Z](xw ) Z) = [yama ’LUZ] [yx,w, Z](:gx ) ’LU)Z

ylr, w, 2](zw - 2) = [y, x,w2][yz, w, 2][y, v, w] " (y - 2w)2

1

ylo, w, 2| (zw - 2) = [y, z, w2][yz, w, 2]y, T, w] |y, 2w, 2] 1y (zw - 2)

ylr,w, 2] = [y, 2, wel[yz, w, 2|y, z, w] "y, 2w, 2] "y

[ZE, w, Z]Ly - [yv x, UJZ] [yx, w, Z] [y7 X, w]_l[ya Trw, Z]_lRy

[z, w, 2| Ly R = [y, x, we][yx, w, 2] [y, z, w] |y, 2w, 2]~

[ A A A

[z, w, 2] Rye Ly = [y, x, wz|[yz, w, 2][y, z, w] y, zw, 2]~

2. Forall z,y,z,w € Q, (v -wz)(z,w,z)y = (zw - 2)y = (2w - zy)(zw, 2, y)

(z - wz)(z,w, 2)y = (z(w - 2y))(z,w, zy)(zw, 2,y)

(2 - wz)(z,w, 2)y = (wz - y)(w, z,y) " (v, w, zy) (2w, 2,y)

(2 - w2) (2, w, 2)y = (x - w2)y(w,wz, y) " (w, 2,y) " (z, 0, 2) (2w, 2, y)

(Iv w, Z)y = y(% wz, y)_l(w7 Z, y)_1<1‘, w, zy)(mw, 2, y)

[ A A

(z,w,2)Ry = (z,wz,y)""(w,z,y)" (z,w, zy)(zw, 2,y) Ly (x, w, 2) Ry L,* =
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<x7 wz? y)_l(w’ Z? y>_1($’ w7 Zy) (:I;w7 Z? y)

— (z,w,2)LpR, = (z,wz,y) w,z,y) " (z,w, zy)(zw, z,y)

3. Forall z,y, z,w € Q, ylw,z, z|(wz - z) = y(w - x2) = [y, w,zz] - (yw - xz)

— ylw,x, 2](wx - 2) = [y, w, 22| [yw, z, 2][y, w, 2] (y - wx)2z

1

— ylw,x, 2)(wz - 2) = [y, w, v2|[yw, x, 2]y, w, z] [y, wz, 2] ty(wz - 2)

= ylw,x, 2] = [y, w,22][yw, z, 2|[y, w, 2] [y, wa, 2|y

= [w,2,2]Ly = [y, w, 22]lyw, z, 2]ly, w, 2] "'y, wz, 2] ' R,

— [w,z,2]L,R;' = [y, w,xz|[yw, z, 2|y, w, x|y, wz, 2]

< [w,z,z|RpL, = [y, w,zz][yw, z, 2]y, w,x] |y, wz, 2]

4. Forall z,y,z,w € Q, y[z,w,z|(zw - x) = y(z - wz) = [y, z,wz| - (yz - wx)
y[za w, J]](ZU) ) I) = [y7 Z, U)I] [yz,w,x](yz ’ w)'x

ylz, w, x](zw - ) = [y, 2, wz][yz, w, 7|y, 2, w| " (y - 2w)x

1

ylz, w, x](zw - ) = [y, 2, wz][yz, w, z][y, 2, w]| |y, 2w, 2| 1y (zw - 1)

ylz,w, x] = [y, 2, wz]lyz, w, 2|y, 2, w| |y, 2w, 2] "y

[z, w,z|L, = [y, z, wz][yz, w, x|y, z, w] [y, 2w, x] 'R,

[ A A

[z, w, 2| Ryo Ly = [y, 2z, wz|[yz, w, ][y, z, w] [y, zw, 2] !

5. Forall z,y, z,w € Q, ylz,z,w|(zz - w) = y(x - zw) = [y, x, zw] - (yz - 2w)
y[x,z,w](mz ’ w) = [ywru ZU)] [yl’,Z,U}Ky.T ) Z)U)

ylz, z,w)(zz - w) = [y, z, zw]yz, z, w]y, z, 2]y - x2)w

1

ylz, z, wl(zz - w) = [y, x, 2w [yx, 2, ][y, r, 2]y, vz, w]  y(zz - w)

yl, 2, w] = [y, x, 2w]lyx, 2, w|[y, v, 2]y, vz, w] 1y

[z, 2, w|L, = [y, z, zw][yz, 2, w|[y, z, 2] 'y, zz,w] 'R,

1

[ A A

[z, 2, W Ry Ly = [y, x, zw][yx, z, w][y, z, 2] |y, zz,w|”
6. Forall z,y,z,w € Q, (w-zz)(w,x,2)y = (wz - 2)y = (wx - zy)(wz, 2,y)
= (w-azz)(w,z,2)y = (w- (z-2y))(w, 2, 2y)(wz, 2, y)
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— (w-z2)(w,z,2)y =w(zz-y)(z, 2,y) (w,z, 2y)(wz, 2,y)

— (w-z2)(w,z,2)y = (w-z2)y(w, zz,y) "z, 2,y) " (w, z, 29) (wz, 2, )
= (w,z,2)y =y(w,z2,y) " (2, 2,y) " (w, 2, 2y) (wz, 2, y)

— (w,z, 2Ry = (w,z2,y) " (z,z,y) H(w, z, zy) (wz, 2,y) L,

— (w,z,2)LpRy = (w,zz,y) ' (z,z,y) " w,z, zy) (wz, 2, )

7. Forall z,y, z,w € Q, (z-wz)(z,w,z)y = (zw - x)y = (2w - zy) (2w, x,y)

(z - wa)(z,w,x)y = (2 (w-2y)) (2, w, 2y) (2w, 2,y)

(2 wz)(z,w, 2)y = z(wz - y)(w,2,y) "} (2, w, 2y) (2w, 2,7)

(2 wz)(z,w, 2)y = (2 wr)y(z, wr,y) " (w,z,y) " (2, w, 2y) (2w, 2, y)
(2, w,2)y = y(z, wzr, y)~H(w, z,y) " (2, w, 2y) (2w, 7, y)

(z,w, )Ry = (z,wz,y) " (w,z,y) " (2, w, 2y) (2w, 2,y) L

[ A A

(z,w, ) LRy = (z,wz,y) (w, 2z, y) " (z,w, zy) (2w, z,y)

8. Forall z,y,z,w € Q, (- zw)(z, z,w)y = (xz - w) = (xz - wy)(xz,w,y)

(@ - 2w) (@, 2, w)y = (z- (2 - wy)) (2, 2, wy) (2, w, y)

(z - 2w) (@, 2, w)y = z(z2 - y)(z,w,y) " (2, 2, wy)(z2, 0, Y)

(2 - 2w) (@, 2, w)y = (x - 2w)y(@, 2w, y) " (z,w,y) " (2, 2, wy) (T2, 0, y)
(2, 2,w)y = y(z, 2w, y) " (2, w0, y) " (2, 2, wy)(zz, w,y)

[ A A

(z,z,w) LRy = (z,zw,y) " (z,w,y) H(z, 2, wy) (zz, w,y)

O
Theorem 4.8.9. Let (Q, ) be a Basarab loop, and A(()) its associator subloop. Then for every
T, Y, z,w € Q:

1. [z,y,w|R. L, = [z, z, ywl][zz,y, w][z, z,y] [z, vy, w]

2. (z,y,w) LR, = (z,yw, 2) " (y,w, 2) "z, y, wz) (zy, w, 2)
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3. [y, , wR. L, = [z, y, zw][zy, z, w][z, y, ] "z, yz, w] !

4. [w,y,z|R.o L, = [z, w,yz][2w, y, z|[z, w, y]| [z, wy, ]!
5. [z, w,y|R.0o Ly = |2, , wy] 22, w, y][2, z, w] [z, zw, y]
6. (y,z,w)LR, = (y, zw, 2) " (z,w, 2) " (y, 7, wz)(yz,w, 2)

7. (w,y,2) LR, = (w,yz, 2)  (y, 2, 2) " Hw,y, z2)(wy, z, 2)

*®

(z,w,y) LR, = (z,wy, 2) "N (w,y, 2) "z, w,yz) (2w, y, 2)
Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).

l. Forall z,y, z,w € Q, z[z,y,w|(zy - w) = z(x - yw) = [z, 2, yw] - (22 - yw)
— 2z, y,w](zy - w) = [z, 2, yw][zz,y, w](zz - y)w
= zz,y,wl(zy - w) = [z, 2, yw][zz, y, w][z, 2,97 (2 - ay)w
= zlw,ywl(ey - w) = [z, ywllzz, g, w] [z, 2,97z wy, w] T 2 (ey - w)
— 2z, y,w] = [z, 7, yw|[zz, ¥, w][z, x,y] 7z, vy, w] Lz
= [z,y,w]L: = [z, 2, yw][zz, y, ][z, 2, y] " [z, 2y, W] R,
= [z,y,w]L.R; = [z, 2, yw)[zz, y, w] [z, 2, 9]z, 2y, 0]

— [z,y,w|R., L. = [z, z,yw][zz, y, w][z, z,y] [z, vy, w]

2. Forall z,y, z,w € Q, (z-yw)(z,y,w)z = (xy - w)z = (zy - wz)(zy,w, 2)

= (z-yw)(z,y,w)z = (v (y-w2))(z,y, wz)(ry, w, 2)

= (z-yw)(z,y,w)z = z(yw - 2)(y,w, 2)~ (@, y, wz)(zy, w, 2)

= (v yw)(z,y,w)z = (@ yw)z(z,yw, 2) 7 (y, w, 2) 7 (2, y, wz) (Y, w, 2)
= (v,y,w)z = z(2,yw, 2) 7 (y, w, 2) 7 (2, y, w2) (zy, w, 2)

= (z,y,w)R. = (v,yw,2)" (y, w, 2) " (x,y, wz)(xy, w, z) L.

= (vy,w)RL7 = (z,yw, 2) 7 (y, w, 2) " (2, y, w2) 2y, w, 2)

= (1,y,w) LR, = (z,yw, 2) " (y, w, 2) 7 (2,5, w2) (zy, w, 2)
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3. Forall z,y, z,w € Q, zly, xz,w|(yz - w) = 2(y - zw) = [z, y,2w] - (2y - 2w)

zly, z,w](yx - w) = [2,y, zw][zy, z, w|[z,y, 2] 7}z - yz)w
Z[y,x,w](yx ' w) - [z,y,xw][zy,x,w][z,y,x]_l[z,yx,w]_lz(y:v ' w)

2y, x,w] = [z, y, 2w][2y, z, w] [z, y, 7] 7 [z, yz, w] 1z

ly, z,w|L, = [z,y, vw][zy, x,w][z, y, 2] [z, yz,w] 'R,

ly,z,w]L.R;' = [2,y, zw][zy, z, w][z, y, 2] [z, yz, w] !

[ A A

[ya z, w]RzF’Lz = [Za Y, [L’U)] [Zyv xz, w] [27 Y, x]il[zy yz, w]il

4. Forall z,y, z,w € Q, zlw,y, z)(wy - ) = 2(w - yz) = [2,w, yz] - (2w - yz)
2w, y, 2l(wy - 2) = [z, w, yz][2w, y, 2] (2w - y)z

2w,y 2)(wy - ) = [z, w,yz][zw, y, 2][z,w, y] 7 (= - wy)x

2w, y, zl(wy - 2) = [z, w, yz][ew, y, 2] [z, w, y] 7z, wy, 2] 2 (wy - @)

zlw,y, x| = [z, w, yz][2w, y, 7|z, w, y]| [z, wy, ] 7'z

[w,y, 2] L. = [z, w, ya][zw, y, 2] [z, w,y] 7 [z, wy, 2] ' R.

[ A A

[w7 y’ x]RZpLZ - [Z’ w? yw:l [Zw7 y’ :L‘:I [Z7 w7 y:lil [Z’ wy? l‘:lil

= zlr,w,yl|(zw - y) = [z, 2, wyl[zz, w, y](zz - W)y

— 2z, w,yl(zw - y) = [z, 2, wy][zz, w, y][z, T, W] 7z - zw)Y

= 2z, wyl(zw-y) = [z, 2, wyllza, w,yllz, 2, w] 7z 2w,y 2 (zw - y)
= 2z, w,y] = [z, 7, wyl[zz, w, Y[z, 2, w] 7z, pw, y] 7Lz

= [z, w,ylL: = [z, 2, wy][zz, w, y][z, 2, w] 7 [z, 20, y] TR,

= [v,w,y|R:r L. = [z, 2, wyl[zz, w,y][z, 2, 0] [z, 2w, ]

6. Forall z,y, z,w € Q, (y-2w)(y,z,w)z = (yx - w)z = (yr - wz)(yx,w, 2)
— (y ' mw)(y, LL‘,’LU)Z - (y ' ($ ) wz))(y,a:, wz)(y:v,w, Z)
— (y-2w)(y,z,w)z = y(zw - 2)(z,w, 2) "Ny, z,wz)(yz, w, 2)

— (y-2w)(y,z,w)z = (y - 2w)z(y, 2w, 2) "z, w, 2) "y, z,wz)(yz, w, 2)
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<~ (y,z,w)R, = (y,zw,z)" (2, w,2) Yy, z,wz)(yx,w, 2) L,

— (y,7,w)L R, = (y,zw, 2)  (z,w, 2) "y, z,wz)(yx, w, 2)

7. Forall z,y, z,w € Q, (w-yz)(w,y,x)z = (wy - )z = (wy - z2)(wy, x, 2)
(w-yz)(w,y, )z = (w- (y - 22))(w,y, 22)(wy, v, 2)

(w-y)(w,y, )z = wlyz - 2)(y, ,2) " (w, y, 22)(wy, 7, 2)
(w-ya)(w,y, 2)z = (w-yx)z(w,yz, 2)~ (y, 2, 2) " (w,y, 22)(wy, 7, )
(w,y,2)z = 2(w,yx, 2) "y, z,2) 7 (w,y, 22) (wy, z, 2)

(w,y, )R, = (w,yx,2)" (y, 2, 2) " (w,y, 22)(wy, z, 2) L.

[ A A

(w,y,x) LR, = (w,yz,2) Ny, z,2) " Hw,y, z2)(wy, z, 2)

8. Forall z,y, z,w € Q, (z - wy)(z,w,y)z = (zw-y)z = (zw - y2)(zw, y, 2)
(2 - wy)(z,w,y)z = (z - (w-yz))(z, 0, y2)(zw,y, 2)
(z - wy)(z, w,y)z = z(wy - 2)(w,y, 2) (2, w, yz) (2w, y, 2)
(2 - wy)(z,w,y)z = (- wy)2(z, wy, 2) " (w,y, 2) " (2, w,y2) (zw, y, 2)

z = z(x,wy, 2) N w,y, 2) "z, w,y2)(zw,y, 2)

SRR

)
(z,w,y)R, = (z,wy, 2) " Hw,y, 2) " (z,w,yz)(zw,y, z) L,
)

(v, w,y) LR, = (z,wy, 2) Y (w, y, 2) "z, w,y2) (2w, y, 2).

4.8.3 Relationship between Associators and Inner Mappings of a

Basarab loop with a right Inverse component

Theorem 4.8.10. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

T, z,w € Q:

1. [z,2°, 2| Ryo Ly = [w, z, 2°2][wzx, 2, 2|[w, x, 2]~
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2. (z,2°,2)Lya Ry, = (z, 22, w) (2P, 2, w) Hz, 2°, zw)

Proof. Let (@, ) be a Basarab loop. Then

1. Forall z,y, z,w € Q, w[z,a”, z|(za’ - z) = w[x - 2Pz] = [w, x,2"z] - (wz - 2"2)
wlx, z?, 2| (zx? - 2) = [w, x, 2P z][wz, 2P, 2] (wx - 2P)z
wlz, 2, 2)(zaf - 2) = [w, z, 2P 2] [wz, 2°, 2] [w, z, 2’| (w - z2P)2
wlz, 2, 2)(za? - 2) = [w, x, 2P 2] [wz, 2°, 2] [w, z, 2°] " Hw, z2?, 2] " w(za? - 2)
wlz, 2, 2] = [w, z, 22wz, 2°, 2][w, z, 2°] " w, z2?, 2] w
wlz, 2, 2] = [w, z, 2°2][wx, 2°, 2][w, x, 2°] Lew

[z, 27, 2| Ly, = [w, z, 2P 2] [wzx, 2°, 2][w, 2, 2°] 1 R,

[z, 2, 2| L, R,' = [w, z, x"2][wx, 2°, 2|[w, x, x| !

HIHHHIHIHI

[z, 27, 2] Ryo Ly = [w, z, 2P 2][wz, 2°, 2][w, x, 2°]

2. Forall z,y,z,w € Q, (v-2°z)(z, 2, z2)w = (xaf - z)w = (zaf - zw)(xa’, z, w)
(x-xPz)(x, 2P, 2)w = (- (2 - zw))(z, 2P, zw)e

(v 2P2) (2,27, 2)w = x(2P2 - w)(2P, 2,w) Yz, 2", 2w)

(x-2P2)(x, 2, 2)w = (x - 2P 2)w(z, 2’2z, w) " (2P, z,w) "z, 27, 2w)
w=w(z, 2z, w) (2P, z,w) Hz, 2*, 2w)

(x,z”,

(z,

(x, 2P, 2

RyL' = (z, 22, w) 2P, 2, w)  (x, 2P, zw)

IIIHHIHIIH

z)

(x,2°,2) Ry = (z, 22, w) (2P, z,w) "z, 2", 2w) Ly,
%)
)L

= (z,2°z,w) " (2*, z,w) "z, 2, 2w)
O]

Theorem 4.8.11. Let (Q, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

T, zZ,w E Q:

1. [2P, 2, 2] Ryp Ly = [w, 2°, x2][wz’, x, 2][w, 2°, 2] " w, 2Pz, 2]

2. [z,27, | Ryo Loy = [w, 2, 2P [wz, 2°, 2] [w, z, 2] w, za?, x|
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3. wlx, 2, 2°| Ry = [w, z, 22" |[wz, 2, 2°|[w, z, 2] " Hw, 2, 2]~

1

Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Forall z,y, z,w € Q, w[z’, x, z|(xfx - z) = w[zP - xz] = [w, z", x2] - (W’ - T2)

[ A A

wlxf x, z|(2Px - 2) = [w, 2P, vz][wz?, x, 2] (waP - x)z

wlzl, x, 2] (2P - 2) = [w, 2P, 2] [wa’, x, 2] [w, 2*, 2] 7w - 2P1)2

1

wlz?, z, 2)(xfx - 2) = [w, 2°, v2][wa’, x, 2] [w, 2°, 2] " Hw, 2Pz, 2] " w(zPr - 2)

wx?, x, 2] = [w, 2?, v2)[wxP, x, 2] [w, 2°, ] w, 2Pz, 2] Tw

[2°,z, 2| Ly, R = [w, 2”, x2][wxf, z, 2|[w, x°, x| w, 2Pz, 2]~

(2P, 2, 2] Ryo Ly = [w, 27, x2][wz?, x, 2][w, 2P, 2]~ Hw, 2Pz, 2]~

2. Forall z,y, z,w € Q, w[z, 2", z|(22” - ) = w[z - 2Px] = [w, 2, 2°z] - (W2 - 2Px)

[ A A

w(z, xP x)(zxP - x) = [w, z, 2P |wz, 2P, x](wz - °)x

w(z, 2P, x](z22” - 1) = [w, 2, 2] [wz, 2°, z||w, z, 2’| (w - z2P)x

1

wlz, 2f, 2] (z2? - 1) = [w, 2, 2] [wz, 2, x|[w, 2, 2°] " Hw, z2”, ] tw(zz - x)

U)[Z, xpa I‘] = [UJ, 2y xp] [U)Z7 xpa l’] [wa 2y xp]—l[w7 pr7 x]_lw

[z, 2°, 2| L, R = [w, z, 2°|[wz, 2°, z][w, z, 2°] " w, z2?, x|

(2,27, | Ryo Loy = [w, 2, 2P [wz, 2°, z][w, 2z, 2| 7w, z2°, x|

3. Forall z,y, z,w € Q, wlz, z,x"|(xz - 2P) =

[ A A

wlx, z, 2P| (zz - 2P) = wlx - zaf] = [w, x, z2”] - (wx - z2°)
wx, z, 2P| (zz - 2P) = [w, x, zaP||wz, z, 2| (wz - 2)xP
wlz, z, 2P (xz - 2°) = [w, x, 22wz, 2, 2°][w, T, 2] (w - x2)2?

wlz, z, 2°)(zz - 2°) = [w, x, 22wz, 2, 2°][w, z, 2| Hw, vz, 2°] T w(xz - 2P)

wlz, z, 2] = [w, z, za’||wx, z, 2] [w, z, 2] Hw, vz, 7] 1w

[z, z, 2’| L, R, = [w, z, za’][wx, z, 2°|[w, x, 2] Hw, vz, 2°] !

wlz, z, 2P Ryr = [w, x, zzP|[wz, 2, 27w, z, 2] " w, z2, 2°] 7
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Theorem 4.8.12. Let (Q, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

T, z,w € Q:

1. (2f,22)Lyg, = (2, 22,w) (2, 2, w)  (2°, , z2w) (xPx, 2, W)

2. (z,2°,2)Lyp Ry = (2, 2Pz, w) (2, x,w) " (2, 27, zw)(22”, T, W)

3. (2,2, 2°) Lo Ry = (z, 227, w) 712, 2°, w) "Mz, 2, 2Pw) (z2, 27, W)
Proof. Let (@, ) be a Basarab loop. Then

I. Forall z,y, z,w € Q, (27 - zz)(af, x2)w = (zPx - 2)w = (zPx - zw) (2 x, 2, W)
(xf - zz)(xP zz)w = (2 - (x - 2w)) (2, x, zw) (2Pz, 2, W)
(2 - x2) (2P, 22)w = 2P (22 - w)(z, 2, w) " (2P, 2, 20) (2P, 2, W)
(2f - z2) (2, x2)w = (2P w(a?, vz, w) Yz, 2, w) (2P, z, zw) (2Pz, 2, W)
(2f - z2) (2, 22)w = w(aP, zz,w) Yz, z,w) (2P, z, zw) (2Pz, 2, W)

(2P, 22) Ry = (2, 22,w) Yz, 2, w) " (2P, 2, 2w) (2P, 2, W) Ly

(2, 22) Ry Lt = (2P, 22, w) Hx, 2, w) (2P, z, zw) (2Pz, 2, W)

[ A A A

(2P, 22)Lypg, = (2P, x2,w) (2, 2, w)  (2*, z, zw) (2Px, 2, W)

2. Forall z,y, z,w € Q, (z-2°z)(z, 2", v)w = (22° - x)w = (za” - 2w) (22", T, W)

= (2 2%2)(2, 27, 2)w = (2 - (2° - 20)) (2, 27, 2w) (22, 2, w)
= (2 202)(2, 27, 2)w = 2(aPx - w)(2?, 7, w) " (2, 2, 2w) (227, 7, W)

= (2 222)(2, 27, 2)w = (2 - 2P )w(z, 2P2) "N (20, 2, w) "N (2, 28, ww) (227, T, w)
= (2,2, )0 = w(z, 2°2) " (20, 2, w) " (2, 27, vw) (22”, T, W)

= (2,2°,2)RoL! = (z,2°2) " (27, 2, w) "} (2, 2%, 2w) (22, 2, w)

= (2,2°,2) Lap Ru = (2,272, w) " (2%, 2, w) "} (2, 27, 2w) (227, z, w)

3. Forall z,y, z,w € Q, (x - zz”)(x, z,2P)w = (xz - 2P )w = (x2z - v°w)(zz, 2", W)
= (v-z22°)(x,z,2°)w = (x - (2 - 2Pw))(z, 2, 2Pw) (22, 2°, W)
— (v z22°) (2,2, 2°)w = (22’ - w)(z, 2", w) " (z, 2, 2Pw) (22, 2", W)
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(x - z2”)(z, 2, 2°)w = (x - z2P)w(z, 22°, W) "z, 27, w) "Nz, 2, 2Pw) (x2, 27, W)
(5, 2,270 = w(, 227, w)~ (2, 2, W)~ (¢, 2, 2°w) (w7, 27, w)
b= (:Ev zx?, w)*l(z, x’, w)’l(x, Z, J]’O’LU)<JZZ, z’, U})

(z,z,2°)Ry L

w

[

R
(2, 2,2°) Ly Ry = (x, 22, w) (2, 27, w) Nz, 2, 2Pw) (x2, 2°, w)
[l

Theorem 4.8.13. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
x,y,w € Q:

1. [z,y,2°]Ryo Ly = [w, z, yx’][wzx,y, 2°][w, z,y| " w, zy, 2°] !
2. (z,y,2°) LRy, = (2, yz”,w) " (y, 27, w) " (z, y, 2Pw) (zy, 27, w)

Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Forall z,y, z,w € Q, w[x,y,2’)(xy - 2P) = w(z - yz*) = [w, z, yz*|(wx - yzP)

= wlz,y, 2|(zy - 2*) = [w, 2, y2’ | wz, y, 2| (wz - y)x”

= wlr,y,2’)(vy - 2°) = [w,z, y2’][we,y, 2*)[w, z, Y]~ (w - 2y)z’

= wlz,y,2")(zy - 2°) = [w, 2, y2’)[wz, y, 2*][w, 2, y] " w, vy, 27] " w(zy - 2”)
= wz,y,2*(zy - 2°) = [w, 2, yzFl[wz, y, 2w, 2, y] " w, vy, 2] tw

< [z,y,2°|L, = [w, z,yz’|[wz, y, 2°|[w, z, y] " w, vy, 2’ 'R,

= [r,y, 2"l Ry = [w, 2, yaf|lwe,y, 2w, z, y] " w, zy, 2]

< [x,y,2°|Ryo Ly = [w, z, yz)[wz, y, 2°][w, z, y] Hw, xy, 2P|

2. Forall z,y,z,w € Q, (v -yx)(z,y, 2" )w = (zy - 2°)w = (zy - xPw)(zy, 2°, w)

(& 42 (@, 29 = (229 (ya? - 29)) (1, 2P0) (g, 2, )

(- ya) (@, y, 2w = (ya” - w)(y, 2, w) ™ (@, y, 2w) (zy, 2°, w)

(- 429) @, 3,270 = (2 - yaP(ie, ya, )~ (9, 2, w)~ (&, y, 20w) (zy, 20, 0)

(z,y, 2" )w = (z,yz", w) "y, 2°, w) "z, y, 2°w)(zy, 27, w)

[ A A
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[]

Theorem 4.8.14. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
T, y,w e Q:

1. [y, x, 2°| Ryo Ly = [wy, z, 2] [w, y, x| w, yz, x°] 7!

2. [2°,y, %) Ryo Loy = [w, 2, yx][wa?, y, x][w, 2, y| " w, 2Py, z] !

3. [z, 2, y|Rur Ly = [w, x, 2Py|[wz, 2°, y)|w, z, 2| w, xzr y] !

Proof. 1. Forall z,y,w € Q, wly, z,z"|(yx - 2*) = w(y - zz*) = [w,y, zx”] - (wy - z2P)
w[ya Z, .Z'p](y.’ll' ’ xp) = [U), Y, :C'Tp] [wya Z, xp] [w> Y, x]_l(w ’ y$)xp

w[ya Z, I‘p](yl' ’ ‘rp) = [U}, Y, ‘Txp] [wya T, xp] [’UJ7 Y x]_lw(yac ’ xp)

wly, z,z°] = [w,y, va?|wy, z, 2°][w, y, 2] w, yz, 7] Fww

ly, z, 2| L, R = [wy, z, 2°|[w, y, 2] w, yz, 2]~

[ A A A

rho

2. Forall z,y,w € Q, w[z",y,z|(z’y - ) = w(x™ - yx) = [w, 2", yx] - (wz” - yx)

wlz?,y, x)(zry - x) = [w, 2*, yallwa?, y, ] (wa’ - y)z

wlz?,y, x](zPy - 1) = [w, 2°, yr|[wz’, y, x][w, 2°, y] " (w - 2Py)z

wlz?,y, x](zPy - ) = [w, 2?, yx|[wz’, y, x][w, 2, y] " w, 2Py, ] " rw(xy - x)
1

wlz?,y, x| = [w, 2’ yz][war, y, z][w, 2*, y] " Hw, 2Py, z] " w

[2°,y, 2] Ly, = [w, 2P, yx][wa?, y, z][w, 2, y) " {w, 2Py, 2] " Ry

1

[ A A
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3. Forall z,y,w € Q, w[z,z”,y|(zz’ - y) = w(x - xPy) = [w, z, 2y] - (wz - 2PY)
wlz, o, yl(va? - y) = [w, z, 2y][wz, 27, y|(wz - )y

wla, o, y)(za” - y) = [w, @, 0y [we, o, yllw, @, 2] (w - 2r)y

1

wlz, 2, yl(va? - y) = [w, z, 2Pyl[wr, 2, yl[w, 2, 27|~ w, 22, y] " w(z? - y)

wlz, 2, y| = [w, z, 2Py)[wz, 2, yl|w, z, 2] Hw, 22, y] " w

[z, 2, y] LRy = [w, z, 2?y][wz, 27, y][w, 2, 2]~ [w, z2”, y] !

[ A A

[z, 27, Y| Ryo Loy = [w, z, 2Pyl[wzx, 2°, y][w, z, 2°] 7w, z2P, y] !

]

Theorem 4.8.15. Let (Q, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

Ty, w € Q:
1. (y,z,2°) Ly Ry = (y, x2?,w) 27, w) "y, z, 2Pw) (yz, 27, w)
2. (2*,y,2) LRy = (2, yx,w) Hy, z,w) "z, y, zw)(zPy, T, w)
3. (z,2°,y) Lyp Ry = (z, 2Py, w) (2, y, w)(z, 27, yw)
Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

l. Forall z,y,w € Q, (y-zz”)(y,z, 2" )w = (yx - z°)w = (yz - 2°w)(yx, z", w)

(y - z2?)(y, z, 2" )w = (y - (z - 2°))(y, z, 2w) (yx, 2, w)

(- 22°) (g, 2, 59w = y(2? - w)(&, 2%, w) (g, 7, 2Pw) (g2, 2, 0)

(y - 22?)(y, @, 2”)w = (y - 22 )w(y, x2’, w) "} (z, 27, w) " (y, 2, 2°w) (yz, 2°, w)
(y, z,2°)w = w(y, zo?, w) (z, 2”, w) " (y, x, 2°w) (yx, 2°, w)

(y, 2,27) Ry = (3, 2%, 0) (2,27, w) "y, 2, 27w) (y, 27, w) L,

[ A A

(y, 2, 2°) Ly Ry = (y, z2?,w) Yz, 27, w) Ny, z, 2°w) (yz, 27, w)

2. Forall z,y,w € Q, (2 - yz)(a,y,x)w = (2Py - v)w = (xPy - zw) (2 y, v, w)
= (2 -yr) @y, v)w = (27 (y - 2w)) (2, y, vw)(2y, 7, w)
— (xp ) yl‘)(l’p, Y JI)U} = l’p(y(L’ ' w)<y7 z, w)_l(xpa Y, $U})(l’py, z, U))
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(2 - yz) (2, y, v)w = (2 - yx)w(x?, yz, w) y, v, w) Yz, y, zw) (2 y, T, w)
(2, y, v)w = w(z’, yz,w) (y,z,w)" (2*,y, zw)(zy, z,w)

[

3. Forallz,y,w € Q, (z-2°y)(z, 2", y)w = (zz” - y)w = (xz’ - yw)(zz’, y, w)
(@ - 2Py) (2, 2", y)w = (x - (27 - yw))(z, 2, yw)(z2’, y, w)
(- 2Py)(x, 2, y)w = w(xly - w)(x*, y, w) ™z, 27, yw) (z2”, y, w)

(:L’ . $py)(x7 $p7 y)w = (l‘ ' xpy)w(x, mpya w)il(l‘p: Y, w)il(Ia :va, yw)(mxp, Y, ’LU)

[

)@, 2?, y)w = w(z, 2Py, w) " (2, y, w) "z, 27, yw) (227, y, w)
— (z,2°,y)w = (z, 2Py, w) (2, y,w) (2, 2°, yw) - e

< (z,2°,y)Ry = (z, 2Py, w) (2, y, w)  (z, 27, yw) L,

< (2,2°,y) Ly Ry = (x, 2Py, w) (2", y, w) (z, 2, yw)

O

Theorem 4.8.16. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
y,z,w € Q:

L [y, y, 2| Rue Ly = [w,y°, y2][wy’, y, 2l [w, y*, y] Hw, y*y, 2]

2. (., 2) L R = (7, yz,w) "My, 2,0) T (P y, 2w) (4P, 2, 0)
Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Set z = y” in Theorem 4.8.4(1),
[z, y, 2] Ruo Ly = [w, z, y2][wz, y, 2] [w, z,y] ' w, vy, 2] . Then

[P, y, 2] Rue Ly = [w, y*, y2][wy?, y, 2][w, y*, y) " w, yy, 2]

2. Set x = y” in Theorem 4.8.4(2),
(2,9, 2)Lyr Ry = (x,y2,w)  (y, z,w) "z, y, zw) (xy, z,w). Then
(¥, Y, 2) Lp Ry = (7, yz, w) "My, z,w) (v, y, 2w) (y°y, 2, w)
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]

Theorem 4.8.17. Let (Q, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
T, y,w € Q:

L. [yaypaz]prLw = [UJ,%?/%’] [U}y,yp,Z] [w7y’yp]—1

2. [Zvyayp]prLw = [wzay7yp] ['LU, Zvy]_l[wv Zyayp]_l

3. [y”, 2, y|Ruwe Ly = [w, y", zy)[wy?, z, y)[w, y*, 2] 7w, yPz, y]

Proof. Let (Q),-) be a Basarab loop, and A(Q) its associator subloop. Then for every

x,y, 2z, w € Q:

1. Set x = y” in Theorem 4.8.5(1),

[y, , 2] Rupo Loy = [w, y, x2][wy, z, 2] [w, y, 2] w, yz, 2]~

= [y,¥”, 2| Rur Ly = [w,y, ¥z [wy, y*, 2| [w, y, y"] " {w, yy?, 2]

= [y, ¥, 2| Rue Ly = [w0,y,y°2][wy, v*, 2][w, y, y*]
2. Set x = y” in Theorem 4.8.5(2),

[Z7 y7 x]prLI = [w7 z? yx] [w27 y? 'z.] [w7 Z? y]_l[w7 Zy, x]_l

= (2,4, Y’ |Ruwr Ly = (w0, z, yy*)wz, y, y*][w, z, y] w, zy, y?]

= [2,9,Y"| Ruwr Ly = [wz,y, y*)[w, 2, y] Hw, zy,y"]

3. Set x = y” in Theorem 4.8.5(3),

[z, 2, Y| Rur Ly = [w, z, zy|[wz, 2, y][w, z, 2] " w, zz,y] "

= [v*, 2, Y| Rur Ly = [w,y?, zy)[wy’, z, y)[w, v, 2] w, yPz, y] "

]

Theorem 4.8.18. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

y?ZJwEQ:

233



L (4,97, 2) L R = (9,972, 0) 7 (y?, 2,w) 7y, 4P, 2w)
2. (2,5, 9") L R = (9,9, 0) 7 (2, 9, yPw) (29,57, w)
3. (v 2 y) L Ry = (47, 29, w) (2,5, w) (P, 2, yw) (872, y, w)
Proof. Let (Q, ) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Set z = y” in Theorem 4.8.6(1),
(y, 2, 2) Lyr Ry = (y, 2, w) (2, 2, w) Yy, x, 2w) (yx, 2, w)
= (4,9, 2) L R = (y,9°2,0) 7 (y°, 2,w) 7 (1,47, 2w) (yy, 2, w)
= (9" 2) L R = (y,972,w) "1y, 2,0) " (y, 97, 2w0)
2. Set x = y” in Theorem 4.8.6(2),
(2,9, 2)Lyr Ry = (2, yx,w) Ny, z,w) (2, y, 2w) (2y, z, w)
= (2,49 ) L B = (2,99, 0) 7 (y, 97, w) " (2, 9, yPw) (20, 4, w)
= (2,9,9°) L R = (y, 57, w) (2,9, y*w) (29, 5, w)
3. Set x = y” in Theorem 4.8.6(3),
(2, 2,9) Lypr Ry = (x, 2y, w) (2, y, w) Yz, 2, yw) (22, y, w)

= (y*, 2, y)Lypr Ry = (v°, zy, w) Mz, y, w) " (y?, 2, yw) (yP 2, y, w)
O

Theorem 4.8.19. Let (Q, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
T, z,w € Q:
1. [z,2°, 2] Ryo Ly = [w, x, 2°2][wz, 2°, 2][w, z, 2°| " w, x2P, 2]~}

2. (2,2, 2) Ly Ry = (z,2°2,w) (2P, z,w) "Mz, 27, 2w) (227, 2, w)

Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).
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1. Set y = z” in Theorem 4.8.4(1),

I:'T’ y7 Z]prLw = [w’ :L‘7 yz] I:wx7 y? Z] [w7 :L" y]il[w7 I’y? Z:Iil

= [z,2°, 2|Ryo Ly, = [w, z, 2°2][wez, 27, 2|[w, z, 2| Hw, 27, 2] !

2. Set y = z” in Theorem 4.8.4(2),
(2,29, 2) Lyp Ry = (2, 2°2,w) 71 (2°, 2, w) 7 (x, 2°, 2w) (22°, 2, w)

= (z,2",2) LRy = (7,22, w) 1 (2°, z,w) Nz, 2°, zw)(z2P, 2, w)
[l

Theorem 4.8.20. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

r,z,w € Q:

1. [27,2, 2] Ryo Ly = [w, 27, x2][w2?, x, 2][w, 2°, x| w, 2z, 2]~}

2. [z, 27, 2| Ry Ly = [w, 2, 2P| [w2z, 2°, x][w, 2, 2] 7!

3. [z, 2, 2°| Ryo Ly = [wix, 2, 2P| [w, @, 2] w, x2, 2]

Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Sety = z” in Theorem 4.8.5(1),

[y, x, 2] Rupo Loy = [w,y, x2][wy, z, 2] [w, y, 2] " w, yz, 2]~

= [2°, 2, 2] Ryp Ly = [w, 2°, 2] [wz?, x, 2] [w, 2°, 2] Hw, 2Pz, 2]~

2. Set y = z” in Theorem 4.8.5(2),

[Z7 y7 ‘(L']RUJ‘DL'LU = [w’ Z? y'x] [wz, y? :L?] [w7 Z’ y]il[w7 zy? :C:Iil

= (2,27, &|Ryo Ly = |w, 2, 2°2][wz, 2°, z][w, 2, 2] " Hw, 227, 2] !

= [z, 2°,2|Ryo Ly = [w, z, 2Pz][w2z, 2°, z][w, 2, 2°] "

3. Set y = z” in Theorem 4.8.5(3),

(@, 2, Y| Rywo Ly = [w, z, 2y|[wx, 2, y|[w, z, 2| " w, zz,y]
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= [z, 2,2°|Ryo Ly = [w, z, 22°][wz, 2, 2°|[w, z, 2| Hw, x2, 2°] !

= [z, 2, 2’| Ryo Loy = [wa, 2, 2°)[w, z, 2] " w, z2, 2°] 7}

]

Theorem 4.8.21. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

T, zZ,w E Q:
1. (2°,2,2)Lyp Ry = (27, 22, w) "Mz, 2, w) (2P, w2w)(2Pz, 2, W)
2. (2,27, 2) Ly Ry = (2, 2P, w) 1 (2P, 2, w) 7Y (2, 27, zw)
3. (2,2,2°) Ly Ry = (2, 2°,w) Yz, 2, 2°w) (22, 2°, w)
Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Sety = z” in Theorem 4.8.6(1),
(y, 2, 2) Lyp Ry = (y, z2,w) (2, 2,w) " (y, x2w0) (yx, 2, 0)

= (2, 2,2) LRy = (29,22, w) Yz, 2,w) (2P, z2w) (2P, 2, w)

2. Set y = z” in Theorem 4.8.6(2),
(2,9, ) Lypr Ry = (2, yz,w) "y, z,w) " (2, y, zw)(2y, T, w)
= (2,2, 2) LRy = (2, 2°2,w) (2P, 2,w) "z, 27, zw)(22°, 7, w)

= (2,2°, )L Ry = (2,272, w) (2P, ,w) 7 (2, 2°, zw)

3. Set y = z” in Theorem 4.8.6(3),
(2, 2,9) Lypr Ry = (x, 2y, w) (2, y,w) Yz, 2, yw) (22, y, w)
= (z,2,2°) LRy = (z,22°,w) (2, 2°,w) Yz, 2, 2°w) (zz, 2°, w)

= (z,2,2°) LRy = (2,27, w) "z, 2, 2°w) (22, 27, w)
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4.8.4 Relationship between Associators and Inner Mappings of a

Basarab loop with a left Inverse component

Theorem 4.8.22. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
Y, z,w € Q:

1. [2My, 2] Rur Ly = [w, 22, y2|[wz, y, 2] [w, 22, y] 7w, 22y, 2]~}

2. (2N Yy, 2) L Ry = (28 yz,w) Yy, 2, w) (22, y, 2w) (22, 2, w)
Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Set z = 2* in Theorem 4.8.4(1),

I:‘/L" y) Z]R’LUPL'LU = [w’ :L'7 yz] I:wx7 y? Z] [w7 :L" y]il[w7 my? Z:Iil

= 2Ny, 2|Ruo Ly = [w, 22, y2][w2?, y, 2][w, 22, y] L w, 2y, 2]

2. Set y = z” in Theorem 4.8.4(2),
(2,9, 2) Lypr Ry = (x,y2,w) "y, z,w) "z, y, zw) (2y, 2, w)

= (MY, 2) LRy = (2 yz,w) Ny, 2, w) (2N, y, 2w) (2, 2, w)
OJ

Theorem 4.8.23. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

r,z,w € Q:

1. [y, 2%, 2| Rur Ly = [w,y, 222][wy, 22, 2][w, y, 2] " Hw, y2?*, 2]~}

A]—l

2. [2,y, 2N R L = [w, 2, y2M[wz, y, 2| [w, 2, y] L w, 2y, 2

3. [2% 2,y Ruo Loy = [w, 22, 2y [wz?, 2, y][w, 27, 2] 71

Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).
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1. Set x = 2* in Theorem 4.8.5(1),

[ya z, z]prLw = [wa Y, ﬂfZ] [wya Z, Z] [’U), Y, x]_l[wa yzx, Z]_l

= [y, 2", 2| Ryo Ly = [w,y, 2*2][wy, 2%, 2][w, y, 2] L w, y2?*, 2] *

2. Set z = 2* in Theorem 4.8.5(2),

[27 y? x]R’LUpr = [w7 Z? yx:l [U}Z? y? x] I:w’ Z7 y]il[w7 Zy? I]il

= (2,9, 2| Rye Ly = [w, 2, y2M w2z, y, 22| [w, 2, y] " Hw, zy, 23] 7!

3. Set x = z* in Theorem 4.8.5(3),

A A

Lz yllw, 24, 2] 7w, 24z, g

(22 2, Y| Ruw Ly = [w, 27, 2y][wz

= [ 2,y|Rur Loy = [w, 2%, 2yl[wz?, 2z, yl[w, 24, 2] 7w, 22, y] ™

= [2*, 2, y|Ryo Ly = [w, 2, 2y][w2?, 2, y][w, 2*, 2]

]

Theorem 4.8.24. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
y? Z7 w e Q:

L. (y,2*, 2)Lyp Ry = (22, 2,w) "My, 22, 2w) (y2?, 2, w)

2. (2,9, 2N Lyp Ry = (2,92, w) "My, 22, w) "z, y, 22w) (2y, 2%, w)

3. (2% 2,y) Ly Ry = (22, 29, w) L2, y,w) "L (2, 2, yw)

Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Set x = z* in Theorem 4.8.6(1),

(y, 2, 2) Ly Ry = (y, z2,w) (2, 2,w) " (y, x2w) (yx, 2, w)
= (y,2),2) LRy = (y, 222, w) (2, 2,0) "L (y, 22, 2w) (yz, 2, w)

= (y,2",2) LRy = (2%, 2, w) Ly, 2%, 2w) (yz, 2, w)
2. Set x = z* in Theorem 4.8.6(2),
= (2,9, 2") Ly Ry = (2,92, w) Ly, 22, w) 712, y, 22w)(2y, 2}, w)
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3. Set z = z* in Theorem 4.8.6(3),
(ZE, 2 y)kaRw = (Ia RY, w)_1(27 Y, w)_l(xv 2 y’lU)(.TZ, Y, ’lU)
= (2% 2,y) LRy = (22, 2y, w) L2, y,w) (2, 2, yw) (222, y, w)

= (2} 2,y) L Ry = (22, 2y, w) Yz, y,w) 7L (2?, 2, yw)
]

Theorem 4.8.25. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
x,y,w € Q:

1. [z,y,2)|Ryr Ly = [w, 2,y [wz, y, 22w, z, y] 7 [w, vy, 2}~

2. (2,9, 7)) Lyp Ry = (2, y2*, w) "My, 2%, w) "z, y, v w) (zy, 27, w)
Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Set z = 2 in Theorem 4.8.4(1),

(2,1, 2] Rwr Ly = [w, x, y2][wax, y, 2] [w, z, y] w, vy, 2]

2. Set z = z* in Theorem 4.8.4(2),

= (2,9,2") LRy = (2, y2*,w) "y, 2, w) Lz, y, 27w) (zy, 22, w)

Theorem 4.8.26. Let ((), -) be a Basarab loop, and A((Q) its associator subloop. Then for every
x,y,w € Q:
AL

1. [y, 2, 2| Rur Ly = [w, y, z2M[wy, x, 22w, y, 2] w, yx, z

2. [2*, y, ) Ruo Ly = [w, 2, yx][wa?, y, x][w, 2, y] " Hw, 22y, 2] 7!

3. [, 2 Y| Ruw Ly = [w, 2, 2™y [wa, 27, y)[w, 2, 227w, 22, ]!

Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).
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1. Set z = 2* in Theorem 4.8.5(1),

[ya z, z]prLw = [wa Y, QfZ] [wya Z, Z] [’U), Y, x]_l[wa yzx, Z]_l

= [y, 2, 2 Ryp Ly = [w,y, v2 | [wy, z, 27 [w, y, ] Hw, yz, 27!

2. Set y = z” in Theorem 4.8.5(2),

(2,9, ] Rur Loy = [w, 2, yx][wz, y, z][w, 2, y] " Hw, 2y, 2] !

3. Set z = z* in Theorem 4.8.5(3),

(@, 2, Y| Ryo Ly = [w, z, 2y][wx, 2, y|[w, z, 2| " w, zz,y]*

= [z, 2%, y|Ryo Ly = [w, z, 2] [wzx, 2, y][w, x, 22 7w, x2?, y]

]

]

Theorem 4.8.27. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every
z,y,w € Q:

1. (y,7,2")Lyr Ry = (y, 2, w) "Lz, 22, w) "Ly, 2, 27w) (yz, 22, w)

2. (229, 2) Ly Ry = (2, yz, w) Ly, z,w) (2}, y, zw)(zy, z, w)
3. (2% y) Ly Ry = (z, 2y, w) "zt y, w) (2,27, yw) (22, y, w)
Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q)).

1. Set z = z* in Theorem 4.8.6(1),

(y,, 2) Lyp Ry = (y, z2,w)  (z, 2,w) " (y, x2w) (yx, 2, w)

= (y,7,2") LRy = (y, 2, w) " (x, 22, w) "y, x, 2*w) (yx, 27, w)

2. Set z = z* in Theorem 4.8.6(2),
(27 Y, x)LwARw = (27 yz, w)_1<y7 Z, w)_l(za Y, $'LU)(Zy, €, 'LU)
= (2Y,y,7) L Ry = (27, yo,w) " (y, 2, w0) 7 (22, y, aw) (0, o, w)
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3. Set z = 2 in Theorem 4.8.6(3),

= (2,2%,9) LRy = (2, 2%y, w) "2y, w) Lz, 2*, yw) (z2?, y, w)
]

Theorem 4.8.28. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

xr,z,w € Q:
L. [z, 2%, 2] Rup Ly = [w, 2, 222wz, 22, 2][w, x, 22 7w, 224, 2]~}
2. (2,2, 2) Lyp Ry = (z, 222, w) 71 (22, 2, w) Y, 22, 2w) (227, 2, w)
Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Sety = 2* in Theorem 4.8.4(1),
|:$7 y7 Z]Rw[’Lw = [w7 x? yz] [wx7 y? z] [w7 m’ y]_l[w7 :L‘y, Z]_l

= [z,2*, 2] Ruo Ly = [w, 7, 22 2][wz, 22, 2][w, 7, 2] " w, x2*, 2] 71

2. Sety = z* in Theorem 4.8.4(2),
(2,9, 2) Lyr Ry = (x,y2,w) "y, z,w) "z, y, zw) (2y, 2, w)

= (2,2}, 2) L Ry = (, 22, w) 71 (2}, 2, w) "L (z, 22, 2w0) (227, 2, w)
O

Theorem 4.8.29. Let (Q, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

T, 2z, w € Q:
1. [2% 2, 2|Ryo Loy = [w, 2%, 22][w2?, 2, 2] [w, 22, 2] 7 Hw, 27z, 2] 71
2. [z, 2, 2| Ryr Ly = [w, 2z, 2 2] [wz, 22, 2] [w, 2, 2] " Hw, 227, 2] 71
3. [, 2,2 | Rur Ly = [w, 7, 222w, 2, 22 [w, 2, 2] " Hw, 22, 2]

Proof. Let (@, ) be a Basarab loop, then every associator of three elements contains in N (Q).
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1. Sety = z* in Theorem 4.8.5(1),

[ya z, z]prLw = [wa Y, ﬂfZ] [wya Z, Z] [’U), Y, x]_l[wa yzx, Z]_l

= [N 2, 2| Ry Loy = [w, 2, 22][w2?, 2, 2] [w, 22, 2] " Hw, 22w, 2] 71
2. Sety = z* in Theorem 4.8.5(2),

(2,9, Z| Ryo Ly = |w, 2, yz)|wz, y, z)|w, 2z, y| " Hw, 2y, ]~

A

= [2,2%, 2] Ry Ly = [w, 2, 2 7] [wz, 22, 2][w, 2, 2*] 71|

w, 22, x]

3. Sety = 2 in Theorem 4.8.5(3),

[z, 2, Y| Rur Ly = [w, x, zy][wz, 2, y][w, z, 2] w, zz,y]

= [z,2, 2| R Ly = [w, 2, 22wz, 2, 22 [w, 2, 2] Hw, 22, 2] 7

]

Theorem 4.8.30. Let ((, -) be a Basarab loop, and A((Q) its associator subloop. Then for every

T, z,w € Q:

1. (2% 2, 2) Ly Ry = (22, 22, w) (2, 2, w) "L (2, 2, 2w) (22, 2, w)

2. (2, 2N 0)Lya Ry = (2, 222, w) "L (2, 2, w) 7z, 22, 2w) (22, 2, w)

3. (2,2, 2)) Ly Ry = (, 22, w) 7L (2, 22, w) Y (w, 2, 27Mw) (22, 22, w)

Proof. Let (Q, -) be a Basarab loop, then every associator of three elements contains in N (Q).

1. Sety = 2* in Theorem 4.8.6(1),
(y, 7, 2) Lyp Ry = (y, z2,w) (2, 2,w) " (y, x, 2w) (yz, 2, w)

= (2% 2,2) L Ry = (2% 22,w) Yz, 2, w) (2}, 2, 20) (2P, 2, w)

2. Sety = 2* in Theorem 4.8.6(2),

= (2,22, 2) L Ry = (2, 222, w) (2N, 2, w) 72, 22, 2w) (227, 2, w)
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3. Sety = 2 in Theorem 4.8.6(3),

= (1,2, 2N ) L Ry = (z, 22, w) (2, 20, w) Lz, 2, 27w) (22, 24, w)
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CHAPTER FIVE

SUMMARY, CONCLUSION AND

RECOMMENDATIONS

5.1 SUMMARY

This study examined Basarab loop which was introduced by Basarab (1992), and some new
properties have been determined. These new properties together with the existing ones give
more pertinent tools for further exploration of Basarab loops. The results on this study began
on constructions of Basarab loops, and two abelian groups were considered. A mapping f
which takes a cross product of one of the abelian groups into the other was considered with a
condition. A multiplication o satisfying some laws with respect to the elements of these abelian
groups and the mapping f was defined, on the cross product of these abelian groups with an
identity (0, 0). This algebraic structure with multiplication o is shown to be a loop. In particular,
the necessary and sufficient conditions for such an algebraic structure with multiplication o to
be a left (right) Basarab loop, and Basarab loop were established.

Basarab loop was considered as a type of an Osborn loop, and it is proved that Basarab loop

and CC-loop are Osborn loops. It is also proved that any Osborn loop is a Basarab loop if and
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only if it is a left (right) Basarab loop; and a Basarab loop is flexible if and only if it is an extra
loop. Also, an extra loop is proved to be both a Buchsteiner loop and a Basarab loop. Necessary
and sufficient conditions for a Basarab loop to be a CC-loop, an RCC-loop, and an LCC-loop
have been established. It is shown that the center and centrum of a Basarab loop coincide, and
both are contained in the Nucleus of the Basarab loop. Necessary and sufficient conditions for
a Basarab loop to be power alternative have been established. The following result have been
obtained: the left (right) inner mapping of a Basarab loop is a nuclear automorphism; a Basarab
loop with the RIP or LIP is an extra loop; a Basarab loop with the IP (AAIP) is an extra loop;
a left (right) Basarab loop with the RIP (LIP) is an extra loop; and the middle inner mapping
generates the inner mapping group of a Basarab loop. It is also proved that, the left and right
inner mappings of a Basarab loop are nuclear.

The study investigated the isotopes of a Basarab loop. It is shown that every right isotope of a
right Basarab loop is a right conjugacy closed loop and every left isotope of a left Basarab loop
is a left conjugacy closed loop. The left (right) isotope of a right (left) Basarab loop is shown to
be a right (left) Basarab loop. It is established that every principal isotope of a left Basarab loop
is a left Basarab loop and every principal isotope of a right Basarab loop is a right Basarab loop.
Hence, every principal isotope of a Basarab loop is a Basarab loop. Necessary and sufficient
conditions for isotopes and principal isotopes of a Basarab loop have been determined.
Investigations were carried out on the holomorphy of a Basarab loop by considering a group
A(Q) of automorphisms of a loop. Some necessary and sufficient conditions for an A(Q)-
holomorph of a loop (@, ) to be left (right) Basarab loop, and Basarab loop were established,
respectively. These necessary and sufficient conditions are also expressed in terms of auto-
topisms of a loop. Some left (right) translation mapping of the holomorph of a left (right)
Basarab loop is shown to be left (right) regular. It is proved that A(Q) -holomorph of a loop
(@, -) which satisfies the inverse property is a Basarab loop if and only if (@, -) is a Basarab

loop and every automorphism of () is nuclear.
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Properties of some functions defined on a Basarab loop have been studied. Some subloops of
a Basarab loop which are characterized by permutations were obtained, by application of these
functions. The middle inner mapping is expressed in terms of a left (right) translation mapping
and the middle translation mapping. Using some functions, necessary and sufficient conditions
for a loop to be a left (right) Basarab loop, and Basarab loop were fine-tuned in the cases
of a left (right) CC-loop, and CC-loop, respectively. Necessary and sufficient condition for a
Basarab loop to be associative is given in terms of the middle inner mapping. Also, necessary
and sufficient condition for the left and right inner mappings of a Basarab loop to coincide is
established. With consideration to these functions defined on a Basarab loop, it is proved that
a Basarab loop (@, -) is a cross inverse property loop if and only if () is commutative or an
abelian group.

It is proved that a Basarab loop (@, -) is a centrum abelian inner mappings loop. In Basarab
loop (@, -), the following are shown to be true: the center Z (@), -) of a Basarab loop is normal;
the quotient )/Z(@Q, -) is an abelian group; the centrum C'((Q, -) is normal; and the quotient
Q/C(Q,-) is an abelian group.

Finally, some associators in the nucleus and center of a Basarab loop were examined. Rela-
tionship between associators and inner mappings of a Basarab loop is defined. Some special
cases like, associator with a right inverse component, and associator with a left inverse compo-
nent were considered. It is shown that the associator of any three elements of a Basarab loop
is contained in the center and centrum of a Basarab loop. Some expressions for an associator
of a loop have been obtained for when: one component of the associator is a product of the
loop and its nucleus; one component of the associator is a product of the loop and its nucleus
which is a normal subloop of the loop; one component of the associator is a product of the
loop and its center; two components of the associator are products of the loop and its nucleus;
two components of the associator are products of the loop and its nucleus which is a normal

subloop of the loop; two components of the associator are products of the loop and its center;
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three components of the associator are products of the loop and its nucleus; three components
of the associator are products of the loop and its nucleus which is a normal subloop of the loop;

and three components of the associator are products of the loop and its center.

5.2 CONCLUSION

This investigation has determined some algebraic properties of Basarab loops using some loop
notions and some basic features of Basarab loops. The multiplication group and total mul-
tiplication group of a loop also generated vital results about the properties of Basarab loops.
The study was limited to the centrum, isotopes, holomorphs and associators of a Basarab loop,
construction of a Basarab loop, the relationship between a Basarab loop and centrum abelian
inner mappings loop, and to obtain some subloops of a Basarab loop that are characterized by
permutations and the relationship among them.

The study has determined the relationship between Basarab loop and Osborn loop. It was
proved that an Obsorn loop is a Basarab loop if and only if it is both left and right Basarab loop.
Investigation was carried out on the isotopes of a Basarab loop and it was proved that every
principal isotope of a Basarab loop is a Basarab loop. It was shown that the centrum of a Basarab
loop is a subloop and it is equal to the center of a Basarab loop. An investigation was carried
out on the holomorphs of Basarab loops, and some necessary and sufficient conditions for the
holomorphs of a loop to be a Basarab loop were determined. Also, some subloops of a basarab
loop were obtained and characterized. These subloops were obtained by some permutations of
the loop defined using the middle translation mapping. The algebraic properties of associators
of a Basarab loop were examined and it was found that the associator of any three elements of a
Basarab loop is contained in the center and centrum of a Basarab loop. It was also proved that
a Basarab loop is a centrum abelian inner mapping loop.

All these properties before now were not considered in the literature for Basarab loops. With
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this study, sufficient theoretical investigations have been carried out on the aforementioned
properties. Thus, some important properties of Basarab loops are now made available to both

loop theorist and cryptographers.

5.3 CONTRIBUTIONS TO KNOWLEDGE

(1) The study has determined the relationship between Basarab loop and other loops like Os-

born loop, CC-loop, and AIM- loop.

(i1) It has been proved that the centrum of a Basarab loop is a subloop and it is equal to the
center of a Basarab loop and that an Obsorn loop is a Basarab loop if and only if it is both
left and right Basarab loop. Every principal isotope of a Basarab loop has been proved to

be a Basarab loop.

(ii1) Some necessary and sufficient conditions for the holomorphs of a loop to be a Basarab
loop have been determined. Some subloops of a Basarab loop have been obtained and

characterized.

(iv) The algebraic properties of associators of a Basarab loop have been examined and it has
been shown that the associator of any three elements of a Basarab loop is contained in the
center and centrum of a Basarab loop. The study has also proved that a Basarab loop is a

centrum-abelian inner mapping loop.

5.4 RECOMMENDATIONS

This study has presented additional properties of Basarab loops which are for the first time
considered in the literature. These properties have not been applied by other researchers nor

cryptographers since these properties were yet to be developed and made available for possible

248



applications. Therefore, it is recommended that researchers and cryptographers should use the
properties of Basarab loops determined by this study, for further research and application. It is
known that every Basarab loop is an Osborn loop, and it could be justified whether or not every
holomorph of a left (right) Basarab loop is a holomorph of an Osborn loop. Similarly, in order
to prevent an authorized user of a certain information under transmission, the cryptographer
could think of encrypting such information by isotopes of a Basarab loop. More studies are yet
to be carried out on the weak inverse property, automorphic inverse property, anti-automorphic
inverse property, and semi-automorphic inverse property of Basarab loops. Thus, researchers

are encouraged to undertake these investigations.
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